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Preface 


These are my own solutions to the problems in Introduction to Quantum Mechanics, 2nd ed. I have made every 
effort to insure that they are clear and correct, but errors are bound to occur, and for this I apologize in advance. 
I would like to thank the many people who pointed out mistakes in the solution manual for the first edition, 
and encourage anyone who finds defects in this one to alert me (griffith@reed.edu). I'll maintain a list of errata 
on my web page (http://academic.reed.edu/physics/faculty /griffiths.html), and incorporate corrections in the 
manual itself from time to time. I also thank my students at Reed and at Smith for many useful suggestions, 
and above all Neelaksh Sadhoo, who did most of the typesetting. 


At the end of the manual there is a grid that correlates the problem numbers in the second edition with 
those in the first edition. 


David Griffiths 
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CHAPTER 1. THE WAVE FUNCTION 


Chapter 1 


The Wave Function 


Problem 1.1 
































(a) 
Gy? = 21? = | 441. 
1 1 
PEN s2 AU 2 2 2 2 2 2 
Gg?) = od Ng) [(14°) + (15?) + 3(16?) + 2(22?) + 2(24?) + 5(25?)] 
1 6434 
= 44 (196 + 225 + 768 + 968 + 1152 + 3125) = ~ = [459.571. 
j | Aj-3- (j) 
14 | 14—21=-7 
15 | 15-21=-6 
(b) 16 | 16 — 21 = —5 
22 | 22—21=1 
24 | 24—21 =3 
25 | 25—21 =4 
1 1 
2x. AZ S TEN 2 2 2 2 2 2 
c = x 23) N(j) mul 7)? + (-6)? + (-8)? -3 + (1)? -2 + (3)? -2+ (4)? -5] 
1 260 
= 4409. 36-- 75-2 18+ 80) = => — |18.571. 
o = V18.571 =| 4.309. 
(c) 


(j?) — (j)? = 459.571 — 441 = 18.571. 
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[Agrees with (b).] 














CHAPTER 1. THE WAVE FUNCTION 





Problem 1.2 





























(a) 
h h 2 
1 1 2 h 
A 2 5/2 
ER q dx = £ MEE 
ui [ 2Vhi fh (; Jl 5 
h? ^ (hN? 4 2h 
Siga er A dus n? EIN .2981h. 
c^ = (x^) — (x) 5 (5) 15 c 3/8 0.298 
(b) 


1 


E] 


PE A 1 
p=1- f Dg = 1 gg vo 





z} = (x) + o = 0.3333h + 0.2981h = 0.6315h; x. = (x) — e = 0.3333h — 0.2981h = 0.0352h. 














P —1-— 0.6315 + V0.0352 =| 0.393. 





Problem 1.3 














(a) 
l= / Ae- "dy.  Letusz— a, du = dz, u: —oo — oo. 
1=a f eau A xe ee a 
es A T 
(b) 


(x) = af re™™ 2-0) dz = af (u+ aje” du 


=A |/ ue du + af e=» du =A (0 + aj?) = 


— oo 





2 











(x?) = af a2e 2-9 dy 
= At | we du + 2a f ue" duta? | ea] 
2 1 T 2 T| [| 1 
-A ls ene ys —!a *3x 


oo 





























1 1 1 
NE MURS NES 2_ 7. = 
c^ = (z^) — (x) =a + 35 oF age c T 
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CHAPTER 1. THE WAVE FUNCTION 





(c) 


p(x) 


Problem 1.4 
(a) 











| A]? f 2 |A|? "i 2 2) 1 z? 
aj, ada + bad, (b — z)*dz = |A| aia 


b—a 
-|A4pP |2 
Ap [5*5 


| P ( x) 





J 














]- 5 => |A=,4/-. 





(b) 











(c) At [x — a. 
(d) 














a A? a = 1 = 
per was = ET f ada = |A}? = e 1 if b a, "4 
0 a" Jo 3 


P=1/2if b—2a. v 





ae) 








(e) 
(a) = | aivfas = AP [ane giya [o oras] 
A Ce Un 


a 


























o (b-a? 2 3 a 
= un- E [a? (b — a)? + 2b* — 8b*/3 + b* — 2a7b? + 8a?b/3 — a*] 
—a 
3 A 24 1 3 5 5 2a +b 
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6 CHAPTER 1. THE WAVE FUNCTION 





Problem 1.5 
(a) 





= 25. — 4d ceu. a [e2 E _ Al, E 
1= | |W|?dx = 2|A| ge d= 1A) ae ee 
i EX Pe A 


(b) 














(x) = n = up f ze ?*vlqg — |o. [Odd integrand.] 


— oo 








in 2 1 
(z?) = ajal f ate de = 2A | | =| ==. 
0 











(c) 








c? = (a?) — (x)? = —; o=—. |W(to)|? = |A[2e-?^e = Ae? VA = Ne V? = 0.2431. 

















Probability outside: 


oo oo e ?x 
2 | Pas = 24A} f gO deg = 2) ( x) 


oo 





e249 =| e7Y2 = 0.2431. 























oO 


Problem 1.6 


For integration by parts, the differentiation has to be with respect to the integration variable — in this case the 
differentiation is with respect to t, but the integration variable is x. It’s true that 


ð 2) __ Ox 2 ð 2 0 2 
a ei )= EU * zx nid ; 


but this does not allow us to perform the integration: 





T ? wpa ri Gs Wr?)da # (|) 
f T wp 4 t T x zx a 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 1. THE WAVE FUNCTION iG 





Problem 1.7 
From Eq. 1.33, 9? = —iħ f 2 (W* 2*) de. But, noting that Č% = ZÆ% and using Eqs. 1.23-1.24: 














ð (.,0V OV* OW ,9 (av ih OPW i...) OV „0 [ih ow i 
at (v =) = a» x x)-| 2m ont iva T T px p 
ih [| v vəv] if. .av ð 
~ Im [v Or? | Oz? a [vv Ox * mata) 


The first term integrates to zero, using integration by parts twice, and the second term can be simplified to 
vor —y*y29 -yy = wee, So 


ee ae auff 











Problem 1.8 








Suppose V satisfies the Schrödinger equation without Vo: ih2* = nn T + VV. We want to find the solution 
8 Ot ^ 2m Ox 
Wo with Vo: ih23e = —27 2799. + (V + Vo) Wo. 


Claim: Yo = We-iVot/h, 
Proof. ihe = = ihe —iVot/h 4 iy (- Moje pP = |-# vy 4- VW | e-iVot/h 4 YoUe—*Vot/h 
= Æ 2%. (V+). QED 


This has no effect on the expectation value of a dynamical variable, since the extra phase factor, being inde- 
pendent of x, cancels out in Eq. 1.36. 





Problem 1.9 
(a) 























2 [> —2ama? /h 21 T 2,] th 2am "^ 
1 = 2|A| e dz = 2| A|“ - | ———— = |A] ; |A= : 
0 2M (2am/h) 2am vh 
(b) 
ow ow 2ama OU 2am ow 2am 2amx? 
a Oe ho Ox? h ( oe) > h ( h ) 
Plug these into the Schródinger equation, inet B -Esr + VW: 








l R? 2am 2ama? 
VW = ih(—ia)V + ds ( 5 ) (: n )v 


2 2 
= fra ħa (: E ) V —2a^mz?W, so | V(x)-—92ma?z?. 
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8 CHAPTER 1. THE WAVE FUNCTION 






















































































(c) 
(x) = Í z|V|?dx =| 0. [Odd integrand.] 
px 2 1 Th A 
a) «jp f 2,—2amz* /h = 2| A]2 y = f 
gy |A| 0 T du i 22(2am/h) V 2am | dam 
d(x) 
(p) = va 0 
hoe ow 
PAN * ER Ema 2 Ee o o 
w= fv (Fs) Vda i [v 5,247 
2 
--a fw ann 1 alll V | dr = 2amh f wea - =m [oras 
h h h 
2am, 4X | 2am h \ | 1\ | 
= 2amh (1 ic (x ) — 2amh E v. i) — 2amh (5) =| amh. 
(d) 
c2 = (z?) — (ay? zn. c Bel c2 = (p?) — (p = amh e. amh 
ig 4am * 4am? P £ i 




















zh. 
dam 


050p = vamh = E, This is (just barely) consistent with the uncertainty principle. 


Problem 1.10 
From Math Tables: 7 = 3.141592653589793238462643 - - - 





P()=0  Pd)=2/2 PQ)=3/25 P(3)=5/5 P-3f5 
(a) | p(s) = 3/25 P(6)—3/25 P(7)=1/25 P(8)=2/25 P(9) = 3/25 


In general, P(j) = NO) 

















(b) Most probable: |3.| Median: 13 are € 4, 12 are > 5, so median is | 4. 
Average: (j) = 35(0:0--1.24-2-3 3.5 4-34- 5-3 6-3 7-14 8:24 9-3] 
= gs [0 -- 2-- 6 -- 15 -- 12 -- 15 -- 18 - 7-16 4 27] = 52 = 14:72. 
































(c) (J2) = B04 12-2 22.3 32.5 E 42.3 52.3 62.3 7214-822 c 92. 3] 
= i[0 4-2 4-12 -- 45 +48 +75 + 108 + 49 + 128 + 243] = 20 — [28.4. 
o? = (j?) — (j)? = 28.4 — 4.72? = 284 — 222784 = 6.1216; o = V/6.1216 = [2.474. 
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CHAPTER 1. THE WAVE FUNCTION 9 





Problem 1.11 
(a) Constant for 0 € 0 < a, otherwise zero. In view of Eq. 1.16, the constant is 1/7. 


_ f/m, if 0€ 6 x m, 
pif) = { 0, otherwise. 














p(8) 
1/n 


—T/2 T 3x9 


(b) 



































1 f" 1/0 
(0) = f 60(0) 49 = = | eat = rS) -3 [of course]. 
1 [* 1 /0N|* v? 
: do =- |>| =|= 
"i A d = (5). 3 
2 2 2 
Blow. oe =" VT eee 
P=- =F aE, ons 











(c) 








(sino) = + [ sinaaa = ~ (- cos) = (1 —(-1)) = 
T Jo T T 














S 


1 [* 1 
0 = — 30 0 —-— i 0 T 
(cos 0) - | cos 0 d - (sin 0)|o 














1 [* 1 [* 1 
(cos? 8) — Ji cos? 0 d0 = Ji (1/2)4d0 =| =. 
T Jo T Jo 2 











[Because sin? 0 + cos? 0 = 1, and the integrals of sin? and cos? are equal (over suitable intervals), one can 
replace them by 1/2 in such cases.] 


Problem 1.12 


(a) x = rcosé > dx = —rsin6 d0. The probability that the needle lies in range dO is p(0)d0 = 46, so the 
probability that it’s in the range dz is 


da 


|.1 dx _ il dx _ 
-rsinü mr 1—(z/r] 0 Vr? — 2? 


p(x)dx = 





©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 


currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


10 CHAPTER 1. THE WAVE FUNCTION 





















































poo 
-2r =T ror * 
—s—s if -r<r< 
n p(x) = 4 avr? — a?” ! lu: f à [Note: We want the magnitude of dx here.] 
0, otherwise. 
Total: f^. =d = 2 [| dr = 2 sin iM = 2sin™t(1)= 2.3 =1.v 
(b) 
i Ji -i p] bdd aen e interval 
= = odd integrand, even interval]. 
r) = — 2 a= g f 
2 1 = 2| g r? zy] r? r? 
2 ss ESI 
= d = 2 2 | (=) SS === 1 S15]! ms. 
ur) -| =e alme o epe 3i Ia Sa 

















o? = (g?) — (a)? = r? /2 = | o = r / v2. 











To get (x) and (z?) from Problem 1.11(c), use z = r cos 0, so (x) = r(cos0) = 0, (£?) = r? (cos? 0) = r?/2. 


Problem 1.13 


Suppose the eye end lands a distance y up from a line (0 < y < l), and let x be the projection along that same 
direction (—l € x < l). The needle crosses the line above if y + x > l (i.e. x > l— y), and it crosses the line 
below if y +g < 0 (i.e. z < —y). So for a given value of y, the probability of crossing (using Problem 1.12) is 





zii =y ! 
Pu)= f pics f o= f ra 1- m 


L LE (=) is + sin! (=) | = ja witan i (1 — g/1)] 


l-y T 


= sin! (y/1) sin ^(1— y/1) 


Now, all values of y are equally likely, so p(y) = 1/1, and hence the probability of crossing is 
pm l- 1 f 
P= — T —sin ^! (4) — sin™! ( I dy = F [r — 2sin ^! (y/1)] dy 


= 4 [i -2 (usto eii) 


rl 








u div e f E ,2 |2 
EIE (1) j=1 1-4 = 





T T 








l 
0 
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11 
Problem 1.14 


(a) Palt) = f. |W(a,t)2dx, so He = [^ 2dr. But (Eq. 1.25): 
aw? Ə [ih ( ,Ow ow ee: 
Ot — Oa È (v dx Ox v) CEP Ip 








xc b 
= fea Girs- peak =J(a,t)— 90,2). QED 





Probability is dimensionless, so J has the dimensions 1/time, and units 














; |seconds  !. 
(b) Here V(z,t) = f(x)e-i**, where f(x) = Ae-2"7^/h. so GH = fet d eiat — fA, 
and V* 2p - fz too, so | J(z, t) = 0. 











Problem 1.15 


ih 0?vy* 


(a) Eq. 1.24 now reads 2 E = — a DaT 





c 5;V*V*, and Eq. 1.25 picks up an extra term 











ð i i 2r 
zwp- -IEP (V* -= V) =- + |t]? ir — iT) =- — [wp 
zt a [Ore V) + g IV (Vo +P — Vo + iT) z VP. 

and Eq. 1.27 becomes Ë = -Æ [^ |V| dr = —2L P. QED 

(b) 
dP 2r h 
pe dt = In P = ——-t + constant => P(t) = P(0)e-?T/^. | so | r = 5p 

















Problem 1.16 


Use Eqs. [1.23] and [1.24], and integration by parts 


al ViV.dr «f 2 (Wis) dx = | (= ve 2) da: 


V, + V 
DELTA UNO, 








€ [(—ihO?Wwt i, f ih PWV. i 
a (as Bu + dA "RU (s; Oa? 242] n 
ih əy V: go" V» 
= es E d EY. Wo Vi EI 2 ) dx 


2 OV; J” ^ Qu: OW. OW, 
E oa Ly ee as TI a 




















— 0. QED 





ud OVt OV, 
CRT ud dg 
M a œ OX Ox 
currently exist. 
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12 CHAPTER 1. THE WAVE FUNCTION 





Problem 1.17 
(a) 


a a 3 5 
l= a f (a? — 2?) dz = aap f (a^ — 2a?z? + a*)dax = 2|Al? les ui uc | 
- 0 


2 1 16 / 15 
= 2|Al?a° (: Sa 3 + =) = pe M’, SO A= 165 





3 5 





a 
0 











(b) 














e= f ||? dx =|0.| (Odd integrand.) 


—a 


(c) 





h G d 
(p) = 7a f (a? — x°) zm (a? — z?) dz 2|0.| (Odd integrand.) 
i M T 
—2x 











Since we only know (x) at t = 0 we cannot calculate d(x) /dt directly. 


(d) 


(a^) = æf x (a? — z?) dz = 24 | (a^a? = Jarno + a9) da: 
0 


—a 


5 15 lez Lem 


to. SB excedo Ur cr 
= eG =+2) 


2 





~ “1605 3 5 7 


(rr) a? 
|..8 3-2-7 — 8 














Bd 
== 








(e) 


2 a 
(o?) = -ar f (a? — Z| EC — z?) dz = 242m2 [ (a? — a er 
0 


=O, 


15 x? 
=4. h2 [lag — — 
16a5 (« dE ) 














E 3 aè 156? 2 |5 
= a = . = š 
3 4a? 3 2a? 











(f) 





oe = VEGF = Jie = 











(g) 





op = V (p°) — (p)? = 28 ee 


2a? |V 2a’ 
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13 





(h) 








E "E [5 Roh. h; 
Nae F 3a VU T2. 2 


Problem 1.18 


h h? 
———— T < ———~. 
eT 5 7 T a 


(a) Electrons (m = 9.1 x 10^?! kg): 





(6.6 x 10-34)? 


T 
< 8(9.1 x 10-31) (14 x 1023) (3 x 10-19)2 








=|1.3 x 10ř K. 








Sodium nuclei (m = 23m, = 23(1.7 x 107?7) = 3.9 x 107?6 kg): 





(6.6 x 10-34)? 

















d= (kgT/P)"3. 








T =|30 K. 
< 3(3.9 x 10-26)(1.4 x 1023) (3 x 10-102 
(b) PV = NkgT; volume occupied by one molecule (N = 1, V = d?) 
h2 P 2/3 ss h2 p2/3 1 h2 3/5 
T quie LE ENEA 
< 2mkg (E) “3m ee 75 ^ kg (sz 


For helium (m = 4m, = 6.8 x 107?" kg) at 1 atm = 1.0 x 10° N/m?: 





T < 





1 (6.6 x 10-345)? 
(1.4 x 10-23) V 3(6.8 x 10-27) 





3/5 
) (1.0 x 10°)?/5 2 [2.8 K. 








For hydrogen (m = 2mj = 3.4 x 107?" kg) with d = 0.01 m: 





(6.6 x 10-34)? » 


T 
< 884 x 1077) (14 x 10-35) (10-2)2 


3.1 x 1071 K. 














At 3 K it is definitely in the classical regime. 
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14 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 


Chapter 2 


Time-Independent Schrodinger 
Equation 


Problem 2.1 
(a) 


U(x, t) = y (z)e- Bot yt/h zZ yp(x)jeTt/ Pe tEot/h — |y]? I Iye Tth, 


/ |V(z, t) ^dx = Quer l|? da. 


The second term is independent of t, so if the product is to be 1 for all time, the first term (eTt/ ^) must 
also be constant, and hence 2 0. QED 
(b) If w satisfies Eq. 2.5, mr M Vw = Ey, then (taking the complex conjugate and noting that V and 


2m da? 


E are real): nA Sy + Vy* = Ewv*,so v* also satisfies Eq. 2.5. Now, if i; and v» satisfy Eq. 2.5, so 


2m dz? 
too does any linear combination of them (Y3 = c1 + cov»): 


h? ays n? v1 Oy 
— 2m dz? ud. a 2m (s da? TER Ox? 
R dao 


2 72 
[nl | de id eve] + c2 -i 











) T Vier 1 + c2%2) 


Il 








— 2m dz? 2m da? TM ta 


= e(Ey1) + eo( Eo) = E(eia + coe) = Ev. 
Thus, (Y + )*) and i(w — v*) — both of which are real — satisfy Eq. 2.5. Conclusion: From any complex 
solution, we can always construct two real solutions (of course, if ~ is already real, the second one will be 


zero). In particular, since Y = $[(w + ~*) — i(i(9 — v*))], v can be expressed as a linear combination of 
two real solutions. QED 


(c) If (x) satisfies Eq. 2.5, then, changing variables x — —x and noting that 0?/0(—2)? = 0?/0z?, 
h? O?(—2) 
2m dx? 


so if V(—a) = V(x) then (—2) also satisfies Eq. 2.5. It follows that w(x) = y(x) + v(—z) (which is 
even: W4(—2) = w4(x)) and v (x) = v(x) — v(—z) (which is odd: v (—x) = —v. (x)) both satisfy Eq. 





t V(-x)u(-2) = Ev(-2); 
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 15 





2.5. But u(x) = $(v4(x) + v—. (z)), so any solution can be expressed as a linear combination of even and 
odd solutions. QED 


Problem 2.2 


Given zy = 2r [V (x) — Ely, if E < Vmin, then v" and v always have the same sign: If w is positive(negative), 
then v" is also positive(negative). This means that «v» always curves away from the axis (see Figure). However, 
it has got to go to zero as x — —oo (else it would not be normalizable). At some point it's got to depart from 
zero (if it doesn't, it's going to be identically zero everywhere), in (say) the positive direction. At this point its 
slope is positive, and increasing, so w gets bigger and bigger as x increases. It can't ever “turn over” and head 
back toward the axis, because that would requuire a negative second derivative—it always has to bend away 
from the axis. By the same token, if it starts out heading negative, it just runs more and more negative. In 
neither case is there any way for it to come back to zero, as it must (at z — oo) in order to be normalizable. 


QED 





Problem 2.3 


Equation 2.20 says a = -E y; Eq. 2.23 says (0) = (a) = 0. If E = 0, d?y/dx? = 0, so p(x) = A+ Ba; 
V(0) = A=0> y = Ba; v(a) = Ba=0 > B=0, so  —0. If E < 0, dy/dr? = k?y, with k = V—2mE/h 
real, so y(x) = Ae"? + Be^"*. This time (0) = A+ B = 0 = B= —A, so v = A(e"** — e^**), while 
V(a) = A (e*" — e'**) = 0 = either A = 0, so v = 0, or else e^" = e^^^, so e?*^ = 1, so 2ka = In(1) = 0, 
so & = 0, and again v = 0. In all cases, then, the boundary conditions force vy = 0, which is unacceptable 
(non-normalizable). 











Problem 2.4 


2 a 
(x) = J etpar = - | ax sin? (a) dx. Let y= nT ty so dz = dy; y:0 — nm. 
a Jo a a nt 


2 NT 


2 ( a NE T 2a |y ysin2y  cos2y 
= — — In = 
usin’ y dy i 1 E 


a Nnm n?g? 








0 








22 3 te 5° (Independent of n.) 


|. 2a = cos2nm , 1 [a 
n 
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The product 6450; is 








a 2 3 NT 
(oo) = = | z? sin? (=a) dx = — (=) 1 y^ sin? y dy 
à Jo a Nnm 0 
2 2 3 3 1 2 
a y y say y cos 2y 
(nx)? | 6 4 8 4 o 























.. 2a? [(nz)? nrcos(2nr)] | 9 fl 1 
(nz) | 6 4 NES 2(nx)? |. 
d(x) 
(p) = mes 0.| (Note : Eq. 1.33 is much faster than Eq. 1.35.) 
























































(hy , (ds 
e- [e(iz) emm n (Ge) a 
2m E, : RV? 
1 | 1 a (1 2 a |l 2 
ces" (; 2(n7)? i) 7A (; my ET 3. (nT)? 
h\? h h 2 
op = (p") — oy = (= ) ; p= 0209 =| 5 Em) = 























in that case, 050, = Ë4/ = —2-(1.136)h/2 > h/2. v 





smallest for n — 1; 








Problem 2.5 


(a) 


(b) 


|W|? = WU = |AP (pt + v3) (Vs + V2) = LA [Vti + Vt» + ood + V$v»]. 





A=1/v2. 











f= J War = |A}? ji (bal? + ta + uus + Wol’lde = 2AP > 


En 2 














U(a,t) = 5 [vie CAE p aby d (but ucc w) 
2 2 ; 1 : 2 i 
= ANI e?" + sin ( za) d = ve sin (2) + sin (a) aa 
1 2 ; : 2 
|V(z,t)? = = i (£a) c sin (£a) sin (=) (e 9*9 4 eint) + sin? (2) 
a a a a a 








1 2 2 
= E (£a) + sin? (2) +2sin (£a) sin (2) cos(3wt)| : 
a a a a a 
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(c) 


O 
ae a 


J owe oras 


1 f° 2 2 
F x E (£a) + sin? (=<) + 2sin (£a) sin (=<) cos( | da 
à Jo a a a a 


xsin (222) 
An /a 





BT 
8 
n 
B 
25 
SE 
8 
Ne 
ie 
B 
AE E 
a| 
8 
ean etu 
a 
8 
Il 
NI 

























































































= : cos (5a) + = sin ( x) is cos 3 £ = sin n i 
T? a T Qn? 30 a ô 
1 fa? a? a? 1 8a? 
x [5 eost) — cos(0)) — gya (cos(37) — cos(0))| ere (: 5) xm 
1 fa? a? 16a? a 
. (x) A E + 1 952 cos(3u)| =l5 h Faz costa). 
2 2 
Amplitude: = (5) = 0.3603(a/2); angular frequency: | 3w = a 
(d) 
d(x) a 32 ] 8h . 
(p) 2m x cu (2) ( 3 (—3w) sin(3wt) = 3, 5n (Gut). 
(e) You could get either | E, = 17h?/2ma? | or | E; = 27? h? /ma?, | with equal probability 
1 2R? 
So (H) = ; Un + E2) = ue it’s the average of E, and E». 











Problem 2.6 


From Problem 2.5, we see that 





V(z,t)— Lem [sin (£a) + sin (222) e Biwt td) 


va a 














[sin? (Zx) + sin? (225) + 2sin (Zx) sin (722) cos(3wt — 9)]; 


IW(z, t) =| 3 


a 











cos (22) der 2 (27 
sla) ES ac xsin | ~z 


) ae 








P, = P = 1/2. 
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and hence | (x) = 2 [1— 2 cos(3wt — $)]. | This amounts physically to starting the clock at a different time 
(i.e., shifting the t = 0 point). 











Ifo- so V(z,0) = A[v1(x) + iwe(x)], then cos(3wt — $) = sin(3wt); (x) starts at : 


If =r, so V(r,0) = Alı (x) — v»(x)], then cos(3wt — d) = —cos(3wt); (x) starts at (i + =): 


Problem 2.7 


VP (x,0) 
Aa/2 





(a) 


3 a/2 


a/2 a 
1=4 f ede + A? | (a- zs = 4| 3 
0 a/2 3 


A? [aè aè A?a? 2/3 
+ = A= a 
3 (8 8 12 Vas 


(a — z)* 


3 











al 


0 

















(b) 
com fea es (e)a [to ain (Zs) 
-E (E) sn (2) = e 89] 
em - IC (09 eE, 
SEG) (S) Pp Reese) 


_ 2v6, ae _ (nr\ _ AV6 . [nr 0, n even, 
~ ge (nx) 2) (nz 2 (-1)-D/? AV, n odd. 



































272 h2 


So ae 2, | pe 1)/ — sin isin (“a Je —Ent/h | where En = os 
a ma 


n=1,3,5,. 
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(c) 











0.9855. 








Py le? 








né 


(a) 





T2ma? 8 ma? 








96 32h /1 1 1 1 48h2 n? | on? 
(H) = Y le En = 2 ( es) 2 








T4 2ma? 





12/8 


Problem 2.8 
(a) 








W(x,0) = 








alw 


a/2 
if dx = A*(a/2) >| A = 
0 


0, otherwise. 





i 0<a<a/2; 











(b) From Eq. 2.37, 


























2 fol? in 2 a T a2 T 
a= ay? sin (£a) dz = - |-= cos (£4)] : -—- [cos (z) — cos] = 
P, = [ap =| (2/7)? = 0.4053. 
Problem 2.9 
^ h? o h? o h? 
HW(x,0) = 2m B3 [Ax(a — x)| = m EG 2x)- AM 








" 2 a 2 2 3 
[oor fo dr = ezf daas et («s = ) 
m Jo m 2 3 


h? (a9 a _ 30 R2 a? 5h? 
2 3 2 





= A? 











m a? m 6 ma 





(same as Example 2.3). 
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Problem 2.10 
(a) Using Eqs. 2.47 and 2.59, 


d ) mw\1/4 — mw 2 
A— + mwr (=) e 2h ® 


1 
LUE v 2hmw (- dx 

















wh 

ams (5) ^ PCR on me t res (5) "met 
= x+ mwr] e = — mwxre ‘ 

2hmw \ th 2h 2ohmuw \ th 

1 1/4 d w 

(a. yg = pe (=) 2mw (^ + mt) ze BR 
4 
= : (men | a(i 22r) I ma? e o? = Mw (Ae i) eae 
T T 


Therefore, from Eq. 2.67, 


1 2, _| 1 (muNV4 (2mw 5 _ mw 4? 
vat) Vo = ere ( pot ie ane 


(c) Since yo and v are even, whereas v is odd, f vjvidx and f v3vdx vanish automatically. The only one 
we need to check is f vo da: 


: — 1 [mo [7^ (2mw 5 _ mu 2 
[ ie mI z” a ^h 7 dg 
=-4/ f e equ — ame | ear 
u mu | xh 2mw h mh zd. y 
7 2nh mu h 2mwV mo) ` 








V. = 











(b) 








Problem 2.11 


(a) Note that Vy is even, and 7, is odd. In either case ||? is even, so (x) = f z|v|?dx = [0.| Therefore 
(p) = md(x)/dt = | 0. | (These results hold for any stationary state of the harmonic oscillator.) 


From Eqs. 2.59 and 2.62, Yọ = ae-8 /2, p = V2ate-*'/2. So 


























n — 0: 




















i 2 num pee 2 1 (h\Va h 
Oe es d P NN a 20- Je E 
(z^) =a Js € dr—a (25) m e 5 dé c) 7 Sra 
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r= [Ese rm fe et 










































































mħw 5 £42 mhw [yT mhw 
n=1 
m 2 A NS? 2h 3y« | 3h 
P NET NN 2d dp c SE duc 4, -£ = 
(z^) = 2a i £^e 5 dx = 2a (25) S Egem dé= Ti as 
2) pag? [9 [7 aran] S cu-em]s 
(p) =- Q EJ 9, ge ae 5e ) E 
2mwh f° 2 2mwh hw 
eme fe ctus tee) [E 
(b) n2 0: 
[Gant = | cepe tes ee 
0505 A ue = " (Right at the uncertainty limit.) v 
2mu 2 2 
n=1 
h hw h h 
Or = Ls. gy = mm Tsp = dy > 7 V 
(c) 
1 lh (n- 0) i lh, (n — 0) 
(T) = =) = | V) = p(n?) = 
m qhw (n=1) Shu (n= 1) 
ihw (n=0) = Eo 


Problem 2.12 
From Eq. 2.69, 








| A hmw 
v= Sm at + a-)s p=? 2 (a} — a), 
sO 
h * 
(x) = A UP [mila +a Yn dz. 
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But (Eq. 2.66) 
Q- p Vn —vn-c l5, aa = V/nija 1. 























So 
h 
(x) = pe |n + T f iius dz + vn f isis da! =| 0| (by orthogonality). 
d h h 
(p) = maz) =|0.] a= mu (ot Ta. j- Sai (a? -- a.a. - a-a4 - a2). 











h 
(z^ = SEES fale + aya +a_a4 + a? Wn. But 





I 


yn = anc = nc ln T2445 = (n + 1)(n + 2)v42. 
a4a_Wn =a Vna i) = vn miby, TR. 

aan — a-(Vn- lisi) = nc 1)nctly, = (n+ 1)dn. 

a? Yn a— (nisi) = vn n — 15-2 = y (n — 1)nV, 2. 








I 


So 





i^y = — Jorn f losa men f ltn dæ +0 = 5" (2n+1)= (n+ 5) = 




















2) mw 
hmw ħmw 
p-- 2 (a — a)! = 2 (a4 —a,a_—a_a,+a2) > 
2 hmw MW 1 
(ph) =- [0-n- (n+ 1) +0] =- (n4 1) =|(n+ 5 Jmho 














(T) = (p! /2m) = (n+ 5) | 











o= VEAP eei es op VOW WP = ne im. mom (nth) nz hv 


2 


Problem 2.13 
(a) 


ie ‘i IW (z, 0)|?dx = |A}? I (Ool? + 12g. + 129g vio + 16]. |?) dz 


= |A|? (9+0 +0 + 16) 2 25|AP? >| A = 1/5. 
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(b) 

1 : ; 1 : ; 

V(z,t) = = [3so(z)e 4 Ada (z)e7* ^| =| = [Bole + aus (me^? 
(Here wo and v, are given by Eqs. 2.59 and 2.62; E; and Ez by Eq. 2.61.) 
1 
|V(z,t)|? Ee 95 [ovi i 129i e/"*/2673it/2 +4 12g e 31/2 eit /2 4 1691] 
1 
= 5s [9$ + 1647 + 24 ov cos(wt)] . 

(c) 


(£) = = lo ft dz + i6 f ov} daz + 24cos(wt) | zs d! ; 


But f zvà dx = f zv? dx = 0 (see Problem 2.11 or 2.12), while 


2 m, mo 2 d ni 
J E AE R sl J ee ee Bes | Vie DER dn 
wh h T\ A m 


3 
2 7mw 1 h h 
z Oe +) zb 


24 h d 24 /mwh , 
(x) = 25V Imo cos(wt);| (p) = ma (x) = z5 V 7 sin(wt). 


(With %2 in place of yı the frequency would be (E5 — Eo)/h = [(5/2)hw — (1/2)hw]/h = 2w.) 
Ehrenfest’s theorem says d(p)/dt = —(0V/Ox). Here 


dip 24 [mwh nb esl 2 
3pm 25 V 5 w cos(wt), V-jmwz > gg = me 


V. — "C 24 os 21 | cs 
ood = —muw^(z)- -mw ZA Sea cos(wt) = xS y cos(wt), 


so Ehrenfest’s theorem holds. 


So 



































So 




















d) You could get | Eg = 4hw, | with probability |co|? =| 9/25, [or | E, = 3 hw, | with probability |c1|? =| 16/25. 
2 2 



































Problem 2.14 


The new allowed energies are E, = (n+ i)hw = 2(n + $)hw = hw,3hw,5hw,.... So the probability of 
getting 4ħw is [zero.] The probability of getting hw (the new ground state energy) is Po = |co|?, where co = 
J V (x, 0) v dz, with 














1/4 
muvV4 _ mug? m2w\ 1 maw 2 
€ e f 


V(z,0) = pola) = (F Ses eva = (S5 
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co = 2/4 mf e Be de = 21/4 TET zn NE 
Th Joo 3mu 3 


2 
Py = 3v2 = 0.9428. 





So 








Therefore 














Problem 2.15 


1/4 Mw mw | 
ER pu /2 = "m 
Vo — (Ga) ps0 ES N xh n ime R wh m 


Classically allowed region extends out to: imu? x? = Eo = hw, Or £o = J. so £o = 1. 














P= a e-€ dé = 2(1 — F(V2)) (in notation of CRC Table) = [0.157. 
T Ji 


Problem 2.16 


TL 5: j 1 3 E = fais j = 3 > Q5 = GEB ya = tag = ias j= =5> QT = 0. So 


Hs(£) = a1€ — $a1€? + Fail’ = $1 (156 — 20€? + 4€°). By convention the coefficient of €° is 2°, so a, = 15-8, 
and | H5(£) = 120€ — 160£? + 32£? | (which agrees with Table 2.1). 





















































n=6: 5 = 0 > a = giga = —6a0; § = 2 > a = gia = —Fae = 4ao;j = 4 > a6 = 
aa a4 = 2 a4 = is ao; j = 6 > ag = 0. So He(€) = ao — baot? + 4ag£* — Š t'ao. The coefficient of €° 
is 29, so 2° = — ag > ao = -15-8 = —120. | He(£) = —120 + 720£? — 480£* + 64£*. 


Problem 2.17 
(a) 
d 


2 
£ (e7) = —26e7*; (az) gus EC 2£e 9) = (-2 + Age t 


(=) i eË = = | + iet - E de ue seca) e-€ = (12£ — 8é3)e€ 





4 
(=) eË = aax m eet = | 24€? + (12€ — 8€°)( 26] e-* = (12 — 48£? + 16£5)e-$ 











3 4 
H3(€) = —e (x) e-* =| -12€ + 883; | Ha(£) = e (x) e * —|12— 48£? + 16£*. 
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(b) 

Hs = 2£H4 — 8H3 = 2£(12 — 48€? + 16£*) — 8(—-12€ + 865) = |120€ — 160£? + 3285. 

Hg = 2€Hs — 10H, = 2£(120€ — 160£? + 32€°) — 10(12 — 48£? + 16¢4) =| —120 + 720€? — 480£* + 64€°. 
(c) 

"E = 120 — 480€? + 160£* = 10(12 — 48£? + 16£*) = (2)(5) H4. v 

^E = 1440€ — 1920€? + 384£? = 12(120£ — 160£? + 32€°) = (2)(6) Hs. v 
(d) 

d 


q,€ 7 5) = (-22 £)e 1 55 setting z = 0, | Ho(£) = 26. 
Z 











2 
(+) (e777 +226) = E Em + get 


= |- 2-4 (—2z + 2| e 7 +228. setting z = 0, | Hi(€) = —2 + 4£?. 


f|- 2+ es 22 + 26)? is 


d 
~ dz 
= {x (—2z + 2€)( 2)+| 2+ ( 2: e 26)? | C22 26) Je 




















setting z = 0, H2(€) = —8€ + (—2 + 4€?)(2€) =| -12€ + 8€°. 











Problem 2.18 


Ae'*" + Be *** = A(coska + isin kx) + B(cos kx — isin kx) = (A + B) cos kz + i(A — B)sinkz 
= C cos kz + Dsin kz, with |C = A+ B; D—à(A-— B). 

















2 





tka —ikx tke _ ,—ikex 1 . 1 . 
C cos kx + Dsinkz = C (5) +D (: > ) = 5(C - iD)e** + z(C  iD)e 
1? 
A 


; 1 1 
= Ae"? + Be 55, with 5(C — iD); B= 3(€ t iD). 
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Problem 2.19 
Equation 2.94 says Y = Aeir- $5, so 


: (oS v) = 33 Ap? [ete B0 (Like the R0 — orien EO (ip eH 
m 





J 





Ox Ox 





— thy as PEU MAP 
5,1 4l (-2ik) = z Al : 











It flows in the positive (x) direction (as you would expect). 


Problem 2.20 
(a) 
b 

















a Ap. x an innz/a _ pem S z( innr/a pue 
f(x) = bo 2 i (e e V» e +e 
ET d. clean bn innz/a —innz/a 
EG ae a 
Let 
Co = bo; Cn = 2 (—idn +n), for n = 1,2,3,...3; Cn = 4 (ian +b-n), for n = —1, —2, —3,.... 
Then f(x) = 5 cup « QED 


(b) 


lg Je —imre/ady = Y om fe i(n— m)rz/a dr. But for n Am, 


n=— Co 


g ei(n—m)r M e i(n-m)r [wm = (ym 


i(n — m)r/a H i(n — m)r/a x 











a i(n—m)ra/a 
7 gn m)nz [aq = t 
i(n — m)r/a 





—a —a 


whereas for n = m, 
/ ei(n-m)nz/aqy, = dx — 2a. 


So all terms except n — m are zero, and 


a 


a i 1 i 
fie "Pneu — 2aCm, SO Cn = x | flae? 4 dx. QED 


=Q 


(c) 
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where | Ak = — | is the increment in k from n to (n+ 1). 


" 2 1 2 —ikx "ie 1 5 —ikr 
= "E i. f(aje dx = Wan i f(aje "da. 


(d) As a — oo, k becomes a continuous variable, 


213 


























1 ci^? zS ci^? 

= —_ dk; F(k d 

fla) =e f f(z)e* d. 

Problem 2.21 
(a) 
P 2 af a ge 7 ^ AP 

l= is [V (z,0)|*dx = 2|A| T e dx = 2|A| al a A=| Va. 

L5 0 


(b) 
—a|z| ,—ikz A 2 —a|z| zt 
e e dr = —— e (cos ka — isin ka)da. 


=F f VR 


'The cosine integrand is even, and the sine is odd, so the latter vanishes and 


= NN "2 cos ka dx = -] pP (eh Aer dg 
vV2T ee vV2T ) 
A = e` (ik+a)x | 


E. owl Cua) 


_ A —1 5i 1 _ A -ik-a-rik—a _ a 2a 
=~ J2n Vik—a ikta) — 2m —k?—a? a Qn k? + a2' 


oo 





elik-a)x + g Seren dy ces 



































i.. Lu 4 Vb eet hR LONE [9 1 pe Bk 
y th= 2 ilke- om t) dk = / ilke- am t) dk. 
(z, ) D 2m J. k2 + a2 € 3 T A k2 +4 a2 i : 


(d) For large a, U(x,0) is a sharp narrow spike whereas ¢(k) = 4/2/7a is broad and flat; position is well- 
defined but momentum is ill-defined. For small a, U(x,0) is a broad and flat whereas $(k) & (./2a3/7) /k? 
is a sharp narrow spike; position is ill-defined but momentum is well-defined. 
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Problem 2.22 


(a) 
es 7 1/4 
1= a f e? de = JAP Z; |A= (=) 
Loo 2a T 














(b) 
J. e7 (a2? ez) Jy — J. pe dy = ao n eV dy E eeu 


olk) 1 af —ar? —ikzq 1 2a ue "E —k? [4a 1 —k? /4a 
= —— e = — — — = — " 
V2n are TT MURAT a. Cra) i. 


1 1 = 2 ; 2 
UV th= — k^ /4a ji(kz —hk^t/2m) dk 
(x,t) Dr (21a)!/4 j gu ue 

















e Vs +iht/2m)k? ik] 
1/4 az? ihat/m 
_ 1 Jn e2? AG tiht/2m) _ (2) /4 e702? /(1+2iħat/ A 
vV2n(21a)!/4 [A + iht/2m T V1 + 2ihat/m 





(c) 








2a e ax? /(1 10) © ax? /(1—i0) 
Let 0 = 2hat/m. Then ||? = - TY3y0—3) ^ The exponent is 
+i —i 


















































ax? ax? 7 a? (1 _ i0 + 1 + i) 7 —2axr? n 7 2a e 3a / 1-6?) 
(1+70) (1—i0) | (1+ i0)(1—i0)  140?' Var Viste? ` 
2 
Or, with w = : y (Iv? = "Ed As t increases, the graph of ||? flattens out and broadens. 

T 
re? rer 

/ N " p 

t=0 t>0 

(d) 
m d 
(x) =| z|V|?da — |0 | (odd integrand); (p) = ma =|0. 











2 ee 2,2 2 1 T 1 S au 
2X .—- = 2 —2w* ax = = 2 sah * 7 t 
e) 2o [^ e dx "ER du (p^) wf v qz 
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/ 
2a 1 a 
Write V = Be-"^, where B= db= 
rite e , where (=) Dp aa 13 i8 


2 
ae (—2bxe-™*) = —2bB(1 — 2bx2)e-**. 





dx? dx 

d^v 2 2 5 ie = ale 

. zem - — (b4-b*)a? * = = 2 
We CBUO — 27e DIT du eae = wee 








2 2 23 
B}? = = —2b 1—2bz?)e-?w T, 
BP = 2 a <w "T = -2b Žu(1 — 2b2?)e 


p?) = 02w u — 2bz3)e w^ de 
aah T 2 Taa tN, 
T 2w? io 2w? 2uw? 


2 a t . 
a JS) (1 i) _ 1+ a 2 











b 
But 1-5 5-1 ( 









































14 i6 2a 2 2 2b’ 
) = 2" 2[ma] lose) [eave 
2b 2w 
(e) 
$0, = gh o VIF = yI (2hat/m)? > : "d 





Closest at |t = 0, | at which time it is right at the uncertainty limit. 











Problem 2.23 





























(a) 

(—2)? — 3(—2)? + 2(-2) -1 = -8—12-4-1-|—25. 
(b) 

cos(37) +2 = —14-2- |1. 
(c) 





0) (a = 2 is outside the domain of integration). 
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Problem 2.24 


1 ees i 
(a) Let y= en so de = cy. f ezo” 2 
C 


Ifc «0, y :o00 — —oo. 


oo 1 fS f(y/e)(y)dy = 1f(0) (e» 0); or 
J f(x)d(cx)dx = 


s fwo« -i f Fy/O5(y)dy = —1f(0) (e < 0). 
i B x p v. gi x)dx cx ae x 
In either case, ran f(x)d(cx)dx = qt) F "t 4 )dx. So d(cx) jj^ PA 
(b) 


P dé um us 
J f(x) 7 dx = pe — i a 0dx (integration by parts) 


=f- f 3 © ds = f(99) — foo) + £0) =f re 


So d6/dx = ó(x). v [Makes sense: The 0 function is constant (so derivative is zero) except at x = 0, where 
the derivative is infinite.] 


Problem 2.25 


— 


plo) = Y ec mateipe _ fma es (020 


emaz/h? <0). 


— 
8 


(x) = 0 (odd integrand). 


mS | 2ma nox. ht h? 
2 r? ye Ju 2 eg 2maz/h? 2 A On = ; 
ve) 1 im n? * a: n? 2ma 2m2o?' v2ma 











cima: —maz[h? >0 
di _ yma n2 © ; (2:0) | (vma S [oaen ie pesi 
de hh BC egi NOR * : 
"uu e : x < 





dy ma 5 —maz/h? y g moz/T? mox/h? , MA 
c (Re) [paterne + iternm — suae! 4 


= (598 asta) + Beena], 


In the last step I used the fact that 6(—x) = d(x) (Eq. 2.142), f(x)ó(x) = f(0)ó(x) (Eq. 2.112), and 0(—z) + 
O(a) = 1 (Eq. 2.143). Since dy/dx is an odd function, (p) = 0. 


3 poo 
(p = -r f wea dx = gxme (=) if e mola|/n? |-2569 + Ste meten] dz 


a(—ayereelt 

















h h 
| Ofma ma f” -2maz/h? _ 4 (may? ma Hh? | (ma? 
- (S) p oe e d| =2 (28) n moda 
Evidently 
ma 
= — 3 c 2 
Op C SO O40y— — Ta - v7} ^i 
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Problem 2.26 





—~ikt dx = 








Put f(x) = ó(x) into Eq. 2.102: F(k) = =f d(a)e 





1 ; 
— eikz qi EE 


fe) = 6@)= se fs nj c QED 


Problem 2.27 
(a) 





(b) From Problem 2.1(c) the solutions are even or odd. Look first for even solutions: 


Ae ^? (zx <a), 
W(x) = 4 B(e"*-Fe^"")(—-a«cmc«a), 
Ae"? (xz < —a). 


Continuity at a: Ae^"* = B(e"^ + e7**), or A= B(e?** +1). 


d 2ma 
Discontinuous derivative at a, Ae = 
dx h? 





(a) : 


. 2 f 
—KAe "* — B(Ke** — ke"t’) = — gi 4e > A+ B(e^^"—1)- qa. 4 or 














2ma f 2ma . 
B 2ra 1)— A —1l]2B 2ka 1 SET aha |] — 
(e ) E ) (et +1) ( x ) >e e 





2ma 2ma hn - 
| e 2k. L l+e oe or |e — 
ma 


= 1-4 
Rer h?k ma 














This is a transcendental equation for « (and hence for E). Pll solve it graphically: Let z = 2&a, c= zz, 


^? — cz — 1. Plot both sides and look for intersections: 


so € 
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From the graph, noting that c and z are both positive, we see that there is one (and only one) solution 
(for even v). If a = a, so c = 1, the calculator gives z = 1.278, so k? = —2mE “> B= 


“WB = Gap 


2 
Gat (te) = -0.204 (25). 


Now look for odd solutions: 





Ae ** (zx « a), 
w(x) = 4 B(e'* —e-**) (-a<a <a), 
—Ae** (a < —a). 


Continuity at a: Ae "* = B(e"* — e7**), or A= B(e?** — 1). 




















" 2 2 
Discontinuity in Y’: —&Ae ^^ — B(ke"* + ke ^^) = — m Ae => B(é^* -1)-4A ( TL — 1) ; 
K 
: 2ma 2ma 2ma 
2ka EN 2Ka — ,2Ka 
e^^* F1 (e -n (oe -1) =e (os i) m. th 
2ma 2ma —2Ka Rk —2ka —2ka hi? =z 
irs 1 prt eaa cede "ur S ore 7 = 1 — cz. 

















| l/c l/c Z 

This time there may or may not be a solution. Both graphs have their y-intercepts at 1, but if c is too 
large (a too small), there may be no intersection (solid line), whereas if c is smaller (dashed line) there 
will be. (Note that z = 0 > « = 0 is not a solution, since w is then non-normalizable.) The slope of e^? 
(at z = 0) is —1; the slope of (1 — cz) is —c. So there is an odd solution & c < 1, or a > h?/2ma. 








Conclusion: | One bound state if a < h?/2ma; two if a > h?/2ma. 




















Even Odd 


h? 1 our ee = iz — 1 > z = 2.21772, 
a= — >c= n 


ma 3 |Odd: e~? 1z = z = 1.59362. 








E = —0.615(h?/ma?); E = —0.317(h?/ma?). 








2 








a= 
4ma 


=> c= 2. Only even: e~* = 2z — 1 > z = 0.738835; | E = —0.0682(h?/ma?”). 
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Problem 2.28 


Aek? + Be**® (g < —a) 
w= «4 Cet? + De~**® (—a <a <a) p. Impose boundary conditions: 
pete (x > a) 





(1) Continuity at —a : Ae™*¢ + Betka = (7e-ike + Dette — BA + B — BC +D, where 9 = e~?**, 
(2) Continuity at +a: Cet + De~** = Fet > F=C+ 8D. 

(3) Discontinuity in Y’ at —a: ik(Ce~*** — De'**) — ik(Ae~**4 — BeiFa) = — Zma ( Ae~**4 + Betka) 
=> BC —-D=B(y+1)A+ B(» — 1), where y = i2ma/h?k. 

(4) Discontinuity in Y’ at ta: ikFe'** — ik(Ce!Fa — De-ika) = — 20 (Feika) 
-C-BD-ü-qF 








add (2) and (4) : 2C=F+(1-7F —2C-(2--3)F. 


Too DO { subtract (2) and (4): 28D = F - (1—9)F > 2D = (4/8)F. 





on (1) and (3) : 26C = BA + B - Bly +1)A+ B(y — 1) 2C = (y+ 2)A + (y/8)B. 
subtract (1) and (3): 2D = BA-- B— (y + 1)A — B(y-1) —2D- —«48A + (2 — 7)B. 


Equate the two expressions for 2C : (2 — y)F = (y + 2)A + (9/8). 
Equate the two expressions for 2D : (y/8)F = —y8A + (2 — y)B. 
Solve these for F and B, in terms of A. Multiply the first by 9(2 — y), the second by y, and subtract: 


[B2—3?F = 8a4—- )A* 422 5B]; [(?/8)F = -8Y* A- (2 — ) B]. 





F 4 
=> [B2 - 7)? -y'/8 F = 6 [4-7 +7] A = 468A A (2—7)? — 72/82" 


hk 
Let g = i/y = 7 








j F Ag? 
; $z4ka, soy = 2 B? — 679. Then: — = y 
ma g 


A (Qg—i? a e 
Denominator: 4g? — 4ig — 1 + cos¢+isin¢ = (4g? — 1 + cos à) + i(sin o — 4g). 
|Denominator|? = (4g? — 1 + cos 9)? + (sin ¢ — 4g)? 


= 16g* + 1+ cos? ¢ — 8g? — 2 cos à + 8g? cos à + sin? ¢ — 8gsin o + 16g? 
= 169* + 8g? + 2 + (8g? — 2) cos 9 — 8g sin Q. 








2 A 
= 89 where g= 
(891 + Ag? + 1) + (4g? — 1) cos ó — 4gsing’ da 





2 
ne and @ = 4ka. 
2ma 
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Problem 2.29 
Fe” (a> a) 


In place of Eq. 2.151, we have: v(x) = « Dsin(Iz) (0 < x < a) 
—V(-x) (x <0) 


Continuity of  : Fe ^^ = Dsin(la); continuity of Y’: —Fxe ^" = Dlcos(la). 











Divide: — & = lcot(la), or — Ka = lacot(la) > 4/za — z2 = —zcot z, or | —cotz = y (z0/z)? — 1. 





Wide, deep well: Intersections are at 7,27, 37, etc. Same as Eq. 2.157, but now for n even. This fills in the 
rest of the states for the infinite square well. 


Shallow, narrow well: If zọ < 7/2, there is no odd bound state. The corresponding condition on Vo is 


272 


h 
&ma? 





Vo < — no odd bound state. 














Z 





Problem 2.30 


Le 2 | Iu P da =2 (ior f cos? la dx + er f eas) 
0 0 : 


£ 1 " 1 m a  sin2la e ?ra 
—2|DP? (+ — sin2l F|? [-—-—e-?5* =2}|/D\? (= +F}? : 
| | ($+ um :J + | ( 2K ) | | Et a iX 


in(2l 2( 
But F = De"^ cosla (Eq. 2.152), so 1 = |D|? (« ! sin? y 2) l 
K 

















Furthermore « = l tan(la) (Eq. 2.154), so 








2sinl l 31 
1 = pr (a+ sinlacosia | cos 2) = [DP [a+ = 


T Isinla (sin? la + cos ?) 





=p)? | wae 1 -ID la 1 , D= F cosla 
|D| |D| T > 
ltan la K Jeep Va t 1/k 
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Problem 2.31 


Equation 2.155 = zo = ¢V2mVo. We want a = area of potential = 2aVo held constant as a — 0. Therefore 
Vo = $3 20 = 2M = ; /maa — 0. So 2 is small, and the intersection in Fig. 2.18 occurs at very small 
Zz. Solve Eq. 2.156 for very small z, by expanding tan z: 








tanz ¥ z = V(zo/z)? - 1 = (1/z)4/ 2 — 2?. 


Now (from Eqs. 2.146, 2.148 and 2.155) 22 — 22 = &?a?, so 2? = ka. But z2—2? = z* « 1 > z & z0, so ka € z2. 
But we found that zo S ymaa here, so Ka = maa, or & = r. (At this point the a’s have canceled, and 
we can go to the limit a — 0.) 


/-2mE ma m? o? ma? . ; 
: mE > —2mE = m k= on (which agrees with Eq. 2.129). 























In Eq. 2.169, Vy > E > T 1 & 14 P sin a V2m mVo) . But Vo = 3c, so the argument of the sine is saal, 


and we can replace sine by e: T71 £& 1+ n (2) 2mVo = 1 + (2a Vo)? agp. But 2aVo = a, so T7 hes] 
in agreement with Eq. 2.141. 





mer. 


Problem 2.32 
Multiply Eq. 2.165 by sin la, Eq. 2.166 by 1 cos la, and add: 


C sin? la + Dsinlacosla = Fe" sin la ee || cs ik 
C cos? la — D sin la cosla = 3$ Fe'** cos la Cte ee Er Hs 
Multiply Eq. 2.165 by cosla, Eq. 2.166 by ; sin la, and subtract: 


C sin lacos la + D cos? la = Fe’** cos la 
C sinlacos la — D sin? la = 3$ Fe** sin la 


j D = Fe*e feos la — + sina] : 
Put these into Eq. 2.163: 
(1) Ae *** + Bett = — Fee sin la+ 7. cos ia sin la + Fe’ feos la — sin ia cos la 
= pete cos? la — E sin la cos la — sin? la — T sin la cos la 
= pee [costa —  sin(2t)| . 
Likewise, from Eq. 2.164: 
(2) Ae *** — Bee = -2 peita (sin la+ cos ia) cos la 4- (cos la — sin ia) sin la 


" d 
= E sin lacosla + T cos? la + sin la cos la — E sin? la 


= =. Fes [si Qua) + P cos(2ta) epe [costa — ima) : 
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Add (1) and (2): 2Ae~*** = pee E cos(2la) — i (F + z) sin(2ta) , Or: 


e 2tka A 
F- (confirming Eq. 2.168). Now subtract (2) from (1): 
cos(2la) — ja Qr) (a +1?) 





. l 2l 
2peiF« — pita Í G — F) sin(2ta) >B= pone 2 (I? — k?)F (confirming Eq. 2.167). 



































AP sin la) : sin? (2la) 
ges le 2 k? +1?)| = cos?(2 —— (kk? Dy. 
ls cos(2la) — aki (k^ + (9) cos*(2la) + (Ik)? (k^ + I) 

But cos?(2la) = 1 — sin? (2la), so 

= i (k? + 12)? (k? = pp 
T 1 = 1 + sin? 2a) | ~ (alk)? = 1 => 1 + (Qk)? sin?(2la). 

——— 
Gant —l y [k*--2k212 4-14 — 4k2l?]= a x5z [e 2k2124 ij SE. 
V2mE 2m(E + V 2 
But k = qc Meme Y) ed 2a om (Be VO bcc D red 
h h h? 

(k? — 12)? _ (ae) 2 i v2 

(2kl) 4 (22)? E(E + Vo) 4E(E+ V) 

T= IF Vor sin? 2m(E+Vo)), confirming Eq. 2.169 

4E(E + Vo) h Eds nd 
Problem 2.33 
Ae**® + Be-**® (y < —g) 
V2mE /2m(Vo — E 
E « Vo. v —4 Ce"? + De "* (—a«x«a) k= - (ac VIROS UE) 
pere (z >a) 


(1) Continuity of Y at —a: Ae~*** + Betta — Ce-** + De®. 
(2) Continuity of Yy’ at —a: ik(Ae~*** — Bei*e) = &(Ce-** — De’). 


ey ee (1 — iz) Ce"? + - (1 + iz) De". 
(3) Continuity of Y at +a: Ce"? + De~** = Fei*a, 
(4) Continuity of V at +a: &(Ce** — De-**) = ikFe'*e, 
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=> 2Ce"™ = (1 + i) Fe. 2De-** = E = z) Fet", 
K K 


| : KN Las e 2 ik I con eina 
2A —ika —Í[1- UK 1 "e F ika 1 iios qn) ika 
; ( k T K T 2 ae k K E 2 


Feike : k K —2ka [E k 2ka 














Feka —2kKa 2ka - (K? = k?) 2Ka —2kKka 
=; 2 (e Fe ) Hi Ex (e € ) : 
But sinha = ES cosh x = 5, so 
F ika 2: k2 
ze ftcosn(2xa) yt ?2sinh(2a) 


2. p2 
= 2Fe'** | cosh(2ka) + IE y sinh(2xa)| . 
2kk 


2 (K2 = k2)? 
= cosh? (2xa) + RR? sinh?(2ka). But cosh? = 1 + sinh?, so 
K 








2. 12)2 2 

ec: (S n = Vo inh? (2€ = 

T =1+ [1+ (xk)? ET (2Ka) = ITE oo (Gem E)), 
——— 














VWV- E 
* 
2 
h aj +A atom qaum (BE + OH) v2 
where * = (26k)? re (26k)? ZU 42mE 2m, - E) 4E(Vo — E) ; 


(You can also get this from Eq. 2.169 by switching the sign of Vp and using sin(i0) = i sinh 0.) 


Ae**® + Bet? (y < —a) 


E = Vo. p=) C+ Dr (—a < x< a) 
Fett” (z >a) 
h2 d2 d2 
(In central region — rop + Voy = Ey > ay = 0, so v = C + Dz.) 
2m dx? dx? 


(1) Continuous y at —a: Ae~** + Betta = C — Da. 
(2) Continuous V at +a: Fette = C + Da. 

> (2.5) 2Da = Fe"* — Ag the — Bete., 
(3) Continuous y' at —a : ik (Ae *** — Be'**) = D. 


(4) Continuous V at +a: ikFe'** = D. 
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=> (4.5) Ae """—pB- 
Use (4) to eliminate D in (2.5): Ae~?*** + B = F — 2aikF = (1 — 2iak)F, and add to (4.5): 


A 
2Ae ?5* — 2F(1—ika), so T7! = É 





2 





2mE 
mE 2 


=1+ (ka)? — 1 73 


F 














(You can also get this from Eq. 2.169 by changing the sign of Vo and taking the limit E — Vo, using sine & e.) 
E> Vo. This case is identical to the one in the book, only with Vy — —Vo. So 











V2 2 
pias e vj sin? ( 7 V2m(E - v3) . 








Problem 2.34 





(a) 
7 Aeikt +4 Be7ike (x < 0) ov 2mE z 2m(Vo M E) 
v= (Fem CO = a E pot 


(1) Continuity of  : A+ B =F. 
(2) Continuity of Yy’ : ik(A— B) = —&F. 





»AcB--Sa- no a(1« )- a(t =). 
K K 





BP? Jed  1-(k mn 
A| |ü-ik/&) IF (k/a — 


Although the wave function penetrates into the barrier, it is eventually all reflected. 





r=] 

















(b) 





|. f Aet? + Bei? (x < 0) | vV2mE , yV2m(E- Vo) 
v= Log (x > 0) where k = 5 v — 5 : 


(1) Continuity of  : A+ B =F. 
(2) Continuity of Yy’ : ik(A — B) = ilF. 


= A+B = I(A- B); a(t E) = a(t E) 





* 2 Gk? e a 


(1c k/D? (k+1)2  (k2—12) 





R= 


B 
A 








2 2 v2 a 
Now P -P- TEE - E + Vo) (FE) Vo; k l= [VE E- WV, so 





(VE- VE- V) 


R= 
V2 
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(c) 


[ |] ) 
Vi Vi 
Vi dt 


MA dt 


From the diagram, T = P,/P; = |F|?v;/|A|?v;, where P; is the probability of finding the incident particle 
in the box corresponding to the time interval dt, and P; is the probability of finding the transmitted 
particle in the associated box to the right of the barrier. 

2 



































Bue m (from Eq. 2.98). So T — S Alternatively, from Problem 2.19: 
Vi VE E y 
For E < Vo, of course, | T = 0. 
(d) 
For E» V4, F=A+B=A4 AG - 1) _ ACBEA _ 3k 


(5 4 1) (E-1) ktl” 
































p- |E l (2k 10 4E — 4k(k-D? _| AVEVE- V(VE — VE - Vo)? 
CJA] k \k+l) k (kei? (R-P V? l 
rape 4 (kD? _ 4kl+k?-2kl+P EP. 2kLED (ke Oy 
© (kI (k+) (k +1)? (0 (k+) (k+ oC 
Problem 2.35 
(a) 
B Aci** 4 Be`iks (x « 0) | V2mE _ Jm(E + Vo) 
pa) = { ea (x > 0) where k = 5 ,l= 7 


Continuity of > A+ B= F = 
Continuity of V => ik(A — B) = ilF 


A B - ^(A- B) a(t 7) = 511): E= (xu) 
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2 
-( ) - GER 
i+k} — 


a- [5T VE- V, VE 


VIIWWE-TY yA (3-335 
- (Yeast) A = ae 7 


(b) The cliff is two-dimensional, and even if we pretend the car drops straight down, the potential as a function 
of distance along the (crooked, but now one-dimensional) path is —mgz (with x the vertical coordinate), 
as shown. 





ol = 

















V(x) 


> 





(c) Here Vo/E = 12/4 = 3, the same as in part (a), so R = 1/9, and hence T — 8/9 = 0.8889. 











Problem 2.36 
Start with Eq. 2.22: y(x) = Asin kx + B cos kx. This time the boundary conditions are (a) = y(—a) = 0: 


Asin ka + Bcoska = 0; —Asin ka + B cos ka = 0. 


Subtract: Asin ka = 0 — ka = jr or A = 0, 
Add : B coska 2 0 > ka = (j — )r or B = 0, 


(where j — 1,2,3,...). 

If B = 0 (so A Æ 0), k = jr/a. In this CÓ let n = 2j (so n is an even integer); then k = n/2a, 
V = Asin(nzz/2a). Normalizing: 1 = |A|? f? sin?(nzz/2a) dz = |A|?/2 > A= v2. 

If A = 0 (so B £0), k = (j — 3)m/a. In this case let n = 2j — 1 (n is an odd integer); again k = nm /2a, 
ij = B cos(nzz/2a). Normalizing: 1 = |B|? f? cos?(nmz/2a)dx = |a|?/2 > B = V2. 

In either case Eq. 2.21 yields E = $ zs = M. (in agreement with Eq. 2.27 for a well of width 2a). 

The substitution x — (x + a)/2 iion Eq. 2.28 to 


2 mn nm (x +a) 12 (PIE, my 
H (5 2 ) is Ge + 7 (79/2 f cos (222) -— 


So (apart from normalization) we recover the results above. The graphs are the same as Figure 2.2, except that 
some are upside down (different normalization). 





(-1)"/?4/2 sin (222) (n even), 
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uv 


cos(nx/2a) sin(2nx/2a) cos(3nx/2a) 








Problem 2.37 


Use the trig identity sin 30 = 3sin 0 — 4sin? 0 to write 

1 1 

dud s án]. sd OUR) te oy ay" | ie = Susta L 
a 4 a 4 a 2|4 4 

















9 1 5 
Normalize using Eq. 2.38: APs (5 + x) = igl —-]2|[A- NUR 


So ¥(x,0) = Ta [By (x) — w3(x)], and hence (Eq. 2.17) 











W(2,t) = a [aya (zjem = Vs (z)e- Ph 








ws of = as et + v8 - Grin cos (P9) e 


(2) [sus ots = ch peh- eos (AE) f. onto 





where (x), = a/2 is the expectation value of x in the nth stationary state. The remaining integral is 


[om e C) Lp) (2) 
[8 o) « G9) G0) (8) 





= 0. 





2m 


a 


Evidently then, 
CR 9 fa " 1 /a EE 
7-—1012/^1012J | 
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Problem 2.38 
i n?g? n? "B . [T 2 . (nt 
(a) New allowed energies: En = may W(z,0) = 9m (a) ; Un(x) = V 25 sin (252) : 


V2 [* . pm . [NT y2 fe n TE n TE 
C= ah sin Za) sin (254) dz = z l [cos (S 1) - | cos (E + 1) B |} ax. 
a 























Loi fage s[Genm uu. 

x a I, ee 

E 1 [e (2 — 1) n] sin (2 + 1) T] | p sin IE + 1) n] | 1 1 
a) G-) GH Vk (6-9 G 


=y, If n is odd 





z 4v2 sin |( +1) x] E if n is er 





2 fe 2 (*1 1 
RC | sin? (£a) diria jJ dx = —=. So the probability of getting En is 
a Jo a a Jo 2 /2 



































i. ifn-2 
P= len|? = va z, if n is odd 
0, otherwise 
wh? 
Most probable: E> = mai (same as before). Probability: P; = | 1/2. 
SHOE Uo SAA mid EAM 
2h? 32 
(b) Next most probable: E, = mE with probability P, = gn 0.36025. 
ma T 


























(c) (H) = f V* HV dx = 2n sin (£z) ( 2 £) sin (Zx) dz, but this is exactly the same as before the wall 
zh? 


2ma?' 





moved - for which we know the answer: 











Problem 2.39 


(a) According to Eq. 2.36, the most general solution to the time-dependent Schródinger equation for the 
infinite square well is 


V (a, t) = 5 Cnn (z)e i TR 2m’), 
n=l 


N n?g?h n?n h Ama? end t 

ow = = 99n^, so e 
2ma?  2ma? mh i 

an integer, e /??7"' = 1. Therefore V(z,t-- T) = V(r,t). QED 


«(22 2 «(22 2 ; 2 
i(n^n^h/2ma^)(t--T) _ ein n^h/2ma )to—i2nn and since n? is 





(b) The classical revival time is the time it takes the particle to go down and back: Te = 2a/v, with the 
velocity given by 
1 |2E 2 
E zw vU m T.—a F 
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(c) The two revival times are equal if 
4ma? 2m 5 wh? FA 
p — r = => —, 
AE 8ma? 4 


wh 


Problem 2.40 
(a) Let Vo = 32h?/ma?. This is just like the odd bound states for the finite square well, since they are the 
ones that go to zero at the origin. Referring to the solution to Problem 2.29, the wave function is 


dtes Dsiniz, l= J2m(E + Vo)/ (0< a <a), 
o | Fer, k= V-2mE/h (z >a), 


and the boundary conditions at x = a yield 
— cot z = J/(zo/z)? — 1 


with 
V2mVo 2m(32h? /ma?) 
Zo = 5 a= 5 a — 8. 
Referring to the figure (Problem 2.29), and noting that (5/2)m7 = 7.85 < zo < 3m = 9.42, we see that there 











three bound states. 
1 
2E — sin lz cos la | ; 


= |D}? | 
0 2 


(b) Let 
zo cae 2 ae 2 |T 1. 
he | lv|^dx = |D| sin“ la dz = |D| [5 - 350 coste! 
0 0 2 2 
e 25v oo e 25a 
= |F|? . 
2K || P| 2K 


are 
a 

















Io =f \b|?da = FP f e ?5* dy = |F|? |- 


But continuity at x = a > Fe ^? = Dsinla, so I5 = |ppsirte. 





1 
= —|D/? [ka — Ë sin la cos la + sin? la 
2K l 


Normalizing: 
1 in” 
1=h+h=|D/P E — 5; Sin la cos la + — si 
But (referring again to Problem 2.29) x/l = — cot la, so 
(1+ Ka) 
RS 


1 
EE pg [Ka + cot lasin la cos la + sin? la] = Dp? 
K 
So |D|? = 2«/(1+ ka), and the probability of finding the particle outside the well is 
2& sin? la = sin? la 
| l+ka 





Pah = 
loca 2k 
We can express this interms of z = la and zo: ka = V/z& — 2? (page 80), 


1 2 2 
Z z 

a ) Spe | 

zt vzà- 2) 


20 





1 





2 2 
l = = = 
BON SUE ce oe (29/2)? —1 
In the present case zọ = 8 and z is the third solution 


So far, this is correct for any bound state. 
(8/2)? — 1, which occurs somewhere in the interval 7.85 « z « 8. Mathematica gives 





to —cotz — 
z = 7.9573 and | P = 0.54204. 
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FindRoot[Cot[z] = -V¥ (8/z)^2-1. tz. 7.9}] 
{z> 7.95732} 


z^2/ (64(1 + V64 - z^2]) 


c 


64 (1+ 64 -z?) 
X /. z -> 7.957321523328964^ 


0.542041 


Problem 2.41 
(a) In the standard notation £ = ./mw/hz,a = (mw/mh)/4, 
V(z,0) = A(1 — 22?e-* 7? = A(1— 4E + 4£?)e €. 


It can be expressed as a linear combination of the first three stationary states (Eq. 2.59 and 2.62, and 
Problem 2.10): 


olz) = ae- $72, r(x) = V2a£e- 72, p(z) = 0€ det 


So U(x, 0) = covo + citi + cov» = a(co + V2Ec, + V2E% cp — Jgo)e €? with (equating like powers) 
av 2cs = 4A > c9 = 2/2A/a, 

av2cı = —4A >c = -2V2A/a, 

o(co — c2/v2) = A => eo = (A/a) + c2/V2 = (14+ 2)A/a = 3A/a. 


Normalizing: 1 = |co|? + |a? + |c2|? = (8 +8 + 9)(A/a)? = 25(A/a)? > A=a/5. 




















LEE. cq = 5 $ C2 5 
1 9/1 8 (3 8 (5 hw 73 
Hye 2 ħw = j ħw z 24 + 40) =| — hu. 
MEARE een G ) 25 (3 )* 25 (Sr) 59 0 + 24 + 40) =) 





(b) 
3 ; 2/2 ; 22 ; ; 3 22 ; 22 ; 
V (a: t) = ug ee V2 p iy V2 jg Biut/2 = e wt /2 abo _ V2 petet $ V2 jg tiet 
5 5 5 5 5 5 
To change the sign of the middle term we need e-/^T = —1 (then e-?/"T = 1); evidently wT = m, or 
T=T/w. 
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Problem 2.42 


Everything in Section 2.3.2 still applies, except that there is an additional boundary condition: (0) = 0. This 
eliminates all the even solutions (n = 0,2,4,...), leaving only the odd solutions. So 








1 
Ey, = (n+ 5) te n=1,3,5,.... 








Problem 2.43 


(a) Normalization is the same as before: A = (ye. 


T 


(b) Equation 2.103 says 





1 Sgt pee 2 ilz —ik 1 ee Ed 
o(k) = oe (=) J e ?" ee" "dx [same as before, only k > k — l] = Oraj e (k7) /4a, 


— oo 


1 1 em 2 : 2 
= —(k—1)* /4a ji(kz —hk^t/2m) 
Wat) B V 27 (21a)!/4 I. eS i 


— 


1 1 EM T pliv+t/2a)? /[4(1/4a+ént/2m)) 
om (21a)!/4 








1/4 
= (=) / 1 e V /4a palin+l/2a)?/(1+2iaht/m) | 


T V1 4 2ihat/m 











iw+l/2a)? , (—iz1/2a)? 
[< a +4 attire) ] 





2a 1 2 a 
(c) Let 0 = 2ħat/m, as before: |W|? = 4/ RU . Expand the term in 
T J/1+ 6? 


square brackets: 


je (cee een eee) ere 

ay i irt. i ivt 

o 1 ( gia ial I? ) ( m ixl I? ) 

~ 146? ‘a 4a? a 4a? 
ofa il PN, (a ial Ê 

THE (e a =) TUR ( i a * 4a? 


1 r al 
= 2x? 4 20—| = 
1+ 62 | ii 2a? a =| 


NE al \* nS 

1-8 V 2a) Ta? 

| (a t)|? = 2 a eU /2a o7 rpez (2791/22)? 1? /2a E: E 
i "TV 1+8? T : 
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where w = \/a/(1+ 02). The result is the same as before, except x > (x — #) = (x — Œt), so |V|? has 


2a 
the same (flattening Gaussian) shape — only this time the center moves at constant speed v = fil/m. 


(d) 


(x) -| z|V(z, t)|^da. Let y = x — 01/2a = x — vt, so x = y + vt. 


— oo 


TS 2 
= if (y + vt)4] = wen" dy = vt. 
a T 


(The first integral is trivially zero; the second is 1 by normalization.) 


QA, dz) _ 


























Hb 2 1 
(z?) = / (y or Baie dy — dud +0 + (vt)? (the first integral is same as before). 





m 


1 ht? 9» œY 
(x°) = — + (=) | (py = r f va 

















1/4 uu» 
v= C) wes / 1 e U /4a qa (i 1/22)? /(1+i9), TA d% 2ia (ix + x) 








T V1 +i0 dr — (1+i0) l 
CAA NO 2i?a —4a? (ix + 1/2a)? 2a 
dz? — 1 4- i0 | Tea’ (1 + i0)? 1+ 40 





|V|?dx 





(9 = am |. » ' ua " 
- aee]. (oe DEE 

7 iu uy "IU dy —2 (ve- nf | yv dy 
(« 2) om Fs] 
2 dap | gt? (w zy p 
= no BE (5%) aca] erm 


ah? 


| (1 +a +i) 2] = Ss [a im (i 2)]- B? (a 4- 1?). 





ut) 








|W |? dy 








+ 












































w m m 4w? 2w 


1 htN? (Rit\? 1 1 
ož = (a) (a)? = p+ ( ) ( Ve si es is 
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7; = (p?) — (p? = Pa + WP? — WP? = Ka, soo, = hia. 











(e) ox and cp are same as before, so the uncertainty principle still holds. 


Problem 2.44 


Equation 2.22 > w(x) = Asin kz + B cos kz, 0< x < a, with k = V2mE/h?. 
Even solutions: (x) = v(—zr) = Asin(—kz) + Bcos(-kr) = —Asin kx + Bcoskz (—a € x € 0). 





y continuous at 0 : B = B (no new condition). 

v discontinuous (Eq. 2.125 with sign of a switched): Ak + Ak = 222 B > B = EA. 
& h ma 

v —0atz-a: Asin(ka) + HE A cos(ka) —0 > tan(ka) = ed 


maA 


Boundary 
conditions 








2 


p(x) =A (sin ka + LE cos ko) (0<a<a); w(-2) = y(x). 














T 2m 3n y Fa 
tan(ka) -Xk 
mo 


From the graph, the allowed energies are slightly above 





n?g?h? 


rA 2m(2a)? (mex 1,955524). 


ka — 77 (n21,3,5,...) so |E 











These energies are somewhat higher than the corresponding energies for the infinite square well (Eq. 2.27, with 
a — 2a). As a — 0, the straight line (—h?k/ma) gets steeper and steeper, and the intersections get closer to 
n7/2; the energies then reduce to those of the ordinary infinite well. As a — oo, the straight line approaches 
horizontal, and the intersections are at nr (n = 1,2,3,...), so En > DI — these are the allowed energies for 
the infinite square well of width a. At this point the barrier is impenetrable, and we have two isolated infinite 
square wells. 


Odd solutions: (x) = —v(—x) = —Asin(—ka) — Bcos(—kx) = Asin(kz) — Bcos(kz) (—a € x € 0). 








y continuous at 0: B=-B > B=0. 
Boundary conditions 4 7’ discontinuous: Ak — Ak = 2? (0) (no new condition). 


(a) = 0 => Asin(ka) = 0 > ka = 3 (n = 2,4,6,...). 














n?g?Rh? 


p(z) = Asin(kz), (-a« s «a) En — soc l 


n — 2,4,6,...). 











These are the exact (even n) energies (and wave functions) for the infinite square well (of width 2a). The point 
is that the odd solutions (even n) are zero at the origin, so they never “feel” the delta function at all. 
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Problem 2.45 






































R d d? 
- 2 DU. Vy = Ej, = -E p T P. 4 Vie = Bis 
2m dx h2 d^, d? : 
> Vo Uva 
2 42 2 2m dx 
PEPE Sy 2 UE Ae ee 
Ex doa | V¥2 = Ep >- D ce do pipz = Evi» 
di; di» dv» t dv, dy dw» d'y — Ay dah : nt 
T3 Vice |- Coa opm e a a p eR 
zero, it follows that C — pı c = K (a constant). But Y% — 0 at oo so the constant must be zero. Thus 
z 
d d 1d 1 
ae n —a 2d Pic dg so In 4 = In 4s + constant, or v, = (constant)U3. QED 
ET d£ — dz 
Problem 2.46 
2 72 2 
Ey = Ew (where x is measured around the circumference), or ie = —k^w, with k= EU so 
2m dx? dx? h 


w(x) = Aet? + BeW***, 
But y(x + L) = y(x), since x + L is the same point as x, so 
Ac ^2 eikL 4 BeWtk® e~tkh = Aci** 4 Be tk 
and this is true for all x. In particular, for x = 0: 


(1) Aet + Be  — A+B. And for z = x : 
Aet ekl 1 Beit eiki — Aei™/2 + Be*™/2 or i AF. — iBe~*" = iA - iB, so 


(2) Ae*” — Be ^ = A-B. Add (1) and (2): 2Ae*” = 24. 














Either A = 0, or else e*** = 1, in which case kL = 2n« (n = 0, +1,+2,...). But if A = 0, then Be~*” = B, 
leading to the same conclusion. So for every positive n there are two solutiones de Gr) = Aene D) and 
Vs (x) = Be~*?"7#/L) (n = 0 is ok too, but in that case there is just one solution). Normalizing: fo lw 4|?dx = 
12 A= B = 1/vL. Any other solution (with the same energy) is a linear combination of these. 








= 1 cxi(2nmx 
Vs (x) = UL EORR S 


The theorem fails because here Y does not go to zero at oo; x is restricted to a finite range, and we are unable 
to determine the constant K (in Problem 2.45). 


2n?g? n? 
mL? 











(n =0,1,2,3,...). 











Problem 2.47 


(a) (i) b = 0 = ordinary finite square well. Exponential decay outside; sinusoidal inside (cos for %1, sin for 
1/3). No nodes for v, one node for v». 


(ii) Ground state is even. Exponential decay outside, sinusoidal inside the wells, hyperbolic cosine in 
barrier. First excited state is odd — hyperbolic sine in barrier. No nodes for v4, one node for v». 
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b/2 b/2+a 






-(b/2+a) bio | abba X 








(iii) For b >> a, same as (ii), but wave function very small in barrier region. Essentially two isolated finite 
square wells; yı and vj are degenerate (in energy); they are even and odd linear combinations of the 
ground states of the two separate wells. 


-b/2 b 
-(b/2+a) "isa X 

















(b) From Eq. 2.157 we know that for b — 0 the energies fall slightly below 











~ mh _ h 
PO 2m(ar ~~ 1 5 where h = mM i 
Es + Vo% EE =h 2ma? 


For b > a, the width of each (isolated) well is a, so 


272 


T 
Za Vor Be Mae s 


sg = h (again, slightly below this). 
ma 





Hence the graph (next page). [Incidentally, within each well, 2 = 27 (Vo + E)v, so the more curved 
the wave function, the higher the energy. This is consistent with the graphs above.] 


(c) In the (even) ground state the energy is lowest in configuration (i), with b — 0, so the electron tends to 
draw the nuclei | together, | promoting bonding of the atoms. In the (odd) first excited state, by contrast, 

















the electron drives the nuclei | apart. 
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n/4t 








yo 


Problem 2.48 
(a) 





dr aya 





eo ee C ea2:22) eale] 











(b) 








ai -»(-2)|-|l-S»(-- 2) 











(c) 








Es 
| 
| 
N 
y% 
UN 
| 
a(S 
Sc 
b 
c" 
e 
* 
Qa 
P 
| 
NS 


2 .9.£52 2 
je- 20 HORE 3A _| 6h? | , 


maa/a 2 m-a-a ma? 











3/a 


Problem 2.49 
(a) 








oY mwy | a? = diot ih . \ —iwt 

n m) 5 pue E ESQ ido 
OV E 1 2 2 —2iwt 1 2 „—iwt 

ia, = |-gma we + gw + mazw'e V. 

Ow — ( me (2 2 355] Da | mo ( u pum y: 

Bs = Hh Z ae = Uh Xx — ae , 








ru mw mw iwn OU mw | (mw? wn? 
2. Ua peu 93 -| h (x) € e yw. 
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apa 1» 
2m Ox? ge * 


1 1 
= ES — =mw? 





h 


h? mw mwy 2 "V 1 
—iw UI E 2 2g 
2m | h t ( ) (a ae ) | T see 


2 2 


1 ; 1 
= ES + maaxw?e-?9* — sinstate en V 


(2? _ 2are 7t 4 are) 


1 
+ jr Vy 


V 
= nce (comparing second line above). v 


(b) 


(02497 (14 e299*) — itt 205659) +( 2? 87 (14+e7 2?) 4 £ft 22e 9e) | 


Tni) — mw 
IV =e oe 
TC 
mw ue 
= e 
th 


mw 


th 


22? +a? +a? cos(2wt)—4ax cos(wt)| But a?[l an cos(2wt)] = 2q? cos? wt, so 








mw 


Mw en me (z—a cos wt)? 


wh 


z? —2ax cos(wt)+a? cos? (wt)] = 











The wave packet is a Gaussian of fixed shape, whose center oscillates back and forth sinusoidally, with 
amplitude a and angular frequency w. 


(c) Note that this wave function is correctly normalized (compare Eq. 2.59). Let y = x — a cos wt : 


























(x) = n = fot acos wt)|U|?dy = 0+ acoswt f |V|?dy = | a cos wt. 
d 1 d 
(p) = 2m =| —maw sin wt. 2 =—maw* coswt. V = gea — T = mux. 
d d 
Cc) = —mw* (x) = —mw*acos wt = au so Ehrenfest’s theorem is satisfied. 
z 


Problem 2.50 
(a) 


We can write this in terms of the 0-function (Eq. 2.143): 


ma à 


OV 
m o 


ot 





tmm) y um Wet c 
$ Ot a . 


vti h v, ifx—vt<0 





1, ifz>0 o 
E eee a vt| 2 —v[20(x — vt) — 1]. 


99) -1-1 


OW 


ih z vt) — 1] 4 





= fizer [20(a 
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QV | mE gj 4 | 
Üz | d UR "th 


2 eot = {1,if z vt; —1,if x < vt} = 20 (zx — vt) — 1. 
T 


sl Me [20(0 — vt) + hy. 








Oru ma imu 2ma | 8 
3-1 2 [20(x — vt) — 1] 4 Y | O(a v) V. 


But (from Problem 2.24(b)) &0(x — vt) = ó(x — vt), so 




















n? ^w 
2m Bg aó(x — vt) 
h ma imv |? 
z Dm m [20(x — vt) — 1] 4 5 + ad(a — vt) — ad(a — vt) | Y 
h? (m?o? 2 m mov ma 
= xd m [20(x — vt) — 1] 2 2i noH [20(x — vt) uv 
1 
2 
lug tre? + aee vt) jbec act (compare [%]). v 
(b) 
TWO _omea 2 > 
[I e 2malyl/R" (Yy = g — vt). 
s >. o9 MO me —2may/h? 2ma n - 
Check normalization: 22] e v/h dy = Rp Sen s "4 


ov V 
(H) — i V*HWdz. But HY = ne which we calculated above [X]. 


—OQ. 














j 1 1 
— = [20(y) - 1]-- B+ jl |w?dy =| E + gv. 





(Note that [20(y) — 1] is an odd function of y.) Interpretation: The wave packet is dragged along (at speed 
v) with the delta-function. The total energy is the energy it would have in a stationary delta-function 
(E), plus kinetic energy due to the motion (3m«v?). 


Problem 2.51 
(a) Figure at top of next page. 





d d? 
(b) to = —Aasech(az) tanh(ax); a = — Aa? [—sech(az) tanh? (ax) + sech(ax) sech? (ax)] . 
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Veo 
x 
h2 dyo dao, 
Ayo = h 
TEE sech'(az)u 
he 2 3 ha? 3 
= 2,, 42 [- sech(ax) tanh*(ax) + sech*(ax)] — "- A sech" (ax) 
h?a?A 2 3 3 
ae [- sech(ax) tanh” (ax) + sech*(ax) — 2 sech?(az)] 
h?a? 
EMT Asech(az) [tanh?(ax) + sech?(az)] . 
sinh? 0 1 inh? 6 +1 
But (tanh? 0 + sech 0) = zm z7 t z = = E — 1, so 
cosh^0 | cosh*0 cosh^ 0 
h2 2 h2 2 
=- yy QED Evidently |#=———. 
2m 2m 
[^ 2 21 P 2, 412 a 
1= |A| sech“ (az)dx = |A| F tanh(az) = zl A= z 











wo) 





xY 


(c) 











d A ; 

r a rm [(ik — atanh ax)ik — a? sech? az] gm 

Pvp A ; ; ; 2 2 2. 2 3 2 ike 

i? du {ik [(ik — atanh ax)ik — a^ sech ax] — afik sechf ax + 2a” sech* ax tanh ax} em. 
a ik+a 
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h2 Pyk A —R^ik $ : , i23 : 
CUm ur eae { a [-K. — tak tanh az — a^ sech" aa] + Sik sech* ax 
h2 3 h2 2 l 
-22 sech? az tanh az — — sech? ax(ik — a tanh an) pt 
A tka 2 
=- = g (ik? ak? tanh ax + ia?k sech? ax + ia?k sech? ax 
ik +a 2m 
—2a? sech? ax tanh ax — 2ia?k sech? ax + 2a? sech? ax tanh ax) 
Aetk= h2 i 
= Kk? (ik tanh -———wy-Ewv, QED 
ik 4- a 2m ag) 2m Vk Vk. Q 








E 
As z — +00, tanhaz — +1, so |vx(z) — A (5 T 2) et? | which represents a transmitted wave. 
ik+a 


2 —ik—a ik—aN — 
|» A—ik-a ikta) | 














ik—a 
ik+a 





R=0. T= 


= 
































Problem 2.52 
(a) (1) From Eq. 2.133: F+G=A+B. 
(2) From Eq. 2.135: F — G = (1 + 2iß)A — (1 — 218) B, where 8 = ma/h?k. 


Subtract: 2G = —248A + 2(1 — iß)B => B = 1 58A + G). Multiply (1) by (1 — 248) and add: 
—i 








1 1 [fiB1 











(b) For an even potential, V(—x) = V (x), scattering from the right is the same as scattering from the left, with 
Xd « T, A « G, BeF (see Fig. 2:22): F= $11G + Si2A, B= So1G + SoA. So $11 = S22, $21 = $15. 
(Note that the delta-well S matrix in (a) has this property.) In the case of the finite square well, Eqs. 2.167 
and 2.168 give 
































e 2ika P TA sin 2la e- 2i*« d 
= ; 11 = . o 
cos 2la — je) sin 2la cos 2la — (Ct) sin 2la 
-" pra i ED sin 2la 1 
m, 2 2 . 
cos 2la — i 5: sin Qa 1 i sin 2la 
Problem 2.53 
(a) 
1 $1 1 
B = S11 A + Si2G > G = — (B — $11 A) = Ma A + M33 B > Mo = ———, Ma = —. 
$12 $12 S12 
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(S11S22 = 512521) 





S S 
F = SyA+ S22B = S21 A + mi — $44) = A+ B = M1 A + MyB. 
12 




















$12 12 
det S $55 1 = det(S) $22 
=> My = —-——, Mi = =. |M= — .| C ly: 
11 Bus , 12 B Sis ( zx, 1 onversely 
GM Eo Ba (G — Mn A) = Su A + SG > Sy = Ma. gI 
= 21 22 = M3 21 — 211 12 Ti — M33? 12 —— M3 
M M11 Mə2 — Mis M: M. 
F = Mn A+ MigB = Mi A+ —*(G— Mp 4) = (Mii Moo 12 a) 44 12 G = Sa Å + SzG. 
M2» Mo2 M39 
=> $= det M . Ma l1 (Ma 1 
Mog C O Ma | Ma Ndel(M) Mis) ` 











[It happens that the time-reversal invariance of the Schrödinger equation, plus conservation of probability, 
requires M55 = Mï, M»1 = My, and det(M) = 1, but I won't use this here. See Merzbacher's Quantum 
Mechanics. Similarly, for even potentials S11 = $55, S12 = S21 (Problem 2.52).] 

































































Mp, |? det(M) |? Mi; 1 
" 21 9 2 12 2 
= = —— T = = r = = —— , T, = = " 
Rı [S11] Mz , l [S21] Moo , R [S22] Moz i512] | M33]? 
(b) 
A C F 
> =y —_ 
«— «— X 
aS fe V AS A 
M, M, = 


(J-E) (6) =m (8) (D) x 1) M(E): wna um 





wb(x) Ae**® + Be-*5z (g < a) 
Fei** + Geit (y >a) 
Continuity of v : Ae*+ + Behe — Feika + Gemika 
Discontinuity of Y’ : ik (Fette — Ge~**2) — ik (Ae’** — Be~*#¢) = —2M0y(q) = — 29 ( AeiFa + Be-tka) , 
(1) Feika +G= Aezike 4- B. 
2ika _ e 2ika _ ;2ma 2ika 
(2) Fe G — Ae B+ i22 (Ae**o + B). 
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Add (1) and (2): 


f ; 2 
2 Feika = 2 Aczika +i XE 





ma ma ; 
(Ae”**2 + B) => F= (1 +i) Ait B = Mı A+ Miz B. 


m 


So Mii = (1+ if); Miz = iBe ? ^^; B= 31] 


e 


> 


Subtract (2) from (1): 


2G = 2B — 2iBe*** A — 2ißB > G = (1 — iß)B — iBe? ^^ A = Mo, A+ MooB. 





| ; ; (35 —2ika 
So Mz; = —iBe"^*: Mz = (1— if). Mss Gee 2 2) l 











(a) 


(1 +ib) ige e 


= —Ó . , _ ( (1+iB)  ife?e 
Mı = Ge (1 - a ; to get M», just switch the sign of a: Mz = ( : 


—e ka (1 — ip) 

















M=MoM, = [1 + 248 + 8? (e**e —1)] 2i8[cos 2ka + 8 sin 2ka] 
(00271 f A —2if[cos2ka + B sin 2ka] [1 — 2i8 + 8?(e-**« — 1)] } ` 
pog 
l T [M3]? 


T -[-2i8 + 8?(e***» — 1) [1 — 28 + 8? (e ***9 — 1)] 
—1- 2i 4- ffe the = B? + 218 +48? + 283 etka E 2i? E Berika 
E B? _ 2iB%etike 21° g*üa etika o7 Aika y. 1) 
aue 28? E p? (etira 3 gre) = 2183 (ettke les eke) a 284 = ff (etika d p ee 
= 1+ 26? + 2? cos Aka — 216°2i sin 4ka + 264 — 26% cos Aka 
= 1 + 26? (1 + cos 4ka) + 48? sin 4ka + 264(1 — cos 4ka) 
= 1+ 46? cos? 2ka + 88? sin 2ka cos 2ka + 46* sin? 2ka 














1 
T = 
1 + 46?(cos 2ka + B sin 2ka)? 














Problem 2.54 
Pll just show the first two graphs, and the last two. Evidently K lies between 0.9999 and 1.0001. 
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Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[(u' '[x] - (x^2 - 0.9) «u[x] =: 0, u[0] =: 1, NDSolve[(u' ' [x] - (x^2 - 0.9999) xu[x] = 0, u[0] == 1, 
u' [0] -= 0), u[x]. [x. 10°. 10}. u' [0] = 0), u[x], (x. 10%. 10}, MaxSteps -> 10000]]. 
HarSteps -> 10000]]. (x. 0, 10). (x, 4, 5.5), PlotRange -> (-1, 10)]: 


PlotRange -> (-10, 10)]: 





Plot[Evaluate[u[x] /. 


Plot[Evaluate[u[x] /. NDSolve[tu' '[x]- (x^2 - 1.0001) «u[r] -- 0, u[0] == 1. 
NDSolve[(u' '[x]- (x^2 - 1.1)*u[x] = 0, u[0] =: 1, u' [0] == 0), u[x]. (x. 10%, 10}. MaxSteps -> 10000]]. 
u' [0] =: 0), u[x]. {x. 105- 10]. (x, 4, 5.5), PlotRange -> (-10, 1}]: 


HarxSteps -> 10000]]. (x. 0. 10). 
PlotRange -> (-10, 10)]: 





Problem 2.55 


The correct values (in Eq. 2.72) are K = 2n +1 (corresponding to En = (n + 4)hw). PI start by “guessing” 
2.9, 4.9, and 6.9, and tweaking the number until I’ve got 5 reliable significant digits. The results (see below) 


are | 3.0000, 5.0000, 7.0000. | (The actual energies are these numbers multiplied by 3.) 
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Plot[Evaluate[u[x] /. [Plot [Evaluate[u[x] /. 
NDSolve[tu' '[x]- (^2 - 2.9) x u[1] -- 0, u[0] -- 0, NDSolve[tu' ' [x] - (x^2 - 3.00001) « u[r] -- 0, 
u' [0] = 1), u[x]. (x. 10%, 10]. u[0] =: 0, u' [0] == 1). u[x]. (x. 10%. 10]. 
HaxSteps -> 10000]]. (x. 0. 5}. HaxSteps -> 10000]]. (x. 0. 5.5). 
PlotRange -> (-1, 5}]: PlotRange -> {-.5. .7)]: 





Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[tu' ' [x] - (x^2 - 2.99999) x u[x] =: 0, NDSolve[tu' ' [x] - (x^2 - 4.9) «u[x] -- 0, u[0] -- 1. 
u[0] =: 0, u' [0] =: 1). u[x]. (x. 10?, 10}. u' [0] -- 0), u[x]. {x. 10°, 10]. 
HarSteps -> 10000]]. (x. 0. 5.5}. HarSteps -> 10000]]. (x. 0. 4}. 
PlotRange -> (-.1, .7)]: PlotRange -> (-1.5, 1.2}]: 
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Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[tu' ' [x] - (^2 - 4.99999) « u[r] -- 0, NDSolve[tu' '[x]- (^2 - 6.9) x u[x] -- 0, u[0] -- 0, 
u[0] -- 1, u' [0] -- 0), u[x]. (x. 10%, 10}. u' [0] -- 1), u[x]. (x. 10^, 10}. 
HaxSteps -> 10000]]. (x. 0. 6}. HarSteps -> 10000]]. tx. 0. 4.5). 
PlotRange -» (-1.5, 1.2}]: PlotRange -> {-1. . 5}]: 





Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[(u' '[x]- (x^2 - 5.00001) «u[x] ==: 0, NDSolve[(u' ' [x] - (^2 - 6.99999) «u[x] =: 0, 
u[0] -- 1, u' [0] -- 0), u[x]. (x. 10%. 10}. u[0] == 0, u' [0] -- 1), u[x]. (x. 10%, 10]. 
HaxSteps -> 10000]]. (x. 0. 6}. HarxSteps -> 10000]]. (x. 0. 6.5}. 
PlotRange -> (-1.5, 1.2}]: PlotRange -> (-1, .5}]: 
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Plot[Evaluate[u[x] 2. 
NDSolve[tu' ' [x] - (x^2 - 7.00001) «u[r] -- 0. 
u[0] -- 0, u' [0] == 1). u[x]. (x. 10%. 10}. 
HarSteps -> 10000]]. tx. 0. 6.5}. 
PlotRange -> {-1. .5}]: 





Problem 2.56 


The Schrodinger equation says = ay! = Ey, or, with the correct energies (Eq. 2.27) and a = 1, v" + (nr)? Y = 
0. Pll start with a “guess” using 9 in place of 7? (that is, PI use 9 for the ground state, 36 for the first excited 
state, 81 for the next, and finally 144). Then I'll tweak the parameter until the graph crosses the axis right 


at x = 1. The results (see below) are, to five significant digits: 
energies are these numbers multiplied by h?/2ma?.) 








9.8696, 39.478, 88.826, 157.91. 








(The actual 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 


publisher. 


61 





Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[(u' '[x] + (9) xu[x] -- 0, u[0] =: 0, u' [0] == 1). NDSolve[(u' ' [x] + (36) xu[x] -- 0, u[0] -- 0, u' [0] =: 1). 
u[x]. (x. 10:5. 1.5]. HaxSteps -> 10000]]. u[r]. {x. 10°, 1.5]. HaxSteps -> 10000]]. 
(x, 0, 1.2), PlotRange -> (-.5, .5)]: (x, 0, 1.2), PlotRange -> {-.5, .5)]: 











Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[tu' ' [x] + (9. 86959) «u[x] -- 0, u[0] =: 0, NDSolve[(u' ' [x] + (39. 47803) «u[x] -- 0, u[0] == 0, 
u' [0] == 1), u[x]. (x. 10^, 1.005}. u' [0] = 1), u[x]. (x. 10%. 1.005]. 
HaxSteps -> 10000]]. (x. 0.99999, 1.00001), HaxSteps -> 10000]]. (x. 0.99999, 1.00001), 
PlotRange -> {-. 00001, .00001)]: PlotRange -> {-. 00001, .00001)]: 


0.00001 0.00001 


















5x107* 5x107* 





0.99999 1.00001 1.00001 0.99999 0.999995 1.00001 1.00001 





0.992995 






-5x107* -5x107* 





-0.00001 -0.00001 


Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] /. 
NDSolve[(u' ' [x] + (81) xu[x] = 0, u[0] = 0, u' [0] = 1). NDSolve[(u' '[x] + (144) «u[x] -- 0, u[0] =: 0, u' [0] =: 1). 
u[r], (x. 10?, 1.5}, MaxSteps -> 10000]]. u[x], (x. 10%, 1.5}, MaxSteps -> 10000]]. 
(x, 0, 1.2), PlotRange -> (-.15, .15)]: (x, 0, 1.2), PlotRange -> (-.1, .1}]: 





Plot[Evaluate[u[x] /. Plot[Evaluate[u[x] Le 
NDSolve[(u' ' [x] + (88. 82630) «u[x] -- 0, u[0] =: 0, NDSolve[(u' ' [x] + (157. 9129) xu[x] -: 0, u[0] == 0, 
u' [0] = 1), u[x], (x. 10%, 1.005]. u' [0] -- 1), u[x], (x. 10?, 1.005], 
HarSteps -»10000]]. (x, 0.99999, 1.00001), HaxSteps -> 10000]]. (x. 0.99999, 1.00001), 
PlotRange -> (-.00001, .00001)]: PlotRange -> {-. 00001, .00001)]: 


0.00001 0.00001 






5x1075 






5x1075 





0.99999 1.00001 0.99999 0.999995 1.00001 1.00001 





0.999995 1.00001 


-5x107* -5x107* 





-0.00001 -0.00001 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


62 


CHAPTER 3. FORMALISM 


Chapter 3 


Formalism 


Problem 3.1 


(a) 


(b) 


All conditions are trivial except Eq. A.1: we need to show that the sum of two square-integrable functions 
is itself square-integrable. Let h(x) = f(x) + g(x), so that |h|? = (f + g)*(f +9) = |f? + lg + f*g4- g* f 


and hence x 
f Paso [itas [tace f fode- (f sae) 


If f(x) and g(x) are square-integrable, then the first two terms are finite, and (by Eq. 3.7) so too are the 
last two. So f |h|?dz is finite. QED 


'The set of all normalized functions is certainly not a vector space: it doesn't include 0, and the sum of 
two normalized functions is not (in general) normalized—in fact, if f(x) is normalized, then the square 
integral of 2f (x) is 4. 


Equation A.19 is trivial: 


(glf) = IEG gla) ia | f ror fü saae) = (flo. 


Equation A.20 holds (see Eq. 3.9) subject to the understanding in footnote 6. As for Eq. A.21, this is 
pretty obvious: 


(fI(blg) + elh)) = f re» (bg(x) + ch(a)) av =o f f gde+e fp Ads = bflg) + etf|h). 


Problem 3.2 


(a) 


1 


1 
(io fede = Lem = 
0 0 


xu 





je. 
2v+1 ) 








Now 0?"*! is finite (in fact, zero) provided (2v + 1) > 0, which is to say, |v > —3. | If (2v + 1) < 0 the 











integral definitely blows up. As for the critical case v = —5, this must be handled separately: 


1 
qin- f MN M MN 
0 
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So f(x) is in Hilbert space only for v strictly greater than -1/2. 





(b) For v = 1/2, we know from (a) that f(x) is in Hilbert space: | yes. 














Since af = z?/?, we know from (a) that it is in Hilbert space: [yes. 




















For df /dx = 1z-1/?, we know from (a) that it is not in Hilbert space: [no. 





[Moral: Simple operations, such as differenting (or multiplying by 1/x), can carry a function out of Hilbert 


space. | 


Problem 3.3 


Suppose (h|Qh) = (Qh|h) for all functions h(x). Let h(x) = f(x) + cg(x) for some arbitrary constant c. Then 


( 
(h|Qh) = (C + eg) QU + eg) = (f1QF) + (f1Qg) + (gl OF ) + lel? (g|Q9): 
(Qn|h) = (QU + cg)) (f  e9)) = (QFIF) + e(Qflg) + (Âg f) + lcl? (Qao). 
Equating the two and noting that (f|Qf) = (Qf|f) and (g|Qg) = (Qglg) leaves 
e(f1Qg) + e" (glQf) = e(Qflg) + e (Qal.). 


In particlar, choosing c — 1: 


(109) + (8IQf) = (Qflg) + (Qalf), 


whereas if c = i: 





(109) — (ÂF) = (Qflg) — (Âg f). 


Adding the last two equations: " : 
(flQg) = (Qflg). QED 


Problem 3.4 
(a) (F(E + K)g) = (f|Hg) + (f|&g) = (Hf lg) + (Kf lg) = (H+ K)flgy. v 
(b) (flaQg) = a(f|Qg); (aQflg) = a* (Qflg). Hermitian & | a is real. 























(c) (f|H Kg) = (Af|Kg) = (KH f|g), so HK is hermitian & HK = KH, or |[H, K] = 0. 











= 











R g ^g ; 
UIH n= fs (- ENO +V) ode =~} [rs di dx +4 j Vgdz. 
Integrating by parts (twice): 
pe Og „dg |” Bi d? f* 
forge-rZ. wight de qu Lo +f hod 


(d) (flêg) = f f* (2g ee ae ae Y 
o df” dg dg df 
But for a f(x) and g(x) in Hilbert space the boundary terms vanish, so 











d? * 
de pi 7 Tq e f. d g dx, and hence (assuming that V (x) is real): 
a x 


K pS 2 2 * PS 
(lig = f (- Li psi) gde = (fl. v 


2m dx? 
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Problem 3.5 
(a) (fleg) = f f*(xg) dz = f(xf)*gdx = (xf|g), so|z! = x. 
(flig) = f f'(1g) dz = f(—if)*gdz = (—if|g), so i! = —i. 


oo oo * t 
y= p 2 de = fg -J (£) gdx = —(xf\g), so (=) =-£. 


(—ip + mwa). But p and x are hermitian, and it = —i, so (a4)! = 









































(ip + mwa), or 








WU 2hinmw 
(a4)! = (a_). 














(c) (1(95)9) = (Qt f| Rg) = (tt Qi fg) = (QR)! flo), so (QR)! = RÂ. v 


Problem 3.6 








n 27 Qn df* dg 2n df* 27 2T d?f* 
= d ! d 
(sia) = f E ware) -[ Wut fu ~ Sa t], aer 


Asin Example 3.1, for es. DN (Eq. 3.26) the boundary terms vanish, and we conclude that (f IQg) = 
(Q f|g). So Qi is henniitian’ yes. 


^ d? f +q 
Qf =af > 3 — df falo) =| Ae. 


The periodicity condition (Eq. 3.26) requires that \/q(27) = 2nri, or J/q = in, so the eigenvalues are 
q — —n?, (n=0,1,2,...).| The spectrum is | doubly degenerate; | for a given n there are two eigenfunctions 


(the plus sign or the minus sign, in the exponent), except for the special case n = 0, which is not degenerate. 







































































Problem 3.7 
(a) Suppose Qf — qf and Qg = qg. Let h(a) = af (x) + bg(x), for arbitrary constants a and b. Then 


Qh = Q(af + bg) = a(Qf) + ((Qg) = a(qf) + blag) ^ alaf -- bg) = qh. v 


d? E d E x dg d? -r d —T =r 
O Fen gO g Oseh pegs 


So both of them are eigenfunctions, with the same eigenvalue 1. The simplest orthogonal linear combina- 


tions are 








r o1 z —z E: A ; a T FR .1 
sinh z = 5 (e —e hea g) and cosh z = 5 (e +e Vas (ig) 








(They are clearly orthogonal, since sinh x is odd while cosh x is even.) 
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Problem 3.8 














(a) The eigenvalues (Eq. 3.29) are 0, +1, +2,..., which are obviously real. VY For any two eigenfunctions, 
f = Age 9? and g = Aye“ ? (Eq. 3.28), we have 
2n 
Qn M i(q—q')ó A Ag psy 
= AA, f gitóe qa = AXA, E = [eec 4 l 
ee Y, T tilga) ilaa’) 





But q and q' are integers, so eŻ(174)2T = 1, and hence (fg) = 0 (provided q Z q', so the denominator is 
nonzero). v 


(b) In Problem 3.6 the eigenvalues are q = —n?, with n = 0,1,2,..., which are obviously real. v For any 
two eigenfunctions, f = Aje*/"? and g = Aye*'” 9, we have 
2n 











2T +i(n’—n)o 
* Find tin’ * e 
(Flg) = Az Ay j prine mp do = A, Aq! F 


-i(n' — n) 











etin -n)2n —1:20 











= Ay Ad | j 
ti(n’ — n) 


(provided n Æ n’). But notice that for each eigenvalue (i.e. each value of n) there are two eigenfunctions 
(one with the plus sign and one with the minus sign), and these are not orthogonal to one another. 


Problem 3.9 
(a) |Infinite square well | (Eq. 2.19). 

















(b) | Delta-function barrier | (Fig. 2.16), or the finite rectangular barrier (Prob. 2.33). 














(c) | Delta-function well | (Eq. 2.114), or the finite square well (Eq. 2.145) or the sech? potential (Prob. 2.51). 





Problem 3.10 
From Eq. 2.28, with n — 1: 


pplz) = dP in (T2) = ee cos (Zæ) = | iT oot (22) V3 (x). 


Since pw is not a (constant) multiple of 4, v is not an eigenfunction of f: [no. | It's true that the magnitude 
of the momentum, /2m£, = ah/a, is determinate, but the particle is just as likely to be found traveling to the 
left (negative momentum?) as to the right (positive momentum). 




















Problem 3.11 


1/4 1/4 oo 
Volz, t) = Ue. i — en? —iwt/2.  @ 1 (mw : —iw/2 —ipz/ho— Bea? q 
Ole, ) = th € € ’ (p, t) = vox zh € € € X. 


From Problem 2.22(b): 








$(p t) — I ma ee mh -p /2mwh — 1 e 9 /2mwh o—iwt/2 
: V2rh N th mw (mmwh)1/4 i 
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1 B 1 
|®(p, t)|? = ee’ [meh Maximum classical momentum: = E = =hw p muh. 
T mwh 2m 2 








So the probability it's outside classical range is: 


—Vmwh oo v muwh 
p= | Pap f Pap =1~2 | lb|?dp. Now 
—oo v 0 


mw 


Vmwh Vmwh 
1 2 2 muh 
$|?d --— f e P [mwh dp. Let z 2 4| —— p, so dp = dz. 
f |[®|"dp mi p er p 5 


v2 1 
e? ^q; = F(V2) — jm CRC Table notation. 





EC 


P=1-2 |n - | =1-2F(V2)+1=2 [1 - RU) = 0.157. 





To two digits: |0.16 | (compare Prob. 2.15). 











Problem 3.12 
1 


V2rħ 


(a) = fwzwas = | I eir e/h gy. Darla as [ «oops. 


From Eq. 3.55: V(z,t) = 





J e'P?/hB(p, t)dp. 








But xeiP*/^ — -n$ (eiPe/h) so (integrating by parts): 
p 

x [ eret dp — / hd (eiweg dp = or | — i 9 dp. 
i dp i Op 


== -SI -iwana (yf. 1 een - - " a ripas 


Do the x integral first, letting y = x/h: 


1 


id : 1 . / 
anh e iP v/hoipz/hqy = = pee? Ydy = ó(p — p), (Eq. 2.144), so 


= [[ vwe- - 2. o afa — fowo] - 25.0.0 ]ap. ep 
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Problem 3.13 
(a) [AB,C] = ABC - CAB = ABC — ACB + ACB- CAB = A[B,C] -[A,C]B. v 
(b) Introducing a test function g(a), as in Eq. 2.50: 


Be ue (x"g) = qm on na?71g + ín = ihina" ^g. 
idx i da: 


So, dropping the test function, [r", p] = ihnz"-l. v 
| ,hdg hd li dg ag 





E509 n idx idr 


iu) = ing = [f.p] = ie. y 





(c) [f,plg = Um pao) eae rater a ait 3 


Problem 3.14 


2 
p 1 
| al v ~ Im [z,p"] +[2,V];  [x,p?] = xp? — p?x = vp? — pep + pzp — ^x = [v plp + ple, v]. 


2 1 ih 
2 +v] E A 
m 


Using Eq. 2.51: [v, p?] = iħp + pih = 2ihp. And [x#,V]=0, so Ja, 
2m 2m 


The generalized uncertainty principle (Eq. 3.62) says, in this case, 


coh > (Sw) - (gom) emn Aho). am 


2im 2m 


For stationary states oy = 0 and (p) = 0, so it just says 0 > 0. 


Problem 3.15 


Suppose Pf, = An fn and Qf, = HUn fn (that is: f,(x) is an eigenfunction both of P and of Q), and the set {fn} 
is complete, so that any function f(x) (in Hilbert space) can be expressed as a linear combination: f = 5c, fn- 
Then 


[P, Jf = (PQ = QP) N dus = Ê P9 Colin Jn) = Q Os CnAnJn) — No Gto. = SS cnàntnfn =0. 


Since this is true for any function f, it follows that [P,Q] = 0. 


Problem 3.16 





dV j 
Jy gem ~ tala) + Qu =F | -z + (2) + 0) ) Y 
dx h h 
dv a i(p) oaf cz ip) 
ware dx = InW = 5 -7 ru + constant. 
2. . 
Let constant = — are + B (B anew constant). Then Inv = = (e — (x))? + ra +B. 


Y = e- dk (2-2 oilP)e/ħoB — Ae- Ue {2))? /2h gi{p)a/h where A= eP. 
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Problem 3.17 











d 
(a) 1 commutes with everything, so a (| V) = 0] (this is the conservation of normalization, which we origi- 





nally proved in Eq. 1.27). 





d 
dt 
dependence); this is conservation of energy, in the sense of the comment following Eq. 2.40. 


(b) Anything commutes with itself, so [H, H] = 0, and hence | —(H) = 0 | (assuming H has no explicit time 

















(c) [H,2] = mE (see Problem 3.14). So ae) = ; ( 2 - D (Eq. 1.33). 

















(a) TH res Z ev] se n (Problem 3.13(c)). So ae) z = (iaf 25) z (>). 


This is Ehrenfest’s theorem (Eq. 1.38). 











Problem 3.18 


1 ; 1 ; 
V (z,t) = — (uie PUR m ie Pith), HI? = A [4e  Pit/h +4 (H?«)e Et], 


v2 


Ay, = Ei > H^, = EH = Eti, and H? = Eze, so 


1 : : . , 
(H?) - gang ee” zt age 1 PUR) | (Bea e EUR a Eie iP2t/ hy 
1 ; ; . : 
- 5 (ilie Ih ge th + (bs [ipo ei Fi t/h B2 et Bat/h 
; ; : 5 1 
+ (boa) ef PAE HAUS + (papaje AHMED SERT) = Z(E] + E3). 


Similarly, (H) = (E; + E2) (Problem 2.5(e)). 


oł = (H°) - n = 





) 
1 2 2 1 2 1 2 2 2 2 2 
5 (Fi + E2) - mie + Ep)? = JCE + 2E3 — Ej — Ej — 2E, Eo — E>) 





1 
(Et — 2E| Ey + E2) = Z(E — E1)’. cg = S (Eh — Fi). 


Ale 











(a) = 5 


(sz? os) = 3 z?sin (=e) sin (e)a = 3 g^ cos (7 — aas) cos (= Tar) |a. 
a Jo a a a Jo a a 
à k 2a? k 3T / ka V? k 1 
Now | x? cos (22): = Use (22) + ( z ) ( =) J sin (x0)} 
0 a ken a kr a a 


0 
2a? Dae 
: I cos(km) = aac (for k = nonzero integer). 


Kale?) + (oa? |e) + (aby |x? |o) e PEA (vis |? |b ) e PEDA], 
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4nm 
(n2 — m3)? 





cba e m = M / 2a? 


n-Jd-m 
(n-m)? (n+m)?| — d 1) 


2 
o (lala) = (wala?) = — 55 


1 1 1 1 1 16a? i Eo — “i(k 
Thus (a?) = TG E — zal +a? E a 253 le (E2—-E1)t/ħ | o7 ((Eo a l 
2 cos( 221211) 








1 1 
. Meanwhile, from Problem 2.4, (v, |z?|v,) = a? à 
3. 2(nx)? 





Ey — Ei = (4 — 1)n7h? = 3r?h 





= 3w [in the notation of Problem 2.5(b)]. 




















h |. 2ma?h |  2ma? 
2 
no NM 32 a 32 
(z^) — 5 E Si 9 cos(3wt)}. From Problem 2.5(c), (x) = 5 1— 972 cos(3wt) |. 
?[4 5 64 64 32 \? 
So o2 = (x?) — (x)? = S É mE z cos(3wt) — 1 + — 952 z cos(3ut) — (5) cos" (aut) 
27] are h 
C= = ls is (=) cos? Quot) And, from Problem 2.5(d): ES = a sin(3wt). | 














R (d(x) V 
Meanwhile, the energy-time uncertainty principle (Eq. 3.72) says 07,02 > we (22) . Here 


iet = sonat [S - s (x) etn] = oat (EY a m (o) t]. 


R2 (dic\\* /ħ 88$ NL, 8 ho 2aw 
ss = (352) sin^(3wt) = (So) hwa)? sin? (3wt), since uud 


T 











So the uncertainty principle holds if 


3\ TE 5 3837 8 
4 3 An 952 cos? (3wt) 372 sin? (3wt), 
which is to say, if 
1 5 H3 cun Ai RUN Ag SR 
> ; dod =(=). 
s ee (=) cos*(3wt) + (5 xz) sin*(3wt) 942 


1 5 32 
Evaluating both sides: = — —7 = 0.20668; (aa) = 0.12978. So it holds. (Whew!) 








3 4r 


Problem 3.19 


From Problem 2.43, we have: 






































hl dz) fl). 1 [|iee 2hat Loa 1 ) 
(x) me | h AE TE 4g ^| Where ; (H) os) = (a 4 07) 
p? 
We need (H?) (to get og). Now, H — or 80 
Tri 
1 1 1 Co . 
H? 4 rs © ?dp, where (Eq. 3.54): ®(p,t) = J cipr/hay(. t) da. 
(H°) = pa T p’|®(p, t)|?dp, where (Eq. 3.54): ®(p, t) E» NS (a, t) dz 
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/ 
2 1 2 . 2 ; 
From Problem 2.43: V(z,t) = (=) T ae meter) /Q+i0), 
T 1 


e /4a d e ipt [he a(ix+ 4)? /G+i0) de. Let y=r-— i 
NM 2a 








$4.) - (20) Ls 
E T 1 e” /4a eP!/2aħ Je —ipy/he —ay 7/1449) dy, 
vl-ci oo 


s Prob. 2. Zn for the integral.] 
aac 3 1 e U /4a gpl /2ah ml + i0) saxo 
1 








4ah 
v 1-4 i0 a 


1 /* 12 pl p2? (1+i0) 
= VR — € Tae?añe 4ah2 , 
QT 





1 1 1 A (122212? 1 
|®(p, t)? = L e7} /2acpl/ah ,—p? /2ah? NA i 7 23) Ll ag -b/h) /2a. 


Var h E hy 2a hy 2an 




















Ji (p/h)? /2aqyy. Let £ -1 = so p = (z + l). 
(p') uu]. P_t=2, s0p=A(z+0) 
1 2 
= hë z+1)*e7* "dz. Only even powers of z survive: 
xou "H ) y p 
hi Eo Me 2 ht [3(2a)? (2a) 
= z* + 6271? + I4)e7* adz = | Nar +6 Nar + lt Var 
V2aT J- ( ) V 2an 4 2 
= ht(3a? + 6al? p). v. (H?) = (30° + 6al? 4- 14). 
Econ dap. T reas E E ay ^ a apy a | es a 
cog = (H^) — (H) palh + 6a a a ) = Foy Qa + 4al”) =| 5G (a + ). 

















hta 1 2hat V? nal? a 2hat V? 
2 2 L972 | 
chet = gates C) | = An? aC om) + (7) | 


ni? 2 (LN? R (d(a)\? |. 
> = =i , so it works. 


— 4m? 4\m dt 





Problem 3.20 


h|d 
For Q = zx, Eq. 3.72 says e uos > 5 ae 


uncertainty principle of Problem 3.14. 


h 
. But (p) — mo. SO 040H > zy Il. which is the Griffiths 





Problem 3.21 
P?|8) = P(P|8)) = P((o|8)]o)) = (aJ8)(Plo)) = 615) (1a) |e) = (a|B)|o) = P8). 


1 
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Since P?|8) = P|) for any vector |B), P? = P. QED  [Note: To say two operators are equal means that 


they have the same effect on all vectors.] 


If |y) is an eigenvector of P with eigenvalue A, then P|y) = Aly), and it follows that P?|4) = AP|y) = X?|4). 
But P? = P, and |y) Z 0, so à? = A, and hence the eigenvalues of P are | 0 and 1. | Any (complex) multiple of 














la) is an eigenvector of P, with eigenvalue 1; any vector orthogonal to |a) is an eigenvector of P, with eigenvalue 


0. 


Problem 3.22 
(a) | (a| = i| — 2(2| + «3l; (8| = —iQ] + 263]. 

















(b) (al) = (—i&| — 2(2| + $(3]) Elt) + 23)) = CHAA + (@)(2) (3/8) = [1+ 2. 
(Bla) = (—4(1] + 2(3)) G[1) — 2/2) — il3)) = (~i 

















— 
— 
> 
— 
— 
=, 
= 
~ 
I 
T 
~ 
N 
— 
~ 
L 
— 
— 
See 
w 
V 
Il 
= 
| 
N 
> 
Il 
— 
8 
Da 
—— 
* 























10 2% 
A= | 2i 0 —4]. |No,lit's not hermitian. 
10 


Problem 3.23 
Write the eigenvector as |Y} = c1|1) + c2|2), and call the eigenvalue E. The eigenvalue equation is 


Aw) = e (D| — [2)(2| + |1)(2| + 2) (e111) + eaI2)) = € (ex|1) + e1|2) — e2|2) + ea|1)) 
= e[(e + e2)]1) + (c1 — €2)|2)] = El) = E(eq|1) + e3]2)). 


I 


E E 
ey + c2) = Ea > c2 = (= — 1) a; elc — c2) = Eco c1 = = + 1) C2. 
€ € 


a= (2-1) (+1) > (Z) a E=+vV2e. 


The eigenvectors are: c9 = (£V2 — 1)ei lve) = cy E 4 (+v2— 1)12)] i 















































The Hamiltonian matrix is H=e G ED , 











Problem 3.24 


|o) = do enlen) xd Qlo) m S enQlen) > y Meslo)aslen) T (= alee) |a) => Q = X- anlen) esl. "4 


TL 
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Problem 3.25 





























1 
1 
lei) = 1; (ale) = f ldx=2. So||ej) = —. 
1 ife1 A v= 
1 f ae 3 
lez) = 2; (eile) = Jy f 2de = 03 (ealea) = f 2dr = — NE So | |e) = 52 
1 f 12 P 
uM: 2 / ROMAN 2d LL / =/2/ 3d = 
le3) = x^; (ei|ea) =f? £ 23 (e5|ea) m z 
i 12, 2 1 
So (Problem A.4): |e3)} = les) — —==|e}) = a4 — =. 
23 3 
à i^ uU 2 wh uv. 2 4 2 8 
My SIN E Dine dz = Mrs aera ree ka ee pee mo AG 
es les) f (e 5) x (5 3 EN $59 59 ae co 

















peines esu. if zdz =0; (ehlea) = f zdz = "s 2 
V2 Ji 2J 2 5 
ed = S f, (3 - 5° Jar =0. 14 = lea) - edle = 2° — en eee 
(len = f (28-2) æ [E282 21) 
ld) = Msn i 3) - Ge 5 3°). 


Problem 3.26 
(a) (Q) = (v|Qv) = (iyl) = -(Quiv) = —(viQv))* = —(Q)*, so (Q) is imaginary. v 
(b) From Problem 3.5(c) we know that (PQ) = Qi Pt, so if P = Pt and Ô = Qt then 
[P,Q]' = (PQ - QP)! = Q'P! - POL = QP- PQ- -[P,QI. v 
It P. — —P! and Q = -Q*, then [P,Q]t = QtPt — Ptgt = (-Q(- 5) - (—P)(-@) = -[P, Q]. 
So in either case the commutator is antihermitian. 


2 12 18 8 


“a SA ee 





75 2b 
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Problem 3.27 
(a) v1. 














(b) |bı (with probability 9/25) or bə (with probability 16/25). 











(c) Right after the measurement of B: 


e With probability 9/25 the particle is in state $1 = (301 + 4W2)/5; in that case the probability of 
getting a4 is 9/25. 


e With probability 16/25 the particle is in state d2 = (4v1 — 313)/5; in that case the probability of 
getting a4 is 16/25. 





9 9 16 16 337 
So the total bability of getti is . | 3 x 
o the total probability of getting a1 is zz ` 3g + 35 ` 25 625 
[Note: The measurment of B (even if we don’t know the outcome of that measurement) collapses the wave 
function, and thereby alters the probabilities for the second measurment of A. If the graduate student 
inadvertantly neglected to measure B, the second measurement of A would be certain to reproduce the 
result aı.] 


= 0.5392. 














Problem 3.28 


nêr h 


2 
V, (x,t) = "EE (=a) eS with Ey = y 
a ma 


1 ET 1 VINE A 
ano) = m | e IP. (x,t) dx = Lie | eire /A sin (T) dx 


za. nul g iButh L T [ERD ü geze] dz 
tha 2i Jo 
ei(nm/a—p/h)x ei(—nn/a—p/h)x 
[isa em ise 
=] ` i(nr—pa/ħ) . —i(nr+pa/ħ) _ 
= e iEnt/h É 1 xi H 
2 tha (n/a — p/h) (n/a 4- p/R) 
=1 ~iEnt/h a —1 " (—1)"e~ o/h =| | 
BLEUS a 
2V tha (nm — ap/h) (nx + ap/h) 


= 1 a —iEnt/ħ 2NT n ,—ipa/h 
| 2\ The (nx)? — (ap/h)? [ bre 1| 


| fa ne iEnt/h ! "ETT 
SIV Gem = ap ioc CO] 


Q 











-3 


; 1 " 
e iEnt/h - 
qm ha 2i 











n 


0 























3 














Noting that 


cos(pa/2ħ) (n odd), 


tasei ne-ipa/R — e~ ipa/2ħ eipa/2h _ —1 ne—ipa/2h 2 2e ipa/2h 
(CD | CU l isin(pa/2ħ) (n even), 
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we have 
> 4ra cos?(pa/2h) 2 l6ra  sin?(pa/2h) 
1(p, = $»(p, = 2° 
i: t) Rap. = E 


h [n? — (pa/h)?]”’ 
Mathematica has no trouble with the points p = +nah/a, where the denominator vanishes. The reason is that 
the numerator is also zero there, and the function as a whole is finite—in fact, the graphs show no interesting 
behavior at these points. 




















|o, I? Kor? 

JN i NAN 

p p 
9s An?ra [°° p? cos? (pa/ 2I) ap 
2) = |n (p, t)|? dp = / e ja let z = —— 
(p^) [i (pO dp = —— ff (mm)? — (ap/mae ) sin?(pa/2h) f ^? | -— 

Anh? [°° x? Anh? 
=a | a apte - Ts 
where 


T(x) = cos?(nra/2), ifn is odd, 
nV, = i sin?(ngz/2), ifn is even. 


The integral can be evaluated by partial fractions: 


"aciem Hl 
(32—128 4]1(z-1? (z*1? (z-1) (z41) 


scien fete f ine f ema] 


For odd n: 


L TENTI cos? (=) d= f e PES 1 a= f Tsin (= dy. 


m — oo 




















For even n: 


E (a zy us ey. n L jy sin? EXC F 1)| dy = a ae sin® (=) dy. 


— oo 











In either case, then, 














1 f° 1 .5fmny nz [7 sim?u nz? 
nog p” ( 2 ) dy = 4 UM qu des 
Therefore 
Anh? Anh? nr? hA? 
== =-(4 (same as Problem 2.4). 
a? a? 4 a 
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Problem 3.29 





1 oo . 1 nA 
o ,0 = eg ipe/hyy z,0 dz = vj eiQr/A-p/h)v qa 
(p. 0) vV2nh l (2,0) 2 nm hA Jnr 
1 gin /A-p/R)z nA 1 gi20ne-ipnA/R) _ e127 e ipnA/R) 











~ O/nmhr (2n/A—p/h)|_,,  2Vnahr i(2n/d — p/h) 


(2 Eum 
nn (pA — 27h)” 
_ Ah sin?(npA/h) 


1 
V 2-7 (— s | 2-— oe ee 
JW - zr Aen POP - T D aa 

















2 
Ed ||? 








t L > L 
-nÀ BAc X 2nh/r P 





The width of the |W|? graph is | wz = 2nA. | The |®|? graph is a maximum at 277i/ A, and goes to zero on either 


























Qrh 1 2nh 
side at = 1+ =) so | Wp = PE As n — oo, Wz — oo and wp — 0; in this limit the particle has a 
n n 
well-defined momentum, but a completely indeterminate position. In general, 


2nh 
nA 


so the uncertainty principle is satisfied (using the widths as a measure of uncertainty). If we try to check the 
uncertainty principle more rigorously, using standard deviation as the measure, we get an uninformative result, 


because M npA/R) 
Ah [© osin (npà/ħ 
2 2 
v) c (pA — 2h)? mio 

(At large |p| the integrand is approximately (1/22) sin?(npA/R), so the integral blows up.) Meanwhile (p) is 
Zero, SO Op = oo, and the uncertainty principle tells us nothing. The source of the problem is the discontinuity 
in V at the end points; here pV = —ihdW/dz picks up a delta function, and (V|p?W) = (f W|p V) — oo because 
the integral of the square of the delta function blows up. In general, if you want o, to be finite, you cannot 
allow discontinuities in V. 


WrWp = (2n) = Anh > h/2, 


— oo 


Problem 3.30 
(a) 











s 1 m 1 1 x 1 ay || 
t=|47/ —— > -z4 f —— s de = 2|A/? tan! (=) 
E /. (a? + a2)? d a o (42+ a2)? 7 (Al 2a? | x2 + a? po" ia a/ [lo 
1 gl =| T 2 2a 
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(b) 
2 [7 x 
en a i z d 
= ae |Let y= 5, 
t» = 2? | grippi eam e= ayy, de= 5 dy] 
B 2a? 4 y? ee 2a? T(3/2)F (1/2) 2 2a? (YT/2) (VT) fe 
m Jo (1+y)? T T(2) T 1 ; 
Ox = y (x?) — (x)? — [a. 
(c) 
A n 1 ; x x 
= —ipz/h —ipz/h . pr oiu pr E 2 
$(p,0) — Yaak Sk org dx. [But e = cos ( =) isin ( 7 Ji and sine is odd.] 
= 2A °° cos(px/h) dois 2A (2 elele/t) = a -|pla/h. 
2nh x“ +a Ith \2a 
p x Daf eo PAIRNTS 
ð 2 dp = 2 -2]pla/h qp = ^9 zd 
dd (p, 0)? dp JE w= F (Ls), " 
(d) 
(p = al pe ?Ipie/^ dp — |o. 
oo 3 2 
2) Q 2 —2pa/h Se 2a h = he = 2) _ 2 t h 
(p^) 23 p'e dp — c3 gr Tr = VP) (p) a. 
h heh 
(e) O20p =O = V23 ay v 


Problem 3.31 


d 
Equation 3.71 > > (xp) = (UH, zp]; Eq. 3.64 => [H, xp] = |H,z]p + z[|H,p] Problem 3.14 = |H, x] = 
ih d 
SUE. Problem 3.17(d) > [H, p] = iho. So 
i dx 


£ (ap) = =| — ip) + ante | x — (57) -20)- (65). QED 


In a stationary state all expectation values (at least, for operators that do not depend explicitly on t) are 
time-independent (see item 1 on p. 26), so d(zp)/dt = 0, and we are left with Eq. 3.97. 
For the harmonic oscillator: 








2m 














1 d 
V= ama T mua oe mura? = 2V > XT) = XV) > (T) = (V). QED 
In Problem 2. n ) we found ur (T) = (V) = 1hw (for n 2 0); (T) = (V) = 2hw (for n= 1). v 
In Problem 2.12 we found that (T) = 1(n AR, while (x°) = (n+ 3)h/mw, so (V) = mo? (a?) = $(n-- )hw, 


and hence (T) = (V) for all dna states. v 
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Problem 3.32 


V(r,t) = (je Bur tuse P/M), (W(x, t)|V(x,0)) =0> 


v2 


(EP sia) + ei PP (aby lopa) + eP (aby p) + ei Pit/h p lah9)) 


= = (erth +4 gum — 0, or ci Eat/h = ae’, so et(E2-E1)t/A ex nS essem 


Thus (E — E1)t/h = « (orthogonality also at 3m, 57, etc., but this is the first occurrence). 


es E But AE = oy = Ho — E4) (Problem 3.18). So At AE = 7 vV 


ʻAt=-— : 
= T Ey — Ei 


Il 


Problem 3.33 


: E: |o, hmo _ faln) 2 Vn-4 |n 4 1), 
Equation 2.69: x = Imp at + 4): p=? —9 (44 — a-); Eq. 2.66 : i ciu 


nlsi!) = y (olas +a) = zn [VET (nln! 1) + Vi (nln! — 1) 
=4/ sv n! lon 41+ Vn ôn ay 1) —|4/ x (Vds nt s» vint ccr 


ay me (Vib n = Vn! ôn 1). 


Noting that n and n’ run from zero to infinity, the matrices are: 

















(n|p|n’) 























0 v10 0 0 0 0 -y1 0 0 Gs 0 
vI 0 ¥20 0 0 vI 0 -⁄2 0 0 0 
_f hk | 0 W720 V0 0 p—;,/mm|o v2 0 -v3 0 0: 
~ Ame | 0 0x330 vao 7 7 X |o 0 y3 0 -v4 0 
0 0 0 v40 V5 0 0 0 vd -v5 
Squaring these matrices: 
1 0 vI2 0 0 0 
h 0 3 0 wes. 0 0 
m vV1-2 0 5 D vy34 0 ws 
"Mee s D aec "3 7 0 V4.5 
Ei 0 x12. 0 0 0 
0 =3 0 V2-3 0 0 
2 mh ; 
proe cope 22-00 —5 0 V3.4 0 : 
0 y2.3 0 E7 0 v4-5 
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So the Hamiltonian, in matrix form, is 


l o2 3nu o2 
H= t= 
-1 0 v1.2 0 0 0 
hw 0 —3 0 v2.3 0 0 
MEE v1.2 0 =p 0 v3.4 0 : 
0 v2.3 0 =T 0 v4.5 
1 0 v1.2 0 0 0 
hw 0 3 0 v2.3 0 0 
TUE. v1.2 0 5 0 v3.4 0 : 
0 v2.3 0 T 0 v4.5 





1000 
0300 
0050 


hw 
210007 











It’s plainly diagonal, and the nonzero elements are Hnn = (n + 5) hw, as they should be. 


Problem 3.34 


Evidently Y (x,t) = covo(x) 
for some real 6o, 61. 


e Fot/h +4 eii (x)e 


(p) = leol?(bolpbo) + 





Ranh, with [co]? = 


le? = 1/2, so co = eff /V2, e, = ei1/4/2, 


lex (aby [py) + cf cy e Fo 7 EDA (aba py) + et ege ETER (ap, (po). 














But E; — Eo = (hw) — (fw) = hw, and (Problem 2.11) (vo[pvo) = (v1|pv1) = 0, while (Eqs. 2.69 and 2.66) 
, [fimo ħmw mw hmw 
(volovi) = iy E (ollas — a)r) = i TA | (vol v/2u9) — (olv Two] = -iy =; hlovo) = iy T 
1 —i0o 1 101 —iwt - himw 1 —i04 1 toe iwt | ; ħmw 
(p) = J Ust i4] 7 Fu 2s i 5 
i /hmw ; 
PRA Jo (wt—01 +00) | = 
ig) e | e +e ane ~ sin( (wt + bo — 61). 
The maximum is | \/fimw/2;| it occurs at t = 0 & sin(0o — 01) = —1, or 01 = 09 + 1/2. We might as well pick 











o = 0, 01 = 7/2; then 


V (x, t) = peer i Dyer Ae Seta 


al 





eit (Yo ES ie I) ; 
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Problem 3.35 




















h h h à 
(a) (x) = (alza) = Y 5 (odas. + a-)o) = yY 5 (a- ode) + (ala—a)) =) 4/5 (a + a"). 
mw mw mw 
r? = — (a? +a,a_+a_a,+a7). But a_ay =[a_,ayJ]+a,a_ =1+a,a_ (Eq. 2.55). 
h 
mier (a? +2a}a-+1+ a?) : 








(a?) = zi (al (a? + 2a,a_+1+a7)a)= ELS ((a2 ala) + 2(a_ala_a) + (ala) + (aja? o)) 









































2 2mu 
h 2 * 2 h *12 
= 5, KY *2(0*)o 1 o =| zg Lt ete] 
(9) = (alpa) = iy)“ (aa, — a-)a) = if“ (a. ala) - (ala_a)) =| -i "(a — a". 
pP = me (a3. a4a— — a-a4 + a^) = mie (a? — 2a}a— — 1+ a?) : 
(p = me | (a — 2a4}a— — 1 +a?) a) = mE ((a? ala) — 2(a_ala_a) — (ojo) + (aja? o)) 
hmw *)\2 * 2s hmo *Y2 
cec mia) - X(o*)a - 1c o?] =|— = [17 (a7 9^7]. 














(b) 





o? = e z mm ) Segoe = 3 me 


(c) Using Eq. 2.67 for v: 
Cn = (nla) = ~= (a )" vola) = 


TL 


1 1 : EN a 

—— L——— a—_) Aa) = —=a Qa) = — Co. 
oo oo 2n 

dips AU 2 lo] _ 2 Ja? — e7lal?/2, 

(d) . Pleo T alate” > [me 


v 














ee n 
Q 2 
e) lalt Cn e iEn t/h n e Je /2 e (t$ )wt n e wt/2 e lel /2 n). 
(9 let -> =o a in > - in 

Apart x the overall phase factor e~**/? (which doesn't affect its status as an eigenfunction of a_, or 


its eigenvalue), |a(t)) is the same as |a), but with eigenvalue a(t) = e ?^*o. v 














(f) Equation 2.58 says a... |o) = 0, so | yes, | it is a coherent state, with eigenvalue | a = 0. 
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Problem 3.36 





1 ? fi d 
(a) Equation 3.60 becomes |z|? = [Re(z)]? + [In(z)? = E | e) | | -(z “| ; Eq. 3.61 generalizes to 


2 


ohoh > [to + sn] + [2 io- cole] 


But (f|g) — (g|f) = (Â, B]) (p. 111), and, by the same argument, 


(Flg) + (lf) = (AB) - (A)(B) + (BÀ) — (A)(B) = (AB + BA - 2(A)(B)) = (D). 


So 0403 2 —((D)? +(C)?). v 


(b f B= A, ten CÓ 20, D=2 (å? D (A)?) 5 (D) = 2 ((4?) z (4)?) = 20%. So Eq. 3.99 says 


040%, > (1/4)404, = c^, which is true, but not very informative. 


Problem 3.37 


First find the eigenvalues and eigenvectors of the Hamiltonian. The characteristic equation says 


(a— E) 0 b 
0 (c-E) 0 = (a — E)(c - E)(a - E) - U(c- E) = (c — E) (a — E — | =0, 
b 0  (a—E) 














Either E = c, or else (a - E)? = b? E — ac b. So the eigenvalues are 
E =c, E =a +b, Ez =a — b. 


To find the corresponding eigenvectors, write 











a0 b a a 
0c0 B|l-E.|8 
b0a y y 
(1) 
aa + by = ca => (a — c)a + by = 0; 
cB = cp (redundant) ; 7p > [(a—c)? -b] a= 0. 
ba + ay = cy => (a — c)y + ba = 0. 
So (excluding the degenerate case a — c = +b) a = 0, and hence also y = 0. 
(2) 
aa + by = (a+ bja > a-— y= 0; 
cB = (a+b) = B — 0; 
ba+ay = (a+b)y (redundant). 








So a = y and f = 0. 
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(3) 
aa + by = (a — bja > a+ y= 0; 
cp = (a — b) — B = 0; 
ba + ay = (a — b)y (redundant). 


So a = —y and 8 = 0. 


Conclusion: The (normalized) eigenvectors of H are 


0 1 1 1 1 
|51) = 1 , [52) tue 0 , [53) TRTA 0 
0 2\4 214 

















(a) Here |S(0)) = |s1), so 
|S(t)) = g PPS = e ict/h 1 
(b) 
1 
|S(0)) = a (152) + |53)) - 
|S(t)) = = (ets) + e-#Bt/M 55) = L |en L + eria. L 0 
Va V2 s 1 v2 (a 
, e ibt/h 4. eibt/h cos (Uf) 
= lg-iat/h 0 = e iat /h 
g-ibt/h _ pibt/h —isin on 











Problem 3.38 
































(a) H: 
1 0 0 
Ey = hw, E = Es = 2hw; |a) = 0 ; |h3) = 1 5 |h3) = 0 
0 0 1 
A: 
—a À 0 
A —a 0 = a° (2A — a) — QA — a)à? = 0 > | a = 2A, ag = À, ag = —À. 
0 0 (2-a) 
010 Q Q AB — aa 
A100 8|-al|8]|- Aa = af 
002 y y 2y = ay 
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82 
(1) 
AB = 2a => f = 2a, 0 
Aa = 2A8 > a = 28, a=8=0; |\a1) = {0 
2My = 27; 1 
(2) 
AB = `a > B=a, 1 f 
Aa = AB — a — f, lag) = — | 1 
2My = M; 3y-—90. 2 \o 
(3) 
AB = —Aa > B-—-—a, 1 1 
ha --M sa p, p llaa) = | -1 
2y = -Ay; > 7¥ = 0. v2 0 
B: 
(2u—b) 0 0 
0 —b u| =b?(2u— b) — (2u — b)p? = 0 = | b; = 2u, be = u, b3 = —p. 
0 u —b 
200 a a 2uo = ba 
|001] |8] =bo| 8| => wy 8 
010/ Vw y ub = by 
(1) 
2a = 2a, 1 
uy = 248 = y= 28, p B=y=0; ||bi) =] 0 
BB = 2y => p = 27; 0 
(2) 
2ua = wa => a = 0, 1 0 
uy = uB > y = B, Iba) = 75 1 
UB = wy; > B= 7. 1 
(3) 
2ua = —wa > a = 0, 1 0 
py = -ub -—y--, Ibs) = 75 1 
up = —wy, > b = =q. 1 
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(b) 


A|S(0)) = A (ei & 





B|S(0)) = u (ei ei 


|S(0)) = e|hi) + ca|h2) + es|ha) 
|S(t)) 


1 
0] +c 
0 


—2iwt 


=e ce" 


H|S(0)) = hw (cf e$ c3) 


1 0 0 C1 
020] |c | =| hw (ler|? + 212]? + 2Ic3|?) . 
0 0 2 C3 
010 C1 
) 100 €2] = A (cie2 + a + 2|es[?) . 
002 C3 
2 0 0 C1 
) 001 C2 = p (25? + ces + c$c2) . 
010 C3 






































=> 

cie PU P ny +4 cae iP hy +4 cge*Est/Pl ha) = cie I" hi) E cae T "t hay Es eae Pt hay 
0 0 : c eit 
1 + C3 0 = e mut C2 
0 1 C3 














H: | hy = fiv, probability |ci |^; 


ha = ha = 2hw, probability (|c2|? + |ca|?). 







































































twt 
C1€ 
A: [ai =2A,| (a1S(t)) = e "^ (0 0 1) C2 =e *#te3 = | probability |c3|?. 
C3 
l 1 c1 e^t 1 l 
az = À,| dag SO) = e” — (110 C2 = — et (eet + c) > 
peo a Jedem ete 
Su 1 xo —iwt * ict 1 2 2 * —iwt * dwt 
probability = 5 (cie t6) (ae + c2) = 5 (le? + lea? + eteae + coe). 
l 1 c, eit l l 
az = —À,| (as|S(t)) =e?" 1-10 C2 = —e 7" (ce? — e) > 
ELE J = Joe" (amt a) 


1 ; 
probability — 5 (ere. nt 


Note that the sum of the probabilities is 1. 


























_ c) (cet 





- «) 


1 . 
5 (le^ + ea? — eteae "^ — ccie"). 


























iwt 
C1€ 
B:|b =2py,| (b|S()) 2e ?*(100)| e | —e "c, =| probability |ci|?. 
C3 
. 1 cet 1 l 
bz =p,| (b2|S(t)) = ilo (011| e |- ue (c2 + c3) > 
C3 
BE 1 * * 1 2 2 * * 
probability = 5 (cf + c3) (e + c2) = 2 (lal? + lea? + eiea + cer). 
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iwt 
] 1 C1€ 1 : 
bs = —p,| (b3|S(t)) e ?*—- (0 1 -1 C2 = —e P9 (eL c3) > 
v2 l ) is v2 











probability = 5 (ch — c3) (c2 — c3) = 2 (les? + [es]? — che3 — e5ez) . 


Again, the sum of the probabilities is 1. 











Problem 3.39 





(a) 
Expanding in a Taylor series: f(x + x i 2 X9 Bs f(z) 
p 8 y o) = n! 0 dx i 
|. hd d — ip = 1 — pipxo/h 
But p= Jas ee Therefore f(a + xo) =e (E 20 f(z) =e f(a). 
(b) 


S Lf OV > 
n=0 ^" 


Note: It is emphatically not the case that iñ-& = H. These two operators have the same effect only when 
y at y 
(as here) they are acting on solutions to the (time-dependent) Schródinger equation.] Also, 


AUNT 120 ov 3 


provided H is not explicitly dependent on t. And so on. So 
EN < 1 n i x — p p—iHto/ħ 
T(x, t+ to) = D (- in) y = e iHto/ig(g t). 
(Qhitto = (U(x, t + to)|Q(z, p, t + to)|U(x,t + to)). 
But V(z,t-4- to) = e iHto/hi(s. t), so, using the hermiticity of H to write (e *Pto/h = giHto/h, , 


(Q)itto = (Y (z, t)]e P" QU, p, t + toe M/"| O(a, t)). 


If to = dt is very small, expanding to first order, we have: 





tQy + Bhar = ere t (1+ Fat) oo. + Hat] (1 — Far) Iro) 
M ———————— 
* 
* = Q(z,p,t) + stg ear) + oat = Q+- iH. Q|dt + a 


= (Q)t+ LT. Q])dt + (ar 
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. AQ) i dQ 
a C 7M @l) + (a). QED 


Problem 3.40 
(a) For the free particle, V(x) = 0, so the he a Schródinger equation reads 











ov h? 9? 
— > — ———. Y Ns 
ie Ot 2m Pis vam 7 RO Pt) aes 
ow oo ou pe hs 
p eipe/h = ipa /h 
DE val J dp, a2 af me rz) e dp. So 








; Oo 
7 ipe/h “fin | d ux. emn [2E J d 
V 21h d-s Bp PT V2rh i 
But two functions with the same Fourier transform are equal (as you can easily prove using Plancherel’s 


theorem), so 















































O® E 1 j ; 
Ca Ti oo Sai dt = | ®(p,t) = e? !?mha(p 0). 
(b) 
—az? ila 2a in 
V(x,0) = Ae e7, A-[— (Problem2.43(a)). 
T 
D. dax se eux i 1 
(p, 0) STE (=) i e itt / ho caa? pile qu — oae Ue (Problem2.43(b)). 
1 2 ; d 1 2 
o DEA —(I—p/R)* /4a ,—ip*t/2mh. o t —(l—p/h) /2a. 
(p, ) (Qnah2)1/4 © € ) | (p, J|?’ = Janah 
(c) 





oo 1 08 "T : . 
J p| (p, t)|? dp = an pe (9/9? /2a qp 


3d ue = (p/h) —1, so p= ħ(y + l) and dp = fidy.] 


= 
Í 


mc +le¥ "foa dy [but the first term is odd] 





v2na 
2hl bs 
= dy = 


v 27a Jo V 27a 





2h 
> =[hl] [as in Problem 2.43(d)]. 























(y? + 2yl + Pe V /?a dy 


oo h2 
2) 216(y. ty? dp = iS 2 -(I— p/h)? [2a Jp = 
(p^) EL p = pe b T 
2n? i —y? /2a —3? /2a 
Sm | yre¥ 2 aer] gv ay 
2n? a\ 2 [Ta 
Jes hve (V9) e - 
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a+l?)h?| [as in Problem 2.43(d)]. 


Il 











— 
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(d) H = r (H) = : (p = 2 (P) = ES ole But (H)o = : (po = his (Problem 2.22(d)). 


1 ~ 2m 2m 2m ~ 2m 2m 
So (H) = ss; -(H)g. QED Comment: The energy of the traveling gaussian is the energy of the 


same gaussian at rest, plus the kinetic energy ((p)?/2m) associated with the motion of the wave packet 
as a whole. 
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Chapter 4 


Quantum Mechanics in Three 
Dimensions 


Problem 4.1 
(a) 











[x,y] = zy — yx = 0, etc., so | [ri, r;] = 0. 


ip 2 hof ho (hof\ | R2 0? f 0? f - 
Pa: Pyl? = 7 E i Oy iOy\idr) — OxOy yðr) | 


(by the equality of cross-derivatives), so | [p;, p;] = 0. 


a ef əf ð ode d of of 2i 
le, pa] f = («sf - aen) B («2l Taz r) cun 


a a 























so [z, pz] = ih (likewise [y, py] = ih and [z, p.] = ih). 


h Ó ð hí 8 ð ð 
ly, Palf = > (va Zun) P (vz! ia) =0 (since = 0). So [y, pz] = 0, 











and same goes for the other “mixed” commutators. Thus | [r;,p;] = —[p;, ri] = ihój;. 


d(x) i 


(b) The derivation of Eq. 3.71 (page 115) is identical in three dimensions, so m ^e z AH, x] 














2 
2 apes s cbq mass wm v dora 
[H, x] = ES T zp Ps + Py + Pz 2] = z Pe 1] 
1 1 l , A 
— (Pe[Px; x] st [ z t]pa) — AS [(—th) po T (—ih)p;] = —t— Pr. 
2m 2m m 
.díz) i A 2,1 di) 1 
der raise (ta) = z (Px). The same goes for y and z, so: mm =(P). 
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d(px) ES a : = p u "rof OV 
Pa) o sas [Mp] = [I e Vas = Wine] = ine (Ba. 3.65) 
tpg, JOV\_/ V (dp). 
= z (ih) ( =) = ( Da ) . Same for y and z, so: des (-VV). 














St 


1 1. 
(c) From Eq. 3.62: oz0p, > |= (|£, ps])| = | t-ih 
2i 2i 








h 
mg Generally, | 0,05; = z% 








Problem 4.2 





2 2 2 2 
(a) Equation 4.8 > 2 (5 LR A 


2m \ x2 + Dy? + 55) = Ew (inside the box). Separable solutions: v(x,y,z) = 


X(x)Y(y)Z(z). Put this in, and divide by XYZ: 


1 ÊX 1dX Lu 2m 
X dx? Y dy? 








' Z dz? h? 


The three terms on the left are functions of x, y, and z, respectively, so each must be a constant. Call the 
separation constants k2, k7, and k? (as we'll soon seen, they must be positive). 


dx a. ËY an ËZ : [ON tes ts 
Solution: 


X(x) = Az sin kyr + By cos ksz; Y(y) = A,smk,g--B,cosk,y; Z(z) = Azsink,z + B; cos k,z. 


But X(0) = 0, so B; = 0; Y (0) = 0, so By = 0; Z(0) = 0, so B; = 0. And X(a) = 0 > sin(k,a) = 0 => 
ky = NngT/a (ng = 1,2,3,...). [As before (page 31), n, # 0, and negative values are redundant.] Likewise 
ky = nyr/a and k; = n;m/a. So 


h2 2 
z (n24 na H n2). 





V(z, y, z) = As Ay, A; sin (=a) sin (A) sin (222) , E 


2m a? 


We might as well normalize X,Y, and Z separately: A; = Ay = A; = J/2/a. Conclusion: 





3/2 2g 
V(z,y,z) = (=) sin (A24) sin (y) sin (2222) QE us (n2 + n2 + n2); Nz, Ny, Nz = 1,2,3,... 
a a a a 


2ma? 
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(b) 





fig Ny Tus (n2 Tn +n?) 





111 
112 
121 
2 1 1 
1:22. 2 
2» sl 52 
2-2-1 
1 1 3 
1 3 1 
3 1 1 
222 
1.2.3 
L3 
2.1 3 
2 3 1 
3 1 2 
3 2 1 





3 


9 
9 
9 


11 
11 
11 


12 


14 
14 
14 
14 
14 
14 

















Energy Degeneracy 
E= pre d=1 
Ee. qe 
E, = 92", d=3 
E-urt. d=3 
E; = ure. d=1 
By = MiA =6. 














(c) The next combinations are: 
E,4(333 and 511). The degeneracy of Ej, is |4. 














E7(322), Fs (411), E9(331), F0(421), E11 (332), E12(422), F13(431), and 
Simple combinatorics accounts for degeneracies of 1 


(nz = ny = ni), 3 (two the same, one different), or 6 (all three different). But in the case of E14 there is 
a numerical “accident”: 3? + 3? + 3? = 27, but 5? + 1? +1? is also 27, so the degeneracy is greater than 
combinatorial reasoning alone would suggest. 


Problem 4.3 








1 1 
Eq. 4.32 => Y? = — P? (cos 8); Eq. 4.27 > P®(x) = Po(x); Eq. 4.28 > Py(z) 21. |Y = ——. 
q 0 m o ( ) q o( ) o( ) q o( ) 0 VAR 
Vico T deptogu Boyce. 
2 4n 3-2 2 TONS da i 
La 2 1 1 
P(x) = 13 (=) (a? — 1) [2(a? — 1)2a] = 5 |£? — 1 + z(22)] = 5 (32? — 1); 





P(a) = V1 — «2 2 EZ 


dx |2 


1 
J = y1 — x? 3z; Pl(cos0) = 3 cos Osin 0. 




















15 . 
Yj2-4 = e'? sin 0 cos 0. 
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T 2T 
Normalization: f [YP ^ sin 0 dd dọ = e p sin. | «e| = L (2)(2n) =1. v 
Ar 0 0 An 


2n 


1 T 
J [\2P sine a9 do = = | sin? 0 cos? 0 sin 0 d0 
0 


1 T 
dó = =f cos? 0(1 — cos? 0) sin 0 dO 
87 4 Jo 


0 








| 15 cos’ , cos? 0 5 
(4 3 58 |y 4 





* 1 fi i 2r — 
Orthogonality: J Y? Y) sin 0 d0 de = S =| ni sind cos din 8 | l e*ao| =0. v 
——— 


—— 
(sin? 0)/3|g —0 (e##)/i|2"=0 


Problem 4.4 


dO 


EM A 1 A 
dó — tan(0/2) 


2 sin(0/2) cos(0/2) sind” 











sec! (0/2) = Therefore E (sino) = q (A)=0. 


With | = m = 0, Eq. 4.25 reads: E (sin m) =0. So Aln[tan(0/2)| does satisfy Eq. 4.25. However, 





0(0) = Aln(0) = A(—oo); O(7) = Aln (tan z) = Aln(oo) = A(oo). |© blows up at 6 = 0 and at 0 = m. 











Problem 4.5 


(212-1) 1 


KB S (2l 





l 
y Fes). n) = a - y (2) no. 





l 2l 
Pile) = gy (2) be? =a), so Pla) = gast (2) e-o 


Now (a? — 1)! = a?! +--+ , where all the other terms involve powers of x less than 2l, and hence give zero when 
differentiated 2| times. So 


l d" DE (21)! 
P} (a) = ay x p^)u? (=) xe. But (=) 1 ni, so P! = oim (1 = gum. 











l 
bap | 1 QU 1) iló (205 a |1 FOLE "m 
SY = (—1) TON! et- (sin 0) = ii dz zE sing |. 
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ve =f Ld cera cosb); P(x) = (1 — 2”) (2) nos Py) = gin (4) @ Wee 














P; = 5 35 ZA CANT [6x (x? -iy] = 35 [fe - 2? e 4^ (e? 1) 
x L 4s (s? — 1)  8z(z? — 1) + 42? - 22] = ; (a? — a + 223? — 2x + 22°) = ; (52? — 32). 
P3(a) = : (1 — 2”) E (52° — 3a) = : (1 — 2”) 2 (152? — 3) = la 27)30x = 15z(1— x°) 
END dz me”. dx $9 B 





7 1 f105 z 
y2- Vx 15e?/9 cos 0 sin? 6 = iV s; € sin? 8cos6. 


1 [I+D (. 1M 
Check that Y/ satisfies Eq. 4.18: Let Gerd ( ) =A,so Yj = A(t? sin)! 














i! An 2 








ay}! ay} 
E = Ae'?](sin8)^!cos0; sin Oa = l cos Y]; 
ð oy oy}! ay) 
sind (sino T -) = cos (ine) — lsin? 0Y/ = (I? cos? 0 — 1 sin? 0) Y; TA = PY}. 


So the left side of Eq. 4.18 is [1?(1 — sin? 6) — ps 0 — P] Y! 2 —I(l+ 1) sin? 0 Y}, which matches the right side. 


1 : 
Check that Y? satisfies Eq. 4.18: Let B = ed so Y2 = Be”? sin? 0 cos 0. 
T 
OY? o OY? o 
AGE = Be? (2 sin 0 cos? 0 — sin? 0) ; sin 06 (sin 0——- 30 1) = Be”? sin 036 (2 sin? 0 cos? 0 — sint 0) 


= Be??gin (4 sin 0 cos? 0 — Asin? 0 cos 0 — Asin? 0 cos 0) = ABe?? sin? 0 cos 0 (cos? 6 — 2sin? 0) 


oY? 
= 4(cos? 0 — 2sin? 0)Y2. da = —4Y2. So the left side of Eq. 4.18 is 


4(cos? 0 — 2sin? 0 — 1)Y2 = 4(—3sin? 0) Y? = —I(1 + 1) sin? 0 Y2, 


where l = 3, so it fits the right side of Eq. 4.18. 


Problem 4.6 


| Poron - as f, GR) (2? - J (4) (2? - n ie 
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If 1 4 l’, we may as well let | be the larger of the two (l > I’). Integrate by parts, pulling successively each 
derivative off the first term onto the second: 


1 


vin f. P(a)Fr(a)de = E). (0? - J |) (2? - y 
= I OR (2? — J (ON (z? — n dx 


1 Ta 
= ... (boundary terms) ... + c» f (z? — 1)! ( i ) (z^ — 1)" dz. 


Ed dz 


1 





But (d/dz) * (x? — 1)" = 0, because (x? — 1)" is a polynomial whose highest power is 2l’, so more than 2’ 
derivatives will kill it, and l’ + 1 > 2l’. Now, the boundary terms are of the form: 


GR) (0? - J ex (a? - | 


Look at the first term: (x? — 1)! = (x? — 1)(x? — 1)... (x? — 1); l factors. So 0,1,2,... ,1— 1 derivatives will 
still leave at least one overall factor of (x? — 1). [Zero derivatives leaves | factors; one derivative leaves | — 1 : 
d/dx(xz?—1)! = 2lx(x?—1)'—1; two derivatives leaves |-2 : d?/da?(x?—1)! = 21(2?—1)'—!+21(I-1) 2x? (z?—1)'72, 
and so on.] So the boundary terms are all zero, and hence Jess Pr(x) Py (z)da = 0. 

This leaves only the case l = l’. Again the boundary terms vanish, but this time the remaining integral does 
not: 


41 
,n=1,2,3,...,1. 








—1 





—1 


1 1 2l 
ey f totas =(-1)' f e (I) e-a 
4 dx 
Ne T 
(d/dax)?" (a?!) — (21)! 


= (—1)'(2I)! T (a? — 1)'dx = 2(21)! [^ — a?)! dz. 


—1 


Let x = cos0, so dz = —sin 0 d0, (1— 2?) —sin?0, 0:-/2 — 0. Then 


1 0 1/2 
f (1 — z?)'dz = D 1e snoa = f (sin 9)?"*! qg 
(2)(4) - -- 20) (21? (27? 


GOOD «OE 1-2-3- (1+) QIED! 








E PE (Qu .. 2 i "E 
sf [P(@)Pae = any Oan = AFI So T P(x) Py (z)dx = M1 QED 


Problem 4.7 
(a) 





mp cc Bog x x 


ld [cosx | cosx Sing 
aca 
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von CS) 























d 5. —xsin x — cos T sin x P cos x 
=-2£ 
dx z3 
z? cosg —2rsinz | —a?sinz — 3x? cos zgr 
ce 4 + 76 
c 
cos £ sing sing  3cosmr 3 1 3. 
= 2 5 5 Scy m 3 cosg — — sina. 
x x £ £ T T £ 











(b) Letting sin x ~ x and cosa z 1, and keeping only the lowest power of z: 





1 1 1 
nilz) & Hr .| As x — 0, this blows up. 




















1 
nalz) x ( 3 ) : q RS 3 which again blows up at the origin. 











Problem 4.8 
(a) 





w= Anilhy) =A aS emm _A ance) 


kir k | kL (kr) eos(er).. 


cos(kr)  sin(kr) 








du A 2 cos(kr) — ksin(kr) 


| ksin(kr) = 4| | sin(k)| l 

















dr k (kr)? kr (kr)? 
du —k?rsin(kr) — kcos(kr) — k?r? cos(kr) — 2k?r sin(kr) 
den oh k k 
m4 | (rji eei) 
sin(kr) — cos(kr) cos(kr) | S Sin(kr) | 
— Ak | + cos(kr 
E (en (ey "e ge v enm 
2 
= Ak (2 — x) cos(kr) 4 (us EF à) sin(kr ] à 
2 
With V = 0 and | = 1, Eq. 4.37 reads: LEE u= 2 = —k?u. In this case the left side is 
dr?  r? h? 





Ak | 2 =) cos(kr) + Cs = =) sin(kr) duy (555 cos(kr) )| 


sin(kr) 


r 


= Ak foster) — | — —k?u. So this u does satisfy Eq. 4.37. 
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(b) Equation 4.48 > ji(z) = 0, where z = ka. Thus 932 — 9954 = 0, or |tanz = z. | For high z (large n, 
if n = 1,2,3,... counts the allowed energies in increasing order), the intersections occur slightly below 
z= (n+ $)r. 














Rk R2 hen? ( 1 
n 


2m 2ma? | 2ma? 


^ 


tan z 








n/2 31/2 5)/2* Z 


Problem 4.9 


For r € a, u(r) = Asin(kr), with k = 4/2m(E + Vo)/R. For r > a, Eq. 4.37 with | = 0, V = 0, and (for a bound 
state) E «0 >: 

du 2m 2 : Kr —Kr 

G2 pees u, with k = V-2mE/h => u(r) = Ce" + De". 


But the Ce*” term blows up as r — oo, so u(r) = De 


Kr 


Continuity of uat r= a: Asin(ka) = De~"* 
Continuity of u’ at r =a: Akcos(ka) = —Drke™“® 


v2mVsa? TP — 2 2 
Let ka 2 z; 2 A s uid (zo/z)? — 1. 


= . Let z= a. cot z = 


"T 1 1 K 
} divide: z tan (ka) E — cot ka = E 

















This is exactly the 





z 

same transcendental equation we encountered in Problem 2.29—see graph there. There is no solution if zo < 7/2, 
which is to say, if 2mVoa?/h? < n? /4, or Voa? < n?h?/8m. Otherwise, the ground state energy occurs somewhere 
between z = 7/2 and z — m: 





h2 k2 2 h2 h2 2 h2 2 
= 2 2, so ME eol ec. 
2 2ma? 


E--W 
3 8ma 








(precise value depends on Vo). 








B z 
2ma? 2ma? 





Problem 4.10 
Hao (n = 3,1 — 0): Eq. 4.62 = v(p) = } 5,20 cp. 





|. 21 
Eq. 4.76 > cy = De 


Co = —2c0; C2 = 





r 1 lr r 2 r 42 
Eq. 4.73 > p= 3a) Eq. 4.75 > R39 = pe ^v(p) = = Co 2003 300 (zz) | 
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Problem 4.11 
(a) 


r r 


Eq. 4.31 =| |R|?r?dr =1. Eq. 4.82 > Roy = (2) (1 = >) eI? Tet zat. 
0 2a 2a 


a 


















































2 z A TS 1 A 24 
1=(2) ej (1-2) ZEE | (2-3 +1) eda c T (2 6+ d= 

z Eq. 4.15 > x RaoYQ. Table 4.3 > YE l 
"co — 4 —. .4. = . : =. 
-| Co F q 200 20 X0 0 UE 

1 2 1 r Lo r 
B = 1 ) —r/2a = = (1 ) —r/2a. 
200 / Am aa 2a ‘200 /27q 2a 2a i 
(b) 
RR Pe co \2 P eso cea 3 2 
Ro = are /2 ; l= (5) è f z*e "dz = Je = 5460. so | Co = EE 
1 1 wa Lid 




















1 1 / 3 : 
= 7 we-r/2a. "T Una 28: | d; es 0 +i | -|z 7 ppt /2a 
R4 Ves 22 re S 2121 Tr 20 re | us sin ĝe = Ba? re 




















1 1 | 3 1 1 
= pe 7/20 3 — —r/2a g 
Yao V6a 2a? s ( an o) V2ra 4a? lk SOR. 
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Problem 4.12 
(a) 








Lo =e"e* =/1.) Ly = em (ex) eT les* — ea] —-[1-z. 











s d 7 "v i —2x —T n2 
L =e (=) (e r’) =e g Que —e z?) 


=e” (26-3 — 2ze ^ * + e^? q? — 256-7) =|2 — 4g +27. 


d e? x£ d a —cx —cz 
=< (2) ( 2) =e (=) (-e x? + 3x7e ) 
= et (e 2r’ — 37767 — 3x7e~* + 6re~*) 


z 
= e” (-e"*2 + 3x eT" + 6276 * — 12re7? — 6ze * + 6e 7) 
=| 6 — 182 + 92? — z3. 


























(b) 


(4225e? — 72%e~* — Ta9e * + x'e”) 

(210x*e~* — 42x?e^* — 84x? e * + 142%e* + 729€ rtu) 
(a) faaore ~* — (210 + 630)x*e~* 
+ (126 + 126)25e^* — (21 + 7)a8e^* + g'e” 


6+ 
-e(z D) (252027e~* — (840 + 3360)2?e7* 
+(840 + 1260)a*e~* — (252 + 168)2?e* + (28 + 7)a9e * — ae") 
d 
=e" (=) em — (2520 + 12600)x?e~* + (4200 + 8400)a%e~* 


— (2100 + 2100)a*e-* + (420 + 210)z?e^* — (35 + T)a9e7* + z^ e^ 


=e [sou — (5040 + 30240)xe-* + (15120 + 37800)22e-* 
— (12600 + 8400 + 8400)2?e * + (2100 + 2100 + 3150)z*e * 
— (630 + 252)z5e-* + (42 + T)zSe * —g" eg * 





= 5040 — 35280x + 529202? — 294002? + 7350x* — 8822? + 492° — 2”. 
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dx 
= — [-882(5-4-3-2)+49(6-5-4-3-2)a—7-6-5-4-327| 


= 60 [(882 x 2) — (49 x 12)a + 42a] = 2520(42 — 14x + x°). 


d 5 
L=- (=) (—8822° + 4929 — x7) 








5040 (21 — 14p + 2p?) . 





v(p) = 2520(42 — 28p + 4p?) = 














(c) 
NL jj 23-5) | 2 
Eq. 4.62 > v(p) = 2. cp. Eq. 4.76 > & (1X8) Co = —=Co 
E (4-5) Uu 25-5), o 
^ Qo TBS g9" 








2 2 C 
v(p) = co — 3 c0P + 5r cop" = 21 (21 14p + 2p?).| v 








Problem 4.13 
























































(a) 
1 1 4x f” 
= —r/a nV oo 07 n ,—2r/a 2. e EM n-2,—2r/a 
y= un , so(r'")- 5f e (r sin 0 dr d6 dø) = =f r' 4e dr. 
4 ud —-2r/a 4 ayt Be. 2 4 [> 4 —2r/a 4 ay? 2 
m=3 ree dr = 331 ($) =|5a; var tr r^e dr = 54 ($) -[se*. 
(b) 
1 
ee] e = 565 = [2 
(c) 


1 1 l 
Von = Ra Yr = By 77/2 sin pet? (Problem 4.11(b)). 





i» 
(a) = ga / (rhe 1^ sin? 6) (r? sin? 6 cos? 6) r? sin 0 dr d0 dé 
TA a 


1 oo T 2T 
J r&e—T/% dr / sin? 0 dð f cos? $ dọ 
0 0 0 


~ 64002 


1 : 2.4 1 3 
= gu 69 (25:5) (327) = iar. 
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Problem 4.14 


1 4 4 
= —r/a, TN 2 2 D —2r/a,,2 EE 3 = 2,—2r/a 
y= Jen ; P-J|v['4nr^dr = ae r^dr —p(r)dr; p(r) = gre : 


d 2 
p ES ud +r? (ie) = Sr erra (1 -) —Q ar 
a a 


dr a a 


>a 

















Problem 4.15 
d 
/2 


P E h2 
(p211 ae PRA E = kd 


1 ; . 
(a) V(r,t) = — (v; 11e HERR + thoy E HU = —— 4 
4 &ma? 


v2 


From Problem 4.11(b): 





1 1 : i —i i —r/2a : 
Pari + a1 =~ Tae gare sind (e —e aera /?* sin 0 sing. 
i ; 
V(r,t) — ——— re" sin 0 sin $e iP2t/^. 
(e,t) V 27a 4a? ? 











(b) 








(VV) = nu el Pr = 1 e pee sin? 0 sin? ) af sin 0 dr d0 do 
4m€o r (27a) (16a*) Arreg r 
1 h2 oo 5 JT 2n h2 4 
a el fh ee Ore sin? 0 of sin? = ——— (3!a*) { Ż 
YT ( 2) | re ah sin’ 6d : sin ọdọ ane (3!a*) 3 (T) 


h? 1 1 
= = -E = ~(—13.6eV) = —6.8eV | (independent of t). 
4ma? 2 2 

















Problem 4.16 





E (Z) = Z?En; E\(Z)=Z?E;; a(Z)=a/Z; R(Z)—ZR. 











Lyman lines range from n; = 2 to n; = oo (with ny = 1); the wavelengths range from 


1 1 4 1 1 1 
= -n(: )-is A2 = downto = =R(1-=)=R34=5 
Al oo 

























































































À2 4 4 3R R 
1 1 -8 1 —8 ; 
For Z=2: y= AR 4(1.097 x 107) —|2.28 x10 ^m|to Ag = 3R 3.04 x 107? m, || ultraviolet. 
1 4 
For Z=3: A oR =] 1.01 x 107? m to Ay = XR — 1.35 x 107? m, | also | ultraviolet. 
Problem 4.17 
Mm e? SOT 
(a) |V(r) 2 -G .| So rae G Mm translates hydrogen results to the gravitational analogs. 
r TEO 
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(b) 


(c) 


(d) 








so |a = —— 
e? ] m! 9 GMm? 


(1.0546 x 10734 Js)? B 
(6.6726 x 10711 m3/kg - s2)(1.9892 x 1039 kg)(5.98 x 1024kg)? 








Ameg V R2 h2 
Equation 4.72: a = ( ze) = 











2.34 x 107138 m. 














m 


1 
Equation 4.70 >| E, = — | (GMm)?| 
TV 

































































2h? 
1 M M 2 1 M 
E. = =mv? -G T But G oe P EM. 
2 To r2 To 2 2r 
GMm m 1 GMm? T T. 
Eu = | GM A 2 e E a 
2r, ang | m) n? k h2 " ag “ ag 
1.4 1011 
ro = earth-sun distance = 1.496 x 10 m > n = epee =| 2.53 x 1074. 
2 M?m? 1 1 1 1 1 2 
Ka E R l = x> [1 l 
2h? (n1? m? (n1? n?(14+1/n)? n? n 
1 1 1 2 2 G? M?m?3 
S a 1 1] = ; AE--——. 
" [zm =| n? ( n ) n3? h?n3 





| (6.67 x 10-1)?(1.99 x 1099)?(5.98 x 1024)3 _ ETT DS ris ey SHE 
AE= (1055 x 10-9 2.55.48 -[209x10 7J.| Ey = AB = hy =~. 























A = (3 x 108) (6.63 x 10784) /(2.09 x 1074) =| 9.52 x 10? m. 





But 1 ly = 9.46 x 10° m. Is it a coincidence that A ~ 1 ly? No: From part (c), n? = GMm?r,/h?, so 


ya ch — onh Rn? — aah? GMm?ro Ua 9 r3 
AE "' CNP m3 “GMP \ R "fi^ YaMJ: 








But (from (c)) v = /GM/r, = 2zro/T, where T is the period of the orbit (in this case one year), so 
T = 2n /r2/GM, and hence | A = cT | (one light year). [Incidentally, the same goes for hydrogen: The 
wavelength of the photon emitted in a transition from a highly excited state to the next lower one is equal 
to the distance light would travel in one orbital period.) 














Problem 4.18 


Now, 








(FIL+9) = GILsg) E i(f|Lyg) = (La flg) + i(Ly flo) = ((Le F iLy)flg) = (Lẹ flo), so (Lt)! = L4. 
using Eq. 4.112, in the form L4 L4 = L? — L? F AL, : 
UP by La fi") = (SEE - D2 F ALa) FI") = GP UU 1) Rm? x hm] fr) 
= fh (1+. 1) — m(m € 1)] AF) = E? [Ll + 1) — m(m +1) 
= (La fL fO) = (ar fem Ar) = APP) = AP. 
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Conclusion: | AY = hy/i(l+ 1) —m(m+1). 





Problem 4.19 
(a) 


Lz, £) = [zpy — ypz, x] = [xpy, x] — [ups x] = 0 — ylpz, x] = thy. v 


Lz, y) = [zpy — ypz, v] = [zpy, v] — [ypz v] = v[p,, y] - 0 = —ihz. v 








Lz, 2] = [py — ypz, 2] = |ypy. z] ^ [yps. 2] 20-020. v 


Ljapj-|epy—3995r».] py; ps] — [upsssa] = Pyle, pz] — 0 = ihpy.. v 


Lz, Py] [zpy — YPx, Py] = [py Py] — [yPx, Py] = 0 — pely, py] = —ihips. v 


























Lz, pz| = XDy — YPx, Pz) = |XPy, Pz| — |YPa; Pz —0—020.v 


(b) 


[L;, La] = [Lz, Upz — zpy] = [Lz, ypz] — [E zpy] = (Lz, y|pz am [Lz PIE 
= —iħzp, + iħpsz = 1h(zp,— vp) = iħLy. 


(So, by cyclic permutation of the indices, [Lz, Ly] = ihL;.) 


(c) 


(Lest) = Lae") SD [Ly] ab [Lz 2°] x [Lz x]z + 2[Lz, v] ps [Lz,yly + ylLz, v] +0 














= ihyz + xiħy + (—iħx)y + y(—iħx) =| 0. 





I 


[Lz p2] nr [Lz p3] T [Lz p2] = [Lz, Pe] Pe + Pr Lz, Pz] RE [Lz, Py|Py + py[Lz, Py] +0 
= ihpyps + Prthpy + (—ihpz)py + py(—ihpz) = | 0. 


[L p°] 














(d) It follows from (c) that all three components of L commute with r? and p?, and hence with the whole 
Hamiltonian, since H = p?/2m+V(Vr?). QED 
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Problem 4.20 


(a) 
Equation 3.71 > -a = LH Es. [Ħ, Lz] = zb". La + [V, L4]. 


The first term is zero (Problem 4.19(c)); the second would be too if V were a function only of r = |r|, but 









































in general 
[H, Le] = [V, ypz — zpy] = y[V, pz] — 2[V, py]. Now (Problem 3.13(c)): 
OV OV OV OV 
[V, pz] = ih and [V, py] = uu So [H, Lz] = yih-- SE ih|r x (VV)];. 
d(Lz) 
Thus dm. es —([r x (VV)]5), and the same goes for the other two components: 
d(L 
KD = (ir x (-vV)) = (N). QED 
(b) 
If V(r) = V(r), then VV = os and r x f — 0, so gu =0. QED 
Or dt 
Problem 4.21 
(a) 
io { 9 O io ( 9f Of 
_ _72,i¢ ip (OF _ 
L,L_f hee (5 + icot 05) le (5 TA! 
ef l9 f . Of 2f 
— _f2,i¢ id 2 KA 
=e t E i( CSC 956 ECTS 
; . A of EE NETT i 
EE n poc M + ei? 
scot | ie (= itt) e LE did aa 
a2 a? 2 
= f of O° f of of af 2 0f 
== (A + icse? 97 LATET. + cot 057 — icot? 956 U YET + cot Og 
9? o o? o 
=- + cot 0—. + cot? 0 i(csc? 0 — cot? 0)— 
E cot à cot ae + i(csc cot H f, so 
o? o 0? o 
2 1 2 L3 
LL. = h (55 + cot 06 + cot 0352 T Z) 4 QED 
(b) Equation 4.129 > L, = AD Eq. 4.112 > L? = L4L_ + L? — hL;, so, using (a): 
i 
o? 0 o? o o? hN 8 
2. es gà 2 js 2 
c= m (s cot 855 cot 07 ias) oP TOF 
o? o 9? Ó o 9? ð 1 g 
EET, 3 X p fei ; yp i i 
=-fA (a cot Oa, (cot* 0 4 Dag t's T iz) h xs cot 855 IL 





M DEN LOTO ERE 
= —ħ GS sin 07 Y Smo oe? | QED 
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Problem 4.22 


(a) | LY; = 0 | (top of the ladder). 















































(b) 
h O ay} 
Lr = WY} > ios = ħlY}, so E = ilY], and hence Y} = f(0)e?'. 
[Note: f(0) is the “constant” here—it’s constant with respect to $ ... but still can depend on 6.) 
"87 a an l 
L,Y} 20 > he’? (3; 3 icot oss) [/(0)e!9] 20, or d is + if cot 8 il e^ = 0, so 
d d d 0 
a = leot Of > H = loot bab ^. | Ë = 7E dÓ => In f = lIn(sin6) + constant. 
In f = In(sin 0) + K > In ( f ) =K> f = constant > f (0) = Asin! 0. 
sin’ 0 sin’ 0 
Y/(0,¢) = Ale? sin 0)!. 
(c) 
7 Du Ore 2l 
1= A? i sin” 0 sin 0 dô do = 21.4? f sin@) 9 qg = 27 A? 2 ( (20) 
i MERTE (21+ 1) 
2.4-6 21)? (21)? 1 /(21+1)! 
sapis = 40A 7 A- 
CT dase cq ^ eese ** PERITI X 











the same as Problem 4.5, except for an overall factor of (—1)!, which is arbitrary anyway. 


Problem 4.23 


moa hs. 
L,Y] = he'? (3; iet) - g; Sind cos de i 
=-4/ a het? | et? (cos? 6 — sin? 0) + [on : sin 0 cos 0 ie’? 
8m sin 0 
1 , 1 
= —4/ ser (cos? 8 — sin? 8 — cos? 8) = 4/ € (e’? sin 6) 


T IS 
= V2 -3 — 1-2 Y? = 2hY2. n; Y= 5: (ci# sind)”. 
T 
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Problem 4.24 
(a) 





1 L? 
H =2| =m?) =mv;, |L|= 295my = amv, so L? =a?°m°v?, and hence H = —~. 
2 2 ma? 
But we know the eigenvalues of L? : h?l(I 4- 1); or, since we usually label energies with n: 
h?n(n + 1) 
noe —— = (n —0,1,2,...). 

















(b) vss (0,0) = Y?" (0, 9), the ordinary spherical harmonics. The degeneracy of the nth energy level is the 














number of m-values for given n: | 2n + 1. 





Problem 4.25 


(1.6 x 10-19)? 











pm = 2,81 x 10-15 
"e — 77 (8.85 x 10-12)(9.11 x 10-3130 x 1052 29x 107m 
L= a 25 (=) = Zu SO 
2 5 r 5 
5h (5)(1.055 x 10734) 7 
i in — [5.15 x 10! m/s. 
"7 mr (911 x 10-31)(2.81 x 10-15) xd US 











Since the speed of light is 3 x 108 m/s, a point on the equator would be going more than 100 times the speed 
of light. | Nope : | This doesn’t look like a very realistic model for spin. 














Problem 4.26 
(a) 


2) —ihS, v 


sasssa IU) C20 
EGS- (i= a G9) =” 


1 
045054 = t y =1=o0,0y=0,0,, S00j0;-—lforj-m,y, or z. 


i 0 ; 0 i : 0 1 ; 
0304 = 0i] = i04; Oyoz= |; 0) = 102} 0:02 — (0j 0) = 1 y; 

—i0 2 0 —i : 0 —1 . 
OyOx = P x 102; z0y — (og p= “102; Osz = || o)= —10y. 


Equation 4.153 packages all this in a single formula. v 


1 
0 
1 
0 


(b) 
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Problem 4.27 

























































































(a) 
ty = |A|?(9 + 16) = 25|A? =1 | A = 1/5. 
(b) 
1h, 2. n VD 31 os 4 h 
Zai ETES e Ex a 
(Sx) = x'S;x = 253 (—3i 4) ( i) pl 50 (—3i 4) (5) - so (125 * 12i) =| 0. 
Lb se oy 0i y oi h a. sd h 12 
= 1 = —— (— = — I — = —(— — = | —— 
(Sy) =X N= a | 3i 4) ( "nea e 3i D (3) zg (12 7 12) z5 
M o na 103i ita, Lo 3i h 7 
2) = x Szy = —- (—3i 4 = — (3i 4 = —(9—16) =|——A. 
(82) = x Sx = gg (73i C >) (1) 59 C? (3) 50° 16) =| 7g 
(c) 
2 2 2 n? : 2 2 h? h 
(Sz) = (Sy) = (Sz) = m (always, for spin 1/2), so ez, = (92) — (Sz)? = E — 0, | os, = p: 
a = {Se 497 n 12y' fe — — (625 — 576) = #9 on? TR 
og = — = — aS gg, == 
Bove 70 Wc NOG ~ 2500 2500 7|?» 50 
n? 7\" n? 576 12 
2 equ cq vp P= 625 — 49 n? = —h. 
C rd 2500, ) = 0 * 75 = 35 
(d) 
? 
78,08, = 5° E > Pisa) = . ah (right at the uncertainty limit). v 
? 
Os 0s, = Zh = > Pisa) =0 (trivial). v 
? 
03,08, = x f > Pisi = 2 ah (right at the uncertainty limit). v 
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Problem 4.28 


(S,) = i (a* b*) ( jj (7) = (a* b*) (4) = A (a*b + bra) = hRe(ab"). 



































(5) = l (a* b*) ({ 2) (5) = 2 (a* b*) (5) = Paat) = Slap - I2). 
-50969-502-5 a 


P f10Yf[10 n? n 
22— =—: " 2X ous PER 2v _ 

















(52) + ($2) + (82) = im Padum 55 +1) = x - (85). v 


Problem 4.29 






























































(a) 
|. Ah (0 —iY. —AÀ —ih/2|  \o h? "e 
Sy=5 ( 3 ih/2 —À | A n d A = xz | (of course). 
h (0 —iN fa h fa ; 2 2 2 2 1 
sae š u i ae = XQ, = 1 = 1 — 
dt Jb = (5) iB o; lal“ 4 6| => |a| + |a] >a V 
(y) _ A T (y) 1 1 
iii a = x 
(b) 
t 1 1 h 1 
CL = (x?) X= 15 (1 —i) B = NC ib); +5) with probability gla — ibļ?. 
1 1 h 1 
a= (x) = RD (1 i) (7) = cows ib); -7 with probability gla + ibļ?. 
1 
P, +P_= 2 [((a* + ib*)(a — ib) + (a* — ib*)(a + ib)] 
1 
cis [|a]? — ia*b + iab* + |b|? + |a|? + ia*b — iab* + |b]?] = Jal? + |? — 1. v 
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h2 
(c) T with probability 1. 








Problem 4.30 


POS. jid M sin 0 sin à + $; cos 0 


=S- 
ee sin 6 cos ó at 0 —isin sin $ " cos 0 
2 "o 0 isin ĝ sin $ 0 0 —cosé 
an 

2 


a ( cos 0 iac d i 5 ( cos 0 E 








sin Ó(cos $ + i sin $) — cos Ü 2 \e** sind  —cos0 








(&cosó—A) gesind | R a6 a PP Lag. 
Rei? sin 0 (—2 cos 6 — A) "Et s 0A 4 Sm 0=0 > 








2 fo 2 he 
À = 7 (sin 0 + cos osa A = +- | (of course). 





NI æ 











+1 — cos 0) 


h( cos0 e-'?si0N (aX Afa S M RR oaa 
Flees Lo codd ) (5) =+5 (5) => acos0-- fe '?sind=+ta; B=e MN TT S a. 
ig 8in(9/2) 


Upper sign: Use 1 — cos 0 = 2sin? 2, sin = 2sin £ cos $. Then 8 =e cos (0/2) 





~ 








a. Normalizing: 




















2 2 2), Sin *(8/2) 2. L2 1 ES 0 — eit sj 9 (r) ( cos(@/2) 
1 = |al*+|B|° = lo eae os2(0/2) lal" = Jo] cos2(0/2) Se COS 9” B = e? sin 2! X+ = | pid sin(0/2) } ` 
J 0 ‚a cos(0/2) cos?(0/2) 
L : 1 0 = 2cos? = — et? : 1= lal? + =“ a] = am. 
ower sign: Use 1 + cos cos 9 B € sin(6/2) ” Jal" + sin?(8/2) lo. lo. sin2(0/2) 
—ió a; 
"Tt l ANN () (e "*sin(0/2) 
Pick a = e ^*?sin(0/2; then 8 = —cos(0/2), and |x" = ( Ee J^ 











Problem 4.31 





1 0 
There are three states: x+ = [0], xo= [1], x- = | 0 
0 0 1 
10 0 
Sx. = x+, S:vo = 0, Sv = —ħx-, => |S, =h|{00 0 From Eq. 4.136: 
00-1 
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010 000 
"AUR. S+x0 = hv 2x4, Sr AD es qan 001l, S-=v2A|100 
S-x+ =hvV2x0, S-Xo = AV 2x_, S-x- =0 aren aie 
010 0-1 0 
1 h 1 ih 
Se = =($4+S$_)= UR 101 , Sy 9 (Sy 5S.) = TE 10 -1 
4 v2 \o10 2i V2101 0 




















Problem 4.32 
(a) Using Eqs. 4.151 and 4.163: 


o) jr ol cos pee NL. d 
c} = X4 x= va (1 1) fs go Bot /2 m V2 


Qa, a. 
[cos ree + sin zE aaue] : 


x x 1 $ " . EY 
pe (t) = Er =- [cos Se WOOL? | sin Ž 5 same] [cos male + sin Se RUM 


a rs 
jl 





. Q Q iyBot —iyBot | 
gsm 5 tsin 5 cos 5 (e +e ) 





R T 


1 
1+ 2sin 5 2985 2 cos(4 Bot ) zs [1 + sin acos(yBot)] . 











wm _ 1 (1 
(b) From Problem 4.29(a): xi^ = J tr 


G). .@t, 1 ; cos $ e^1Bot/2 d Q iyBot/2 =... € -iyBot/2] . 
CE = XH c= -i) Re & piyBot/2 - [3 d WESS e T diam 


2 


1 ; 
=; [cos? 5 + sin? 5 + isin 5 cos 5 (ef Bot — E 


PYG) = Jo |? = E [cos ee +isin — 5 2 e'7Bot/2] [cos 2s — isin ze e| 














1 1 
=> [1 2sin Š cos 7 sin(s Bof) =| 5 [L - sin asin(yBot)] . 








(c) 





sin 


Duty = cos ge Bet — ang D iB : (z) _ 1 (2))2 _ 2€ 
X+ = D 7 Cp — (1 0) ( É E = cos ae ot/2. PY (t) = ct |? legate 











Problem 4.33 
(a) 








Boh 
H = —7B-S= —7Bocoswt S, = -7 2 cos wt (o E ' 
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(b) 
a(t) F 1 
t= , with a(0) = 8(0) = —. 
«(0 = (03) + with at = 60 = Z 
Ó j Boh Boh 
in =ih (5) = Hx 2-229 cosut È: bn A eee ^s cos wt E : 
B i^y Bo sinwt 
a=it (=) cos wt a => leg =1 (=) cos wt dt > ln a = + C Rmus + constant. 
a 
; . l :; : 
a(t) = Ae*(YBo/22)sinet. (0) = A= —, so a(t) = — ei Bo/2w) sin wt. 
(b ()=A=—, soal) 
i . yB 1 = SD 1 ei rBo/2w) sin wt 
p=-t (+) cos wt B => B(t) =, Va. Qr den) " x(t) E V2 (enun sinwt J ° 
(c) 
(x) (z)t 1 ef UrBof 20) sinpi 1 i(yBo/2w) sin wt —i(yBo/2w) sin wt 
Cn XX Eu ros 1) —i(7Bo/2w)sinwt | — 5 le p | 
2 € 2 
B 2 z . 
— isin x sine , P (t) = |e 2 =| sin? E sine 
2w 
22 yBo r TW 
(d) The argument of sin“ must reach 7/2 (so P = 1) => m D Bo = — 
w y 











Problem 4.34 






































(a) 

$.|1 0) - (s? £89) +11) = = S- 1) L+S- D T+ 1 G- + 1 (S- DJ. 

But S. t=h|, S_ |=0 (Eq. 4.143), so S_|10) = -= [5 |] 40 -- 0 - 5 |]] = V2h |= v2h|1 — 1).v 
(b) 

5.4 0) = (SP + 82) a - 1 = 75 (8s 1) (82 D T 1 (Ss Y= 1s DI. 

8,100) = BO-AAN -0)20; eE Jo 1 -0-:0—R1D) 20. v 
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(c) 
S 1) = [(s)? + (8)? +28 s] t1 
= (9? 1) 1 +1 (8? 1) +2152 DG D + (Gi DGy 1) + (S+ 15. D] 


3 3 h h ih h 
-Femeie neliti A Rira 











= sh? tt +2 (i ") = 2h? {t= 28?|1 1) = (1)(1 +1)h?|1 1), as it should be. 


s?-1i- [(90))? + (590? + 280 sc n 


E i H + UL +2 [Gs DG D + (Sy L)(Sy D + (92 DS 0] 


=at use|) Gt) +(e) Cat) C9 89) 


ao n2 3 
= ZR L +27 H= 2h? | |= R 1). v 





Problem 4.35 


(a) 1/2 and 1/2 gives 1 or zero; 1/2 and 1 gives 3/2 or 1/2; 1/2 and 0 gives 1/2 only. So baryons can have 
spin 3/2 or spin 1/2 | (and the latter can be acheived in two distinct ways). [Incidentally, the lightest 














baryons do carry spin 1/2 (proton, neutron, etc.) or 3/2 (A,Q7, etc.); heavier baryons can have higher 
total spin, but this is because the quarks have orbital angular momentum as well.] 





(b) 1/2 and 1/2 gives | spin 1 or spin 0. | [Again, these are the observed spins for the lightest mesons: 7's and 
K's have spin 0, p’s and w’s have spin 1.) 











Problem 4.36 
(a) From the 2 x 1 Clebsch-Gordan table we get 


|3 1) = Jee 2)1 —1)4 TEE. 1)|1 0) + "EE 011 1), 


so you might get | 2h (probability 1/15), A (probability 8/15), or (probability 6/15). 

















(b) From the 1x table: [10)]3 —4) = V/218 -3)-- V/113 — 1). So the total is 3/2 or 1/2, with I(1+1)}? 





15/4h? and 3/4h?, respectively. Thus you get Da? (probability 2/3), or im (probability 1/3). 
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Problem 4.37 


Using Eq. 4.179: [$?, S£?] = [90 , SP] + [g2*. S(01 + 2/8 . Ss, 95$]. But [S?, S] = 0 (Eq. 4.102), and 
anything with superscript (2) commutes with anything with superscript (1). So 


[55,8091 = 2 [80 [809,50] 9 800,809] 4- SPD SOS, SD] 


= 2 [-ins(9 s + ins) = ans x SO). 





[S?, SH] = 2ih(s(9 S? — SH SP), | and [S?, $9] = 2ih(SM x SO). Note that [5?, $'?] = 2i&(S'? x S(?) = 
—2ih(SU) x SQ), so [8?, (SM 4- S2) 2 0] 











Problem 4.38 
(a) 





KR (y Pb Ow EE hee oe Se E 

| = Ew. 

zo art Se) + sme (c ae veg id 

Let y(x, y, z) = X(z)Y(y)Z(z); plug it in, divide by XY Z, and collect terms: 


PIPX Ll oe), (_P1l@y 1 ay ( PM IPZ lo a2Y pg 
Im X dz? | 2 7 mY dy 2 V 2m Z db 3259 9 pre 








'The first term is a function only of z, the second only of y, and the third only of z. So each is a constant 
(call the constants E,, Ey, Ez, with E; + E, + E; = E). Thus: 


oq T NE E SNP ONU A T ET 
Xm do? 274 7 A ee 2m dy? "du EM rrr T are T A 


Each of these is simply the one-dimensional harmonic oscillator (Eq. 2.44). We know the allowed energies 
(Eq. 2.61): 


Ey, = (ng + 5) hw; Ey = (ny + 4) hw; E, = (n; + 5) hw; where ng, ny, nz = 0,1,2,3,.... 





So E = (ng + ny + ny + 3)ho =| (n+ 3)hw,| with n = ng + ny + nz. 











(b) The question is: *How many ways can we add three non-negative integers to get sum n?" 


If n, =n, then n, =n, = 0; one way. 
If n; =n—1, then ny = 0,n; = 1, or else ny = 1,n; = 0; two ways. 


If n; —n—2, then ny —0,n; = 2, or ny = l, n; = 1, or ny = 2,n, = 0; three ways. 





1 2 
And so on. Evidently d(n) =1+2+3+4+---+(n+1)= (n+ = ) 
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Problem 4.39 


R? du 1 h? (l+ 1) 
Eq. 4.37: — — — = 2r? Ae = Eu. 
M 2m dr? [5m ES: 2m r? | x > 





2 mw 2m h €? 


2 2 2 
Mw Then h^ mw dtu |; 4h ,  mwli+1) EMEN 


Following Eq. 2.71, let £ = 2m h dg mu £ 4 ud 
m 


(as in Eq. 2.73). 





du 2 , l(L4- 1) |. 2E 
or = le g —K u, where K = 5 — 


d£? 


d2 
At large €, am & £u, and u~ ( )e- 5 /? (see Eq. 2.77). 


7 ((L--1 
At small £, Ta RI ur and u ~ ( )&'*! (see Eq. 4.59). 


So let u(£) = é+1e-€"/2u(€). [This defines the new function v(£).] 


2 = (1+ Dele EP — go E P2 4 ght le E72 


dé 
2 
a = (1+ ete“ Fy — (14 EHe Fu + (14 ele Fu! — (14 Eteo 
v! — Ete € 2 4 eau P Pr 


ES £3e- 8 2 = ge y +(+ 1)ele- € /2 : 
Zo + 2(1 4 1)£'e- € 2v 


= (L3) e 874 — (21 - 3)£'*e iu 1+3 
EHe To 4 Le ete Oy — Këte FES 


= 2p 264-8 /2y! Tn grec € yr < 


Cancelling the indicated terms, and dividing off £*1e-5 /?, we have 





v+ (—— Ou 21 — 3) v — 0. 


e j(j —1)a;£)?. Then 


Ms 


& 
ll 
N 


Let v(£) = Sag, so v = M jat; v 
j=0 j-0 


S GG — Dayi? + 21+ 2) V jat? — 2 jase + (K — 21-3) V a£ —0. 
j-2 j=l j=l j= 


In the first two sums, let j — j + 2 (rename the dummy index): 


y us [pem Y aj£) =0. 


(j + 2) + 1)a542£? + 201 +1) M 7G -2)aj 45€? - 2 
j=0 j=0 j-0 


Me 


e. 
ll 
© 
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Note: the second sum should start at j = —1; to eliminate this term (there is no compensating one in €~') we 
must take a1 = 0. Combining the terms: 





1 . f (2j 4-21 4-3 — K) 
2 2l ; K — 2j — 2l — ]=0, s 49= 
((j + 2)(3 + 2L 4- 3)aj42 + ( j 3)aj] = 0, so | aj42 G E 2) + 321 3) 














S 
ll 
[e] 


Me 


Since a; = 0, this gives us a single sequence: a9,02,04,.... But the series must terminate (else we get the 
wrong behavior as € — oo), so there occurs some maximal (even) number jmax such that aj,,,,, = 0. Thus 


1 
K = 2jmax + 2014-3. But E= awk, so E = (Ginx + 8+ 5 5) he. Or, letting jmax +l =n, 





Ey, = (n+ 3)hw,| and n can be any nonnegative integer. 
(Incidentally, we can also determine the degeneracy of En. Suppose n is even; then (since jmax is even) 
1=0,2,4,...,n. For each l there are (21 + 1) values for m. So 











n n/2 n/2 n/2 
d(n)= M (2+1). Letj-1/2; then d(n) 2 3, (4j 1) 24V 5j M11 
1=0,2,4,. j=0 j=0  j=0 
a(z 41 1 2 
_ DE ui +($+1)=($4+1)m+1)= — as before (Problem 4.38(b)).] 


Problem 4.40 

















(a) 
d i 
Tr. 2 (LH, 
S(r-p) = zr: p) 
3 3 3 1 
[H,r ^ p] E *4 H, ripi] = A, ri] Pit rilH, pil) = bI (sande + Yid) ! 
i=1 i=1 i=1 
3 3 3 
[p^r] = M pip rd = X ils ri + [ps rip) = X [pj (iði) + (~ihsi;)p;] = —2ihp;. 
j=1 j=l j=l 
av SP S DR OV 
[V, pi] = 55 (Problem 3.13(c)). [H,r-p] = 23 [zs Cap Tr (a) 
2 2 
=in(-Z +r vv). A piis E See. 
m dt m 
For stationary states a -p) =0, so X(T) = r- VV). QED 
(b) 
e 1 e 1, e 1 
VS ee aaa E T dE 


But (T) = (V) = En, so (T) — X(T) = En, or (T) 2 -E,; (V) =2En. QED 
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(c) 


1 
V= ar > VV = mo?rf£ >r. VV = mwr? =2V. So 2(T) = 2(V), or (T) = (V). 


SVS, sod qc 5 En QED 


Problem 4.41 

















ih h 
(a) V-J= - [VV . VU* + V(V^vy*) - VU Vv — v*(V^v)| = on [w(V?v*) — v*(v?v)].. 
A. . . OW a 
But the Schrodinger equation says ih—— = —-—V°UV+VVW, so 
Ot 2m 
2m Ow 2m QV* 
2g — ; 2p* — 2 * j ere 
Vv = m. (vw ih DE i Vw = n (vw + ih ED ) Therefore 
ih 2m Q0 OW* " OV 
i oOw* ow o o 
= -ih| Y y* = WV) =-=. v 
he ( w x) orte M) cS 
1 1 T" 
(b) From Problem 4.11(b), W214 = — — re 1/24 sin ge!óe-1E2t/^— Tn spherical coordinates, 


na 8a? 
ow 19v . 1 ow. 














Į = P t T : 
x Or OE 900 rsin0 OQ '* e 
VV51, = E d (1 T ) e 7/24 sin Gette EtA p+ i re /? cog geió e 7 iEst/h ĝ 
Vra 8a? 2a r 
1 ; ; ^ ^ ji 1 
Z pe™"/2a sin 0 ie/? e 1Est/^ G = (1 — =) f +cot00 + B: o| -Y211. 
rsin@ 2a sin 0 T 
Therefore 


























ih TN, ^ i 5 TN. A al 1 " 
T= 2m |- 2] prea aut (1 A CSERE x5 PE 
ih (—2i) xac A 1 1 pee sin? Os h ET" 
SS Y => = UL Gog 0 n 
2m rsin6! nile m ma 64a4 r sin 0 9 64xmas © SUAE 
h 2,—r/a a ^ yi : ^ y AH 2.5 : 
(c) NowrxJ-— r^e sing (ê x $), while (7 x 6) = -ô and 2-6 = —sin9, so 
647ma> 
h 
rx J. = erc rue sin? 0, and hence 
h 2,—r/a 42 2 
L; = m (r € sin 0) r^ sin 0 dr d0 do 
647 ma 








= 








= ZO ie r^e "la dr a sin? 0 d0 n dé = ae (Ata?) : (27) = 
64ra> Jo 0 0 64na9 `` 3 
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as it should be, since (Eq. 4.133) L, = him, and m = 1 for this state. 


Problem 4.42 
(a) 


1 —rfa 1 1 —ip:r —r/a : 
Pom / = 60) = rnm zm ] * pr/^he—r/2,? sin 0 dr dO dd. 


With axes as suggested, p: r = pr cos0. Doing the (trivial) ¢ integral: 
S 2m 1 pe 2,—r/a is —ipr cos 0/h 4: 
o(p) = Gum us | T € l € sin 0 d0 dr. 


jn e pr co50/h Sin 0 qo E E xata = h (oe ES £m < 2h in (=) . 
0 ipr 0  ipr pr h 





1 1 2h [? r 

ipai. au =r/a sin PEE 

o(p) a ae p | re sin ( x) T. 
B —r/a a pr € i S —r/a jipr/h qn — " —r/a ,—ipr/h 

f re sin ( 5 ) dr 5i / re e dr f re e ar 

>í | 1 1 | 1 — (ip/ah)2 

= - 5 
S ?! [a/ay + (p/m 





1/a—ip/h)? (1/a+ip/h)? 


_ Qu/he _ 
(1 + (ap/h)?]' 








7 2 1 1 2pa? 1 u 1 2a 3/2 1 
o(p) = ee mp h [L + (ap/h)2]? dm (=) [1 + (ap/h)2]?" 











(b) 
T NE gn ee UE NN NE 
[utpa f Pld i-e) f + p/m ^P 


oo 
From math tables: | us dx = T m52, so 
0 


eo a) a) "neuer S) sud 
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(c) 


(p?) | *\6/? d?p : (2). L p dp. From math tables 
PIS JJP Noe nas T EEI rom m : 
T? \ À o [1+ (ap/ħ)?]* 








eS x T 3 4 (WaN? (/ hN r f RN? h? 
D ee A —3/2 2) = Disc 
l mee (s) Zo. 2 (=) (2) 32 (4) 











(d) 











1 1m h? m? ea? m ea 
v) 2m (p) 2ma? 2m h* (zz) 2h? (zz) = 


which is consistent with Eq. 4.191. 











Problem 4.43 
(a) From Tables 4.3 and 4.7, 








4 1 r\2 15 ; 1 1 d 
1321 = R32Y> = —; (5) e7/3« |_,/ — sin 8 cos bet? | =| ——— — —r?e7'/9* sin 0 cos be. 
81/30 a3/? \a V 87 vm 81a*/? 











(b) 














—— ^ 0 cos? o) r? sin 0 dr d0 do 
= mmn]: Bg uoa ar f (= o 0) cos? 0 sin 0 dé 
z Pi (=) ] -5 cos? 0 at ‘ 
0 
3a [2 2] 35 4 
~ 3847 PT nl 


gs qv qp wee 
S\ __ s 2,2 E c Scit s+6 ,—2r/3a 
(r = | r?|Ra3|^r*dr = (=) 30 zi reve dr 


MC [oo a E 


Finite for | s > —7 |. 
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Problem 4.44 
(a) From Tables 4.3 and 4.7, 





1 1 (r3 35 i 1 
a Batt = lag ig y ere (yf Est rons) «|g ae 
W433 = Ra3 Y3 768/38 a72 Va € gar 9n 8 cos de SEINTE 





3e-r/4a sin? besit. 





(b) 
(r) = f wee = eae (fas sin® 6) r? sin 6 dr d8 dd 
Ta 


1 oo d d. = "n 

= E DEEST Tres 0 d0 d 

aus | r'e T : sin ; O 
1 2-4-6 


(c) Using Eq. 4.133: L2 + L2 = L? — L2 = 4(5)h? — (3h)? =| 1182, with probability 1. 





























Problem 4.45 
(a) 


47 5 4 a a 21 
2 13 2r/a,,2 2 2r/a 2r/a 
p= fiw d r Sf e / r dr = |r € / + —e / (-=- ) 


2r 2r? ? 2b b 
E (: 4 T 4 r ) e 2r/a zm (1 an 42 z) e 3a. 
a a 


a a? 

















0 











(b) 




















(c) 





1 4 1 A4fbNV 
O > Pent = (2). "4 


(d) 








4 107-15 43 4 3 4 32 
P= = Ż (2 x 1075)? = Ż . 8 x 10715 2 — x 10715 = | 1.07 x 107". 
3 (ses jx) 3i Ios dm gr x 
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Problem 4.46 


1 2(n — 
(a) Equation 4.75 > Rn(n-1) = -p"e ^v(p), where p= 2 Eq. 4.76 > c, = (n — n) NETT 
d na (1) (2n) 
So v(p)=co, and hence Rpn-1) = Nye. where Ux = 
na 








oo oo na 2n4-1 2 n 2 
1= I |R|?r?°dr = Na)? f pene 7 2r/na dy = (Nn) (2n)! (=) . Nn — ( ) 
0 


0 











(b) 


(r?) = p | R2 r2; — ag pantl —2r/na dr, 
0 0 


iy = (2) giae v (m) z (n+ 5) na 


(rtu (2)" gue 2)! (my = (2n + 2) (2n + 1) (sy = (n+ z) (n +1)(na)?. 


na 


























o? = (r?) — (r)? = |( + 5) (n +1)(na)? — (n+ £) ew 


1 3. 1 2; __ (r) 
(n+ I = 3641/3)! ; on ay 


- A B 
a r 6a r 


650a r 











N| = 








d Ras -2 — l' oie 
Ll 0 s (n-1)rn72e7r/na — — rlen = 0 5 r = na(n — 1). 


Maxima occur at: 
dr na 


Problem 4.47 


Here are a couple of examples: {32, 28} and {224,56}; {221, 119} and {119, 91}. For further discussion see 
D. Wyss and W. Wyss, Foundations of Physics 23, 465 (1993). 
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Problem 4.48 
(a) Using Eqs. 3.64 and 4.122: [A, B] = [x?, L;] = z[x, Lz] + [z, L;]x = x(—ihy) + (—ihy)x = —2ihzy. 











1 2 
Equation 3.62 > 0402, > (2m (en) = f(xy)? >| oĘaog > hl(ry)|. 
i 














(b) Equation 4.113 > (B) = (L;) = mh; (B?) = (L2) 2 m?°R?; so op = mh? — m?h? =|0. 














(c) Since the left side of the uncertainty principle is zero, the right side must also be: | (zy) = 0, | for eigenstates 
of Lz. 





Problem 4.49 
(a) 1=|AP2(14+4+44) =9)A)?2; [A=1/3. 
































h h 4 h 4 h h 
(b) P with probability 5, -7 with probability g' (Sz) = l + ( ) =/—. 











(c) From Eq. 4.151, 








(x) (x) -it apf- "US 3—2i (a 9-4 13 

i (x2) x= 375 ( 3.778096 EZ ag Nl eg qs 

(a) (e)\t 11 1—2i 1 ISO  @ 1+4 5 
= ==-— (1-1 = 1-2 = -— 




















ho. au 13 RÀ, DNE |. 13h 5 h\ — 2h 
5 with probability 18 9? with probability 18 (Sy) + i ( ) : 











(d) From Problem 4.29(a), 





t 11 1 — 2i 1 1—- 4i 1--16 17 
(y) _ (y) m Tis zs 1 2i 20i) = ; (y)i2 = = 
É = en) ui aya a( 2 su c wg EpL quac qs. 
t 11 1 — 2i 1 1 1 1 
uz d uL. E p2 = 
Sepe yaa i( 2 )- aya - 2620 = 5m PP = TT 











18' 2' 18 182 18 











h 1 h 1 17h 1 h 4h 
=, with probability Holt with probability —.| (S) = : + ( ) = y 











Problem 4.50 


We may as well P axes so that à lies along the z axis and bis in the xz plane. Then sp = s, and se = 
cos SP + sine SY). (0 os P s(? |0 0) is to be calculated. 


1 


sg 19 o) = " [SC (cos 0.5) - sin s| (14 — 41) 
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= = (S; T)(cos 9 S, | +sin@S, |) — (9; |)(cos0 S; 1 -- sin0 S, 1)) 


1) +no(21)]—(-21) foo (57) cono (5 0) ]) asma sa. 114m 


1 ! 1 h? . 1 
= 4 [eost 114 I) + sine (tT Lo] EZ. |- coso opens. tll 1)+|1 -i]. 





Il 
Nar 
N 
—“—— 
LEON 
Nilo 

$ 
Se 
i—— = 3 

[e] 

o 

un 

D 
MO N, 
NI ot 





h2 1 h2 
o (SM sP; = (0 o1SM s® Jo 0) = 4 00 |- cos 6|0 0) + sind 5((L Debi | = — cos 6(0 0/0 0) 


h2 
(by orthogonality), and hence (s) SQ —— 95 0. QED 


Problem 4.51 
(a) First note from Eqs. 4.136 and 4.144 that 


Sequi ; lS Desc tel 








B S [vs *D- m(m + 1)|s m+ 1) + V/s(s +1) 2 m(m -Dls m - 1)] 


1 
Sy|s m) = 2i 


= È [Vs D mn + Dis m +1) Vse - 1) - mm Dls m — 1) 


[S..|s m) — S_|s mj] 











Now, using Eqs. 4.179 and 4.147: 


S?|s m) = (sy? + (52+ 265050 e 5959 e stet La |l is, m-1)4-B|1 — D)|ss m$ 
i af (9°13 2)) [s2 m— 3) + la 2) (S?|s2 m — 3)) 


2 


eG. $)) (Salsa m= 3) + (Sul 8) (Silo m= D) + (S-13 3) (S m— 5) |) 





+2] G4 = $)) (leo m + B) 18 = 3) Gus m 3) + (8 


= AÍ 30° Bis m- Diss DH Di m= 9) 








«ai - ob (sem - im Doe Die m 
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ty sso + 1) — (m — 4)(m— 3)|s m-&) 


























«2i pt (sss (m+ Done Dio m+ §) esos 1 (m+ Dn - Dies m - 


























=n als + s9(so+1)+m 3 By sa(s2 bl) med 7 2 3)ls2 m- 3) 








sfpl + s9(s2+1)—m | eA sa 1) mi e] — i)|sa m+ à) 


= fPs(s-- Djs m) = Pss D) [AB leo m= 2) PB = Dio m+ t). 












































A [s2(s2 +1) - 1-- m] +By/s2(s2 +1)- m? +4 = s(s+1)A, A 

B [s2(52 +1) + $ — m] +Ay/s2(s2 +1)—m?+ 4 =s(s+1)B, 
A [s9(s2 +1) ^ s(s-- 1) c 1 m] B s (sa 1)- m? i-0, T o ue +Bb=0 
B |[s2(s2 +1) — s(s +1) - — m] FAM saa 1)-m?4-i-20, B(a — m) * Ab —0 























where a = s5(s3-- 1) — s(s-- 1) - 1, b= Von +1) — m? + 1. Multiply by (a — b) and b, then subtract: 





A(a? — m?) + Bb(a — m) 20; Bb(a — m) + Ab? =0 > A(a? — m? — b?) = 0 > a? — b = m?, or: 


[sa(52 -1)- s(s-4 1) 1 

[s2(52 + 1) = s(s +1) + ij = s3 + s2 +3 = (s2+ D so 

82(52 -- 1) — s(s +1) + 4 = + (s2+ 54); s(s+ 1) = s2(s2 + 1) F (s2 | 1 
Add 1 to both sides: 





|? = s2(s2 +1) +m? -i-m, 




















— 
Ale 


1 1? 
5 S2 T S2 — 82 — 5 T $ = 89 
Ptotba (s+? = olathe (ath) +$- 











s3 +52 d- 52 $ 3 =(s2+1)? 














1 1 $2— 3 
ST 5 = 82 s=4e—3={% E 
$92 2 
So 1 
1. = 1_ ] 825 
s+5=+(s2 +1) > s= (s2 +1)- 5 = d 
2 
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But s > 0, so the possibilities are | s = sg +1/2.| Then: 
























































2 1 1 1 
a= 85 d S2 — $25 $251 tg 
2.1 ul eee | 1 1 1 
= 85 + S2 — 85 952 S2 992 1 2^1 S2 2 = S2 4 "PE 











2 1 2 1 " 2 1 1 
= s2 ts2+7 — m^ = 82+ 5 — m^ = Samy em Sari M] 
FA (s2 + $ F m) =—Bb = -By (s2 + } + m) (s2 + $ — m) 


>A s2 +4 Fm=+By/s9+5 m. But |A|? + |B|? =1, so 














D 
= 
pS 
Nie 
É 
3. 
Il 



























































T. 2 
$9-- 5pm A 1 1 282 +1 
P+ lat (BP EE) mean [teem tet gee] = reps 
sgt5im (so + 5 +m) 2 2 (sg +5 +m) 
i.- 
alya ssEm+4 B=+A SEEE eY Ia s m-i 
2s2 + 1 Vsotbim 2s9 +1 


























(b) Here are four examples: 
i) From the 1/2 x 1/2 table (sg = 1/2), pick s = 1 (upper signs), m = 0. Then 

g 
AS ESSE 1. pg. [EH 



































— = 
IF y» IH veo 
(ii) From the 1 x 1/2 table (s2 = 1), pick s = 3/2 (upper signs), m = 1/2. Then 
IPili LIE 
= Hr = V3 B= mI = 
(iii) From the 3/2 x 1/2 table (s2 = 3/2), pick s = 1 (lower signs), m = —1. Then 
84 44H 3_y41 
A= uu om B=—-V 4377 =-3. 
(iv) From the 2 x 1/2 table (s2 = 2), pick s = 3/2 (lower signs), m = 1/2. Then 
g—isl 2. = 24-441 = 3 
A- Hu Bayh = -y 


These all check with the values on Table 4.8, except that the signs (which are conventional) are reversed 
in (iii) and (iv). Normalization does not determine the sign of A (nor, therefore, of B). 


Problem 4.52 
1 


i- 


blo 

NIw 

— 
NIW 


0 
0 1 
a e das lg lh: 4 
0 0 


$4399 s p= vang g) SJ GE) = 219 D. Sd =) = VENE F 





S.B g= yan 3, s. D-28B ub, S st) = Vane B), 8.8 35-0. 
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030 0 0000 0 V3 0 0 
{0020 = ,|v30 00 (d _|h[ v3 0 2 0 
905 EISE acu |o aa RE S IS | gt Boi as 
0000 0 030 0 0 V3 0 
E ae : 5 = 0 V3 2 0 
0 2 Xv3| ^ 4/2 2 V8 —8 0 -A v3 
— = 
0 0 5H) 0 v3 0 V3 -A 
= -A [73 + 34 40] - v3 [V34 - 3v3] = àt — 70? - 3.7 +9 — 0, 
orA—103?4-9—0; (32—9)0?—1)—20; A= 3,1. So the eigenvalues of S, are | 3h, Zh, —ih, —3h. 


Problem 4.53 


From Eq. 4.135, S,|s m) = him|s m). Since s i 
runs from —s to +s). The matrix elements o 




















s fixed, here, let's just identify the states by the value of m (which 
f S, are 


It's a diagonal matrix, with elements mh, ranging from m = s in the upper left corner to m = —s in the lower 


right corner: 


From Eq. 4.136, 





54 























s 0 0 0 
0s—-1 0 0 
6 = AO" 0 mes 0 
NE ETE 

-1)|s (m x: 1)) = B/(s F m)(s 3 m 4- 1) [s (m 4 1)). 


.|sm) = hy/s(s +1) - m(md 





(S+)nm = (n]S4|m) = hy/(s — m) 





(s +m + 1) (n|m + 1) = ħbm+1ôn (m+1) = ħbnôn (m+1)- 


All nonzero elements have row index (n) one greater than the column index (m), so they are on the diagonal 


just above the main diagonal (note that the i 


Similarly 





ndices go down, here: s, s—1,s—2..., —s): 
05, 0 0 0 

005.4, 0 0 

00 0 b, 0 

00 0 0 < basia 

00 0 0 0 





(S-)um = (n|S_|m) = ñy(s + m)(s -m + 1) (n[m — 1) = fib, ó, (my 
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This time the nonzero elements are on the diagonal just below the main diagonal: 


0 00. 0 O0 
b O O--- 0 0 


s -p| 0 b%10- 0 0 


0 0 0- b ü 


To construct Sy = $(S4+S_) and S, = (S4 — S..), simply add and subtract the matrices S, and S. : 

0 b 0 0 0 0 0 bs 0 0 0 0 
bs O bsı O > 0 0 —b, 0 bs—ı 0 0 0 
0 bs-1 0 b,5... 0 0 0 —bs-1 0 b2-:- 0 0 
s -^[00 b2 0> 0 o [og s Pe o 0 b2 0 0 0 
"2|. ; ; ES 5 ij, P de. : : 

0 0 0 0 0. bs 0 0 0 0 € 0 bs 
0 0 0 0 b_s41 0 0 0 0 0 —b_s41 0 


Problem 4.54 
LY? =h/UT+1) 2 m(m -1)Y,- (Eqs. 4.120 and 121). Equation 4.130 > 











he’? (5; + icot 0 — 2) Brei"? P™(cos0) = AVI + 1) — m(m + 1)BP H e+ 08 pmt (cos 6), 





























Og 
m fod m+1 pm+1 
Bj d6 — m cot | P” (cos) = VIL + 1) — m(m + 1) B* P™H (cos 6). 
cos 0 T d dx d d d 
Let c= 0; cot? = = : = = ind—=—-yv1l 2 
SNRs nh. age” ae dode o 5 — Hi T 
d z 1 dP" 
m 2 m fen m 2 $ 1 m|.. pm pm+1 
B; | l-z ES |n (zx) = —Bj VIE (1— z^) zm meP | = -Br P, 
—1 
= VI(l+1)- m(m + Bret (x£). = | BPH = B”; 
= vil ) e V1) -m(mcl) ` 











Now l(l4- 1) — m(m 4- 1) = (1l — m)(l +m + 1), so 
ats Bm + Bl=—~_p?, BP = = : Bj; 
Vi-myi+i+m Viv > Jm! VU- DVU DUFA ©’ 
2 e " 
Jm; -"Vdcsar3rgu-gr-3 ^ "9 


Evidently there is an overall sign factor (—1)"*, and inside the square root the quantity is [(J + m)!/(l — m)!]. 


Bote 




















Bf = 





l— m)! 
Thus: | Bj" = (—-1)" Em) C (U) | (where C(I) = Bf), for m > 0. For m < 0, we have 




















(J+ m)! 
Bolg -Bi -2 _ -l Bolg l B?. etc. 
ET TED -SFDI ^ wg 3yuenu(e " 
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Thus Bj " = By", so in general: BP = (—1)" a-mi ep Now, Problem 4.22 says: 












































































































































(L4-|m|! 
1 20 4-1)!, ; 
Yl = 2m QUE D' co sing)! = ple! Pl (cost). But 
l E E E oa QD' aya 
fige BO ss aur Cag Je m qu A car Vega 
eS 
(21)! 
21)! 
so Pi (cos@) = _ (sin9)'. Therefore 
1 gr id 1 uo i)! (21+ 1)! (20 +1) 
3m zT — (ef? sin 0)! = Ble UT (sing)! > Bj = B" NA GI) 
1 2l F1 H m [2l 1) ( — [m 
But Bl = (—1) ani c 9 so | C(I) = (1) "EE and hence | BI" = (—1)'* : dme 
'This agrees with Eq. 4.32 except for the overall sign, which of course is purely conventional. 
Problem 4.55 
a) For both terms, l = 1, so = ; =1. 
For both al POO) Sie P=1 
1 2 
(b) |0, P= 5,Jor]h, P= 5. 
3 
ape 
(c) | Žr, 
h 1 h 2 
(d) |=, P=-=|,or/-~=, P=-. 
2 3 2 3 
(e) From the 1 x $ Clebsch-Gordan table (or Problem 4.51): 
asl 310 + 313 SIL 1) = 25 [V3 2) - 288 5) + V3 [zs v3 $9] 
15 8 3 1 
= (242) 1 3) + (18 $). Sos=3 or}. |27, P= Li jor 27, P= c 
4 9 4 9 
1 
f) |-h, P= 
(f) | 5A, 
(g) 
1 V2 | ss . 2 
jo? = RaP LIP odo) HE reri Oda) ev? oi) | + FIP Ola) ) 
—— —— —— —— 
1 0 0 1 
1 2 02 1,2 LES OL xu 2 3 2 
= zlRa| (IY? + 2]Y!| I TE e / 4, 009 0-F22—sin^0| [Tables 4.3, 4.7] 
1 —r/a 3 : 1 —r/a 
= aa / : 1, (cos 0 + sin? 0) = 967a5 r?e / s 
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(h) 





1 
ree tle = r?e™"/e, 


1 2 012 4,2 1 2 1 1 
3 Ral f va sin 0 dð dọ = ;|Rzi| ~ 3° 24a3 72a° 

















Problem 4.56 


(a) Equation 4.129 says L, = IA so this problem is identical to Problem 3.39, with p > L, and z — 6. 


(b) First note that if M is a matrix such that M? — 1, then 
iMó ; Lenza bras ; l2. MI GS 
e =1+iM¢ + 5 (Md) + g M9) deste pape -iMgo Tee 


= (1-50? + igt) tiM- 36 e gd — se) = cond + Maing, 








So R = ei77«/? = cos Ẹ + io, sin Ẹ (because o? = 1 — see Problem 4.26) = io, = |i t a ; 











Thus Rx. 2 4 ( 


(c) 


: i) (5) =i (7) = ix_; it converts “spin up” into “spin down" (with a factor of i). 





R= eit ey/4 


= cos 5 + ioy sin = = ee je n +i deu EN ee 
cap eee um Nimis i 0J| |a l-11J^ 


RX4 = E & (o) = E (4) = 0 - x-) = x£? (Eq. 4151). 


What had been spin up along z is now spin down along z' (see figure). 




















(d) R = e'"7* = cos + io, sin m = |—1; 
of x is arbitrary, it doesn’t matter. 


(e) 








rotation by 360° changes the sign of the spinor. But since the sign 





(a - ny)? = (osa + GyNy + OzNz)(TzNz + TyNy + 72Nz) 
= on? + oun + c?n? T na5ny(050y + 005) + ngnz(0502 + 0204) + nynz(ay04 — 020,). 
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2 


y= noc 1, and O50y + OyOxr = 0504 + 0202 = 0404 + 040, = 0 (Problem 4.26), so 


But o2 = o 


$ $ 


(aù)? 2 n2 -- nl 4 n2 — 1. So e 19/2 — cos 7 + i(o - f) sin 5. QED 


Problem 4.57 
(a) 


i.d] = 5 [e + (a/R) py,  — (2/1) py] = 0, because [e, py] = [2,2] = [py Py] = 0. 

[p1, p2] = ; [ps — (h/a?) y, pz + (h/a?) y] =0, because [y, pe] = [v.v] = [Pes Pe] = 0. 

[arpi] = 5 [e+ (2/5) py, pe — (P/a) v] = 5 (l, pa] — ys) = 5 lih — (iñ) = ih. 
kao p2] = 5 [s — (2/8) py pe + (Me?) v] = 5 (le, pal — Ins. sl) = ih 











[See Eq. 4.10 for the canonical commutators.] 


(b) 








2 1 Bailie aV, 2, i a\* , 2a 
di —-4-—5|v 4 z (Py PyT) z) Pye 4 z (Py + pyx) gj Pa| = % Py: 




















1 h hM? h ha 2h 
Pi-P2=5 E za (Poy + ups) + =) Y? — py — ca (Poy + Ype) =) J = —a pa. 
h a? 
So 5-3 (di — 92) + ag (Pi P2) = TPy — YPe = Lz. 
(c) 
H 1 d 2,2 a? 2 ho» H(a,p) 
= lmwxt-—— Lx = Hx). 
Im? ' 2 2h! T 292 d 
Then H( mE Eo Ern E 
en = — — = = —— =——— = . E zs . 
qı, Pı gni 2a2 qi 1; q2, pa 2n? 202 q2 2; 1 2 


(d) The eigenvalues of Hı are (n; + 5)h, and those of H are (ns + 3)h, so the eigenvalues of L, are 


(nı + 3) — (na + 3)h = (ni — n3)R = mh, and m is an integer, because n; and nz are. 
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Problem 4.58 
From Problem 4.28 we know that in the generic state x = (5) (with |a|? + |b|? = 1), 


(S= 5 (lal? — BP), (Se) = ARe(ab*), (Sy) = —Alm(ab*); (82) = (82) = È. 


Writing a = |jale’®*, b= |ble’**, we have ab* = |a||b|e^«799 = |al|ble®, where 0 = a — p is the phase 
difference between a and b. Then 


(S,) = hRe({al|ble’”) = h|a||b| cos@, (Sy) = —Alm(|al|ble*®) = —Alal|b| sin 6. 
2 2 2. ga) ape 2 2 y omes 
og, = (Sz) — (S3) = a haj |b| cos” 6; og, = (Sy) — (Sy) = a h^|a|^ |b|* sin* 0. 


h2 


7 (Se), or 


We want ei. os, = 


4 4 4 
1 — 4|a|?|b|? (cos? 0 + sin? 0) + 16|a|^|b|^ sin? 0 cos? 6 = |a|^ — 2|a|?|b]? + lolt. 


2 2 2 £2 
T (1 — 4|a|?|b|? cos? 0) g (1 — 4la[?|b|? sin? 0) = Aa (laf? — b?) . 


1 + 16|a|*|b|* sin? 0 cos? 0 = |a|* + 2|a|?|b|? + |b]* = (lal? + lb)? =1 => |al?|b|? sin cos0 = 0. 


So either 0 = 0 or v, in which case a and b are relatively real, or else 0 = +7/2, in which case a and b are 


relatively imaginary (these two options subsume trivially the solutions a = 0 and b = 0). 





Problem 4.59 
(a) 


d 
Start with Eq. 3.71: =~ = 








= 1 | = 1 2 2 42 
H = g—(p- aA): (p- aA) +49 = 5— |p’ - ap Ac Ac p) c A7] + av. 
ues et gc e EA oat. 

: 2m" ? 2m i 


p,q] = [(pP} + py + pz), 2] = [Ph x] = pelpe, v] + [pr v] ps = Po(—ih) + (~if)ps = —2iħpz. 


p: A,x] = [(PrAr + pyAy + p242), x] = [ps Az, t] = pa | As. x] + [ps, x] As = —ihA,. 














Ap, x] = [(Azps AyPy A;pz), xj = [AzDz; xj =A; [pas xj T [Az, v]pz = —thA,. 











, 


1 ] : ih ih 
H, «| = z—(-2ihp,) - z—(-2ihA;) = -= (Pa — As) [H.r] = —— (p - 4A). 


HD L l(p.qA). QED 
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(b) 
div) i Ov Ov q OA 


pcd) c cse A ae ae ae 





ale 


We define the operator v — 


1 m 1 
H= gv + qy = [H,v] = 3 v.v] *devh lev] = [ep]. 











oO . ih 
P, Px] = ins (Eq. 3.65), so [y, p] = iAVy, and |y, v] = mu 
v?, Ve] = [(v2 2 Us ns v2), v] = [v2, ve] ott [v2, Vz] = Vy[Yy, Vz] a [Vy, Vx] ty nz Vz[Vz, Va] a [vz, vz]v;. 
1 q 
Vy, vs] = à Pv E qA,), (px — qA5)] = ng ([Ay, Pa] T [Py, Az]) 
q (/. 0A OA, ihq ihq 
m2 (in TA ih Dy = a (Vx A), = -m2 Be 
1 q 
[vz, vx] = —73(bz = qÀ;), (Px = qAz)| c ([Az, Pe] + [pz, Az]) 
m m 
q {..0A, OA, ihq ihq 
ETT (in Da ih Oy xb (V x A), = Pv 
ihq ihq 


" [v?, ve] TL (—vyB; — Bv, + v; By + Byvz) = m2 [-(v x B), + (B x v)z]. 


ihq 











[v?,v] = 2 (B x v)— (v x B)]. Putting all this together: 
22 -izmee9mw-i£0m. 
DX] maw) = S (v x B)- (Bx ova Vo =) = 5v xB-Bxv))-q(E). Or, since 


l [px B- B x p] 


QEBoBveIpcgA)JGBBx(q eA [A x B — B x AJ. 
m m 


EA 

m 
[Note: p does not commute with B, so the order does matter in the first term. But A commutes with B, 
so B x A = —A x B in the second.] 


d(v) 


2 
= y = satis 
em = q(E) + —(pxB-Bxp) m AX B). QED 


2m 
(c) Go back to Eq. x, and use (E) = E, (v x B) = (v) x B; (B x v) =B x (v) 2—-(v) xB. Then 


d(v) 


m q(v) x B+qE. QED 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 4. QUANTUM MECHANICS IN THREE DIMENSIONS 129 





Problem 4.60 
(a) 


- i 3 kå 
E=-Vy=|-2Kzk.| B=VxA=| ð/ðr 0/dy 9/0z| =| Bok. 


























(b) For time-independent potentials Eq. 4.205 separates in the usual way: 


1 v- aa) ($v - aA) Y+ 490 = Ey, or 


2m Vi 


h2 igh 2 
-3 Vh 2E V (AY) +A: (V4)] + 2 A? e qpp = Ev. But V-(Ay) =(V-A)b+A-(Vi), so 





h? h 2 
-AVU + GS pA- (VU) +V: (Av) + (La? a) v= Ev. 











This is the time-independent Schrödinger equation for electrodynamics. In the present case 





B Ó o Bà 








2 2 
But b= i x) SO yy ey baw + [Ee Bo 2 (a? +1?) eek | v= En. 
(A m 




















Oy Vox 2m 
Since L, commutes with H, we may as well pick simultaneous eigenfunctions of both: Ly = ml, 
where m = 0,+1,+2,... (with the overbar to distinguish the magnetic quantum number from the mass). 
Then : 3 
| h V2 4 (qBo) (a? i P) +K?) w= (e+ Gen) ab. 
2m 8m 2m 


Now let wı = qBo/m, w2 = 4/2Kq/m, and use cylindrical coordinates (r, $, z): 


h [10 ( dy 189 8 i i 
E Or (2) + r? Og? + | a [gmt (x? +y 2) + smh y= (e+ sim V. 





2m 








Hugo eel ge a ee ee UN eparation of variables: u(r, ¢, 2) = 
u a pg? Og 7224 = Fp = —m*“w. Use separation of variables: tQ) = 
R(r)®(o)Z(z) : 
= P (pcs M ROZ + ROL gi md ROZ - (Ec mo ) nez 
2m rdr V dr dz? gir gez gee f 


Divide by R®Z and collect terms: 


Ep da dy me] aa RIZ 1 ,, 1 
S ard S rar =| E+- " 
{ 2m ET (« =) ud T gun E 2m Z dz? E g 2% \ ( T she 


The first term depends only on r, the second only on z, so they're both constants; call them FE, and E,: 








h [1d (dR\ 9,1 ,, PZ 1 33 
[te (ro) TR] tem? R = ER; "e qum. mu$zZ-—E; E= E,+B,— lua. 
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The z equation is a one-dimensional harmonic oscillator, and we can read off immediately that E, = 








(na +1/2)hwe, with no = 0,1,2,.... The r equation is actually a two-dimensional harmonic oscillator; to 
get En, let u(r) = yr R, and follow the method of Sections 4.1.3 and 4.2.1: 
u dR w u dR ; u d / dR 7 u 
gc dr | yr  2r3/2' "a 2/r’ dr (s) = vr Tnm 





1d / dR ut u n? ulul m u Im. 2,2 U L pY 
r = mw{r = E, 
rdr \ dr Vr —4r5/2' 2m \ yr  4Ar?Vr  r? yr SOC yr vr 
h? [au l 3Nu T-a 
2m E E E 2 H H x aM 
This is identical to the equation we encountered in Problem 4.39 (the three-dimentional harmonic oscil- 
lator), only with w — «1/2, E — E,, and I(l +1) —^ m? — 1/4, which is to say, l? +1 + 1/4 = m?, or 
(L+ 1/2)? = m?, or | = |m| — 1/2. [Our present equation depends only on m?, and hence is the same for 


either sign, but the solution to Problem 4.39 assumed l+ 1/2 > 0 (else u is not normalizable), so we need 
|m| here.] Quoting 4.39: 





E = (jmax + l + 3/2)hiw — Er = (jmax + || + 1)hwi/2, where jmax = 0,2,4,.... 





E = jmax + Im] + 1)hw,/2+ (no + 1/2) fiw — mhw, /2 = (ny + 5) hia + (no + 3) hwo, 











where nı = 0,1,2,... (if m > 0, then ny = jmax/2; if Mm < 0, then nı = jmax/2 — m). 


Problem 4.61 
(a) 
B'=VxA'=VxA+Vx(VA)=VxA=B. 





[V x VA = 0, by equality of cross-derivatives: (V x VA), = 2 (2) 2 (2) = 0, etc.] 








Oy \ dz Oz \ Oy 
OA’ ON OA ə OA 
ri 1 — ES anA 
E —-Vo 5E Ve+V (2) or A (VA) = -Vo or E. 


A 
[Again: V (2) E (vA) by the equality of cross-derivatives.] 
(b) 
zv —qA- (VA) eia M hy — q(V AjeiaA/hqy + Tria fh — qA ea ^M y — q(N7 A)elaA/ hp 
i i 


= hia hv — qA, 
(7 


h xt h h. , 
zv — qA — (VA) eia Mh — (iv — qA — «vA)) EL — qA cM hp 
l 1 l 
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= -h AVA Veit /h 4 gia hp E 


i 


(V - A)eia^/hy — q?(A . V A)e'a^/ hy 
qh ig^ /h qh iqA/h 2 A2 iqA/h 
— eH A (VV) — —eW P (A - VV) + g^ A"e "p 
D D 
h, 

— Peiad/n a. Vw) + q?(A VA) y 
D 


= e^ { [RVU + ihq(V - A)V + 2igh(A - VW) + APU] 
—igh(VA) - (VV) — (A -VAY + igh(VA) - (VV) + g (A - VA)V) 


2 
(Fv — A) iU) 
i 


= eiaA/h 

















2 2 
So: | : (2v - aa") + qu' | V! = eia^^ È (Fv-aa) jeune Vy 
2m Vi 2m Vi Ot 
ow OA O/,; ow’ 
: = iqAJh | ;g — ott RSS. igA/h Ind 
[using Eq. 4.205] e (in a Um v) ih (e v) ih or QED 
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Chapter 5 


Identical Particles 


Problem 5.1 
(a) 
(mı + m)R = Mırı + More, = Mm ry, + m»(ri = r) => (m; + m3)ri — mor — 
m2 


Renta 2 r=R+4&r. y 
mı + ma mı 





(m4 + m2)R = mi (r2 + r) + mora = (mM, + m3)ra + mir r2 — K r=R- r.v 





Let R = (X,Y, Z), r = (x,y, 2). 


ð aX 0. dx O 








(Vile = dr,  Oxi0X | Ox, Ox 
= mı ð ð pu i HB 
= (= u) ax +a, = D (Vng)s + (Malas so Vı= mu REY Yw "4 
a Ox 8 rð 
(Va = — = poc 





0x3  Ox20X Oxo Ox 


B m» o ð p l EN » 
2 (= zu) Ox (O 0 (Vn): -(Vr)s so Va= mi Vr. Y 





(b) 


Viy-Vi(Vuw)-Vi: |. vi + vel 
m2 


P Tp (ves m v.) ss (vue + v.e) 
meg meg Trio 


2 
(=) VA 4 2- (V, Vg) + V20. 
Trio Trio 


II 
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2 
Likewise, V2 = (+) Viy- 2--(v, Vg) + V24. 
1 1 











— h^ os 
ae Ay = Viv Vow + V (r1, r2) 
2mMı 2m» 
R? 3 2 1 7 2 
--5( ee ee ee Vr Vat ov?) 
2 1m5 mimi» mı mami m» 





my zm, m 


Tni TIio 1 





2 2 
-V(r) = >| H (zs ve (4 jp F pe W = Ey. 


2 
But (Lem) ta H (—+ 


; . 
mj m mm» u mimo ^ mime ~ mima(m +m) mi +mə 


K V2 h? V2 V =E "4 
2(m, + m3) RY 2u V (riy = p. 





(c) Put in Y = ¥,(r)~R(R), and divide by Vg: 
h2 
2(mı + mg, 


2) P 1guaev|-E 
) i VR » 2u Wr ' ` 
The first term depends only on R, the second only on r, so each must be a constant; call them Eg and 
E,, respectively. Then: 









































n? h^ 
V^yg = Eryri) | -L— V, 4-V(r)i, = E-J,,| with | Er + E, = E. 
2(m4 + ma) 2u 
Problem 5.2 
AE A — M M 
(a) From Eq. 4.77, Ei is proportional to mass, so E = r = “a Mer mn ) M T 


The fractional error is the ratio of the electron mass to the proton mass: 
9.109 x 1073! kg 
1.673 x 10-27 kg 











= 5.44 x 10^ *. The percent error is | 0.054% | (pretty small). 





A(/AÀ AR Ap (1/*)AX | AA 

Q/À R u (1/A) Ac 

So (in magnitude) AA/A = Au/pu. But p = mM/(m+ M), where m = electron mass, and M = 
nuclear mass. 





(b) From Eq. 4.94, R is proportional to m, so 


m(2m,,) mm. mm 
A = P d = 7 2 | 2 2 
P m--2my M+Mpy mme id x1 mE 





2 
M Mp mu 


z (M+ my)(m-2m,) m+2mp` 
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A A = ERE Mu ANS EA 


X ü mum om 2m, p where Aj is the hydrogen wavelength. 





> 











1 1 1\5 36 36 
P G ;) 365 7 A= SR = 81097 x 107j 








m = 6.563 x 1077 m. 



































9.109 x 1073! 
AAAS 1077)m =| 1.79 x dr 8 
“AX 21.673 x 10-27 (0:963 x 0 *)m 79 x 107! m 
(c) w= x = z so the energy is half what it would be for hydrogen: (13.6/2)eV = | 6.8 eV. 
m+m 
mymy : mymy, Mp + Me _ My(Mp + m.) 
(d) u = — — —; R x y, so R is changed by a factor . = , as compared 
Mp +My Mp +My  mygme me(my + My) 





with hydrogen. For hydrogen, 1/A = R(1—1/4) = êR > A = 4/3R = 4/3(1.097x 107) m = 1.215x 107-7 m, 
and A œx 1/R, so for muonic hydrogen the Lyman-alpha line is at 

1 (1.673 x 107?" + 206.77 x 9.109 x 1073!) 
206.77 (1.673 x 10-27 + 9.109 x 10-31) 





Xa PUn EU apis Seg T 
my (my + Me) 


2516.54 x 1079 m. 


(1.215 x 1077m) 

















Problem 5.3 


The energy of the emitted photon, in a transition from vibrational state n; to state ny, is 
Ep = (ni + i)hw — (ng + Z)hw =nhw, (where n = n; — ny). The frequency of the photon is 

















E k 
pees el . The splitting of this line is given by 
h 27 AV uw 
n 1 ln [k Aw 1 Ap 
Av = |=—-vk | -=A = d = ; 
í zi 2u3/? 2] 22n V 9 u d u 
Now 2 
ie 1 —1 1 
xs COUNT ai i y = Ap= 5 ( Ame) = P Ame. 
Mat Me ing + mr (iu) mi me 
Me Mh 


Ads 1 um. ER (Am./m.) 


V 5 


Using the average value (36) for me, we have Amc/Me = 2/36, and Mme/Mp = 36/1, so 








— 1 (1/18) .— 1 » > 
Av = 3 (1 +36)" — Baan’ 7.51 x 1074 v. 
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Problem 5.4 
(a) 


L= [ear 











= |A|? I [Us (r1) (12) + vo (r1) va (72)]* [Va (r1) (12) = vo (r1) va (12)] d’rid?ra 





= |A} | [ sco. flora f ae ear f sra atr 





& [ (tute). [sona feos f sra) Pan] 





—|AP(1-140-0-50-04- 1-1) 2 2|AP? A — 1/2. 





























(b) 


1=|A/? i [2v (r1) va (r2)]" 2va(r1)Pa(r2)] ?r4 d?r2 





= aap f Ipalrı)| dr / Is (r2)|?d?r5 = 4| Al?. A=1/2. 











Problem 5.5 
(a) 





mu nw 


2m Ox? 2m Ox 





Ew| (for 0 € 21,22 € a, otherwise v» = 0). 











p= ue E (=) sin (==) sin (zm, sin (=) 
Sa = E |- (D sa (829) sia (25) + (22) an (22) s (22) 
So = 22 |- (2) sin (2) (9) « (E) sia (22) sa (22) 
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d^ dw O m4? Qn V? u T? 
(T) Ig + (2) [p= ste 


h? (d^ dw 52?h? 5r h 
= —E ith E= 
( dx? dx2 ) v quom 








—5K. wv 








2m 2ma? 2ma? 


(b) Distinguishable: 
1/22 = (2/a) sin (2121/a) sin (2115/a) , with E22 = 8K | (nondegenerate). 














Vis = (2/4) sin (nei a) san (9702/4) j , with E43 = E31 = 10K | (doubly degenerate). 


V31 = (2/a) sin (3121 /a) sin (712/a) 
Identical Bosons: 
1/22 = (2/a) sin (2121/a) sin (21215/a), E22 = 8K | (nondegenerate). 




















Via = (V2/a) [sin (124 /a) sin (3113/a) + sin (3121/a) sin (113/a)], E13 — 10K | (nondegenerate). 








Identical Fermions: 


V13 = (V2/a) [sin (7) sin (3222) — sin (2%) sin (222)], E13 = 10K | (nondegenerate). 


























V23 = (V2/a) [sin (2222) sin (3722) — sin (22%) sin (2222)], E23 = 13K | (nondegenerate). 





Problem 5.6 
(a) Use Eq. 5.19 and Problem 2.4, with (z),, = a/2 and (z?),, =a? (4 — us) ; 


(eic sine (t-i) e (E mi) tne rm e) 
(b) (2)mn = 2 fy xsin (2£z) sin (22x) dz = + fx [cos (eme) cos (ema) dx 
=i [C (eme) | (mz) sin (eme) 
- (eta) os (ten) — (irai) sin (eia) : 
E [C (cos[(m — n)n] — 1) a (cos[(m + n)n] - o] 


But cos|(m + n)z] = (—1)™*", so 






































TS a K pym+n 1] 1 1 = ae. if m and n have opposite parity, 
mn A? (m-n)? (m+n)? 0, if m and n have same parity. 








6 m? \n? m n^(m? — n2)4 


1 1 1 1 128 a2m2n2 
So Eq. 5.21 > ((z1 — 23)2) = “| ( E ;) 8a2m2n 











(The last term is present only when m, n have opposite parity.) 
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1 1 1 1 128a?m?n? 
(c) Here Eq. 5.21 > ((z1 — z3)?) =| a? E = ( + :) | + 


TNn? m m4(m2 — n2) 











(Again, the last term is present only when m, n have opposite parity.) 


Problem 5.7 
(a) | (21, £2, £3) = vVa(z1) Vw (x2)ve(x3). 

















Ja Ioa (71) Uo (22) (3) + Va(z1)Ve(x2)Vs (x3) + Vv(z1)Va (x2) Pe(x3) 


SB) alee te Ge ua Cose ot O Co wo a Vo Co va T 








gla (01) (02) em) — Va (x1) Vc(x2) Vp (3) zr Vy (21) va (x2) Vc (3) 


EUH alee usd idis MERCH S CES CONC OTC IK 











Problem 5.8 





p= A|v(ri, r2, 15, ... rz) c V(ro,rira,... rz) + Y(r2, rs,ri,... rz) + etc.], 


where “etc.” runs over all permutations of the arguments r1, ro,... , rz, with a + sign for all even permutations 
(even number of transpositions r; — rj, starting from r1,r2,... , rz), and + for all odd permutations (+ for 
bosons, — for fermions). At the end of the process, normalize the result to determine A. (Typically A = 1/VZ!, 
but this may not be right if the starting function is already symmetric under some interchanges.) 





Problem 5.9 


(a) The energy of each electron is E = Z?E4/n? = 4E41/4 = E, = —13.6eV, so the total initial energy is 
2 x (—13.6) eV= —27.2 eV. One electron drops to the ground state Z?E,/1 = 4E, so the other is left 
with 2E, — 4E; = —2E, = |272 eV. 














(b) He* has one electron; it's a hydrogenic ion (Problem 4.16) with Z — 2, so the spectrum is 





1/A — 4R (1/n} - 1/n2). where R is the hydrogen Rydberg constant, and n;, n, are the initial and final 











quantum numbers (1, 2, 3, ... ). 


Problem 5.10 


(a) The ground state (Eq. 5.30) is spatially symmetric, so it goes with the symmetric (triplet) spin configura- 
tion. Thus the ground state is orthohelium, and it is triply degerate. The excited states (Eq. 5.32) come 
in ortho (triplet) and para (singlet) form; since the former go with the symmetric spatial wave function, 
the orthohelium states are higher in energy than the corresponding (nondegenerate) para states. 
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(b) The ground state (Eq. 5.30) and all excited states (Eq. 5.32) come in both ortho and para form. All are 
quadruply degenerate (or at any rate we have no way a priori of knowing whether ortho or para are higher 
in energy, since we don’t know which goes with the symmetric spatial configuration). 


Problem 5.11 


(a) 
( 1 ) ( 8 a J T NN |e 
on he, | r2| d?r 
Ira — ra] na? Vr? + r3 — 2rira cos 05 i i 


SS Mmmm 
+ 














$—2« | S edna tra)/a i : ae dbz | r2 dr; 
0 o Vr? +r — 2rire cos b2 


SS Ms 
* 


T 








1 
* = ——4/r? + r2 — 2r4r3 cos 05 
172 
TiT2 





1 
SE |n +r + 2rir2 — yr + rz — inns 
0 1'2 


€ — [(ra 72) — |i = ral] = { - o à E 


1 TL oo 
$ = Ane t/a =f r2e 4r2/aqy., +f re*l*dr] . 
T1 


0 Ti 


] f^ 1 2 4 
= ree 7472/4 drs IA. |-inde tn" + a (£) e74r2/a (-2 Er 3 
rı Jo rı 4 2\4 





2 2 
= = aks 2,—4r1/a ary —4ri/a ds. —4rı/a _ da 
Ir rie + 2 € + e S 


2 
ary e 4n/a ts a 4ra 
16 


oo 2 4 99 
[oop tie hr cens 


i Ti 





a? arı a? a® arı a 
=4 —4ri/a —8ri/a 
y { 32r | a 8 Wm 4 =| i 
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1 oo 
= 8 2 sr f 2 o—4ri/a T 2 i a e 81/4 r? drı 
[r1 — ra] "a^ o in rı 




















(b) 























e? 1 5 e 1| 5Bmfe\* 5 5 
ee ^ => = = E = 1 $ = 4 C . 
V Ate (= —) 447€0 a 4 Rh? (—) 5 1) 5 a GeV (Rev 














Eo + Vee = (—109 + 34)eV = | —75 eV, | which is pretty close to the experimental value (—79 eV). 











Problem 5.12 


(a) Hydrogen: (1s); helium: (1s)?; lithium: (1s)?(2s); beryllium: (1s)?(2s)?; 
boron: (1s)?(2s)*(2p); carbon: (1s)?(2s)?(2p)?; nitrogen: (1s)?(2s)?(2p)?; 
oxygen: (1s)?(2s)?(2p)5; fluorine: (1s)?(2s)?(2p)°; neon: (1s)?(2s)?(2p)°®. 
These values agree with those in Table 5.1—no surprises so far. 


(b) Hydrogen: ?5;,/5; helium: ‘So; lithium: ?S1/2; beryllium !Sg. (These four are unambiguous, 
because the orbital angular momentum is zero in all cases.) For boron, the spin (1/2) and orbital (1) 





angular momenta could add to give 3/2 or 1/2, so the possibilities are 2 P3 /2 OT 2P) /2. | For carbon, the 











two p electrons could combine for orbital angular momentum 2, 1, or 0, and the spins could add to 1 or 0: 
1S9, 3.91, 1 B, P2, 3 P1, 3 P3, ! D3,? D3, 3 D3,? D1. | For nitrogen, the 3 p electrons can add to orbital angular 
momentum 3, 2, 1, or 0, and the spins to 3/2 or 1/2: 











281,2. Spa; Pija, Paja, “Pija, $ Paja, Psy, "Dara  Dsya; : 
Dy j2,°D3/2,°Ds/2)°D7/2,° F5;2, * P312, 3/2, P542, °F 7/2, F9j2. 
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Problem 5.13 


(a) 
(b) 


(c) 


(d) 


Orthohelium should have lower energy than parahelium, for corresponding states (which is true). 


Hund’s first rule says S = 1 for the ground state of carbon. But this (the triplet) is symmetric, so the 
orbital state will have to be antisymmetric. Hund’s second rule favors L = 2, but this is symmetric, as 
you can see most easily by going to the “top of the ladder”: |22) = |11),||11)2. So the ground state of 
carbon will be S = 1, L = 1. This leaves three possibilities: ?P5,? Pj, and ? Py. 


For boron there is only one electron in the 2p subshell (which can accommodate a total of 6), so Hund's 
third rule says the ground state will have J — |L — S|. We found in Problem 5.12(b) that L — 1 and 


S = 1/2, so J = 1/2, and the configuration is |? P, /2. 














For carbon we know that S — 1 and L — 1, and there are only two electrons in the outer subshell, so 











Hund's third rule says J = 0, and the ground state configuration must be |? Py. 





For nitrogen Hund's first rule says S = 3/2, which is symmetric (the top of the ladder is |3 3) = 
iila 3)2]i 3)3). Hund's second rule favors L = 3, but this is also symmetric. In fact, the only 
antisymmetric orbital configuration here is L = 0. [You can check this directly by working out the 
Clebsch-Gordan coefficients, but it's easier to reason as follows: Suppose the three outer electrons are in 
the “top of the ladder" spin state, so each one has spin up (|3 3)); then (since the spin states are all the 
same) the orbital states have to be different: |1 1), |10), and |1— 1). In particular, the total z-component of 
orbital angular momentum has to be zero. But the only configuration that restricts L, to zero is L = 0.] 
The outer subshell is exactly half filled (three electrons with n = 2, l = 1), so Hund's third rule says 
J = |L — S| = |0 — 3| = 3/2. Conclusion: The ground state of nitrogen is | 5555. | (Table 5.1 confirms 


this.) 














Problem 5.14 











S= 2; L=6; J = 8. | (1) (25) (2p) (35)? (3p)" (34) ^ (45)? (4p)* (4d) ^ (55)? (5p) (Af) "(65)". 





definite (36 electrons) likely (30 electrons) 


Problem 5.15 
Divide Eq. 5.45 by Eq. 5.43, using Eq. 5.42: 





Etot/Nq  R(3r?Nq)5 1 2m 23 


Ep l0r2mV?/3 Nq h2(3n2Nq/V)2/3 — 





[o1 











Problem 5.16 


h2 
(a) Er = 5; Gp? y. p 


oN} N atoms moles gn NA 





m = = . he Na is A dro’s 
V V mole à gm volume M d, where Na is Avogadro’s 


number (6.02 x 107%), M = atomic mass = 63.5 gm/mol, d = density = 8.96 gm/cm?. 
(6.02 x 10?3) (8.96 gm/cm?) d.c dics 
— 8.49 x 10 — 8.49 x 10 : 
P (63.5 gm) LA spem Kd um 
(1.055 x 10347 - s)(6.58 x 10-19eV . s) 
(2)(9.109 x 10-31kg) 











(31? 8.49 x 1078 /m3)2/3 — 7.04 eV. 








Ep = 
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(b) 
v? 14.08 


04 eV = v 14.08 
TOREN c2 511x 106 


(0.511 x 10%eV/c?)v? > = 2.76 x 1075 => 2 = 5.25 x 1073, 
Cc 


1 
2 








so it’s | nonrelativistic. | v = (5.25 x 1073) x (3 x 108) = | 1.57 x10° m/s. 


(c) 























7.04eV 


= =[8.17 x 104 K. 
8.62 x 10-5 eV/K E 














(d) 





(352) R? c, — (87?) (1.055 x 10-34)? 

















Poco xm 77 3999x109 O 1075/2 N /m* — |3.84 x 101? N/m’. 
Problem 5.17 

puo a NO ME Ay-555 4. go cy c y A (Z9) voro = Pays = Bp 

|. 5m V 7 WV 3 3 SES 





For copper, B = 3(3.84 x 101? N/m?) — |6.4 x 101? N/m?. 











Problem 5.18 
(a) Equations 5.59 and 5.63 > v = Asin kx + Bcoskz;  Asinka = [een — cos ka] B. So 


Asin ka A 
= Asin kz + — — ——. cos kx = —— [ie 

n eee (eK — cos ka) c (eiKa — cos ka) ie 

AciKa 


e! Ka — cos ka` 


sin kx — sin kx cos ka + cos kr sin ka] 
= C{ sin kz + e "A^ sin[k(a — x)|}, where C = 


(b) If z = ka = jm, then sinka = 0, Eq. 5.64 > cosKa = coska = (—1) => sin Ka = 0, so e'K^ = 
cos Ka + isin Ka = (—1)’, and the constant C involves division by zero. In this case we must go back to 
Eq. 5.63, which is a tautology (0=0) yielding no constraint on A or B, Eq. 5.61 holds automatically, and 
Eq. 5.62 gives 





2m 
h2 


Here w is zero at each delta spike, so the wave function never “feels” the potential at all. 





kA— (-1)'k [A(-1)) -0] = BR B 2 B=0. So [b= Asinkz. 











Problem 5.19 


We're looking for a solution to Eq. 5.66 with 6 = 10 and z Si v: f(z) =cosz+ 10g. 
Rk? hz? da ge (2.62768) 


2m 2ma? 20a 20 

















2 
eV — 0.345 eV. 








Mathematica gives z = 2.62768. So E 
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Problem 5.20 


Positive-energy solutions. These are the same as before, except that œ (and hence also 8) is now a negative 
number. 
Negative-energy solutions. On 0 < x < a we have 


d? —2mE 
- = k?p, where k= a => (x)= Asinh kz + B cosh kz. 


According to Bloch's theorem the solution on —a < x « 0 is 








w(x) = e-**4 [A sinh k(x + a) + Bcosh k(x + a)]. 
Continuity at x = 0 => 
B=e'**[Asinhxa+ Bcoshka], or Asinh «a= B [e** — cosh ka]. (1) 
The discontinuity in 7)’ (Eq. 2.125) — 


2ma 
h2 


2ma ; 
ER e iKa 
hk 





KA—e iK*& [A cosh ka + B sinh ka] = B, or A[1 — e ?** cosh xa] = B sinhka|. (2) 


Plugging (1) into (2) and cancelling B: 





; = 2ma , E ; 
(e' ^ — cosh ka) (1 — e~** cosh ka) = sinh xa + e ^ sinh? Ka. 


h?k 


. : . 2ma 
iK iK iKa sinh? ka= 








ea _ 2 cosh ka + e !K* cosh? Ka — e^ 5 sinh Ka. 
h?k 
; 4 2ma . ma, 
eka 4 e-iKa _ 9 cosh ka + Fen sinh ka, |cos Ka = cosh ka + Ra sinh Ka. 
K K 











This is the analog to Eq. 5.64. As before, we let 8 = maa/h? (but remember it's now a negative number), and 
this time we define z = —«Ka, extending Eq. 5.65 to negative z, where it represents negative-energy solutions. 


In this region we define 


inh 
f(z) = cosh z + 8 ua 





(3) 


In the Figure I have plotted f(z) for @ = —1.5, using Eq. 5.66 for postive z and (3) for negative z. As 
before, allowed energies are restricted to the range —1 < f(z) < 1, and occur at intersections of f(z) with the 
N horizontal lines cos Ka = cos(27n/Na), with n = 0,1,2... N — 1. Evidently the first band (partly negative, 
and partly positive) contains N states, as do all the higher bands. 


3 . 





1! 
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Problem 5.21 


2 
Equation 5.56 says K = A => Ka= 2 at the bottom of page 227 we found that n —0,1,2,..., N — 1. 
a 
Each value of n corresponds to a distinct state. To find the allowed energies we draw N horizontal lines on 
Figure 5.6, at heights cos Ka = cos(27n/N), and look for intersections with f(z). The point is that almost all 
of these lines come in pairs—two different n’s yielding the same value of cos Ka: 


N=1=>n=0=cosKa=1. Nondegenerate. 








N=2 n = 0,1 = cos Ka = 1,—1. Nondegenerate. 





N=3 n = 0,1,2 > cos Ka = 1, -i, -i. 'The first is nondegenerate, the other two are degenerate. 





N=4 >n=0,1,2,3 > cos Ka = 1,0,—1,0. Two are nondegenerate, the others are degenerate. 





Evidently they are doubly degenerate (two different n’s give same cos Ka) except when cos Ka = +1, i.e., at 
th 
1 (see Figure, drawn for the case N = 8); by symmetry, there is always one with negative imaginary part 
symmetrically opposite each one with positive imaginary part; these two have the same real part (cos Ka). 
Only points which fall on the real axis have no twins. 





top or bottom of a band. | The Bloch factors e’*% lie at equal angles in the complex plane, starting with 


[o] 











sin(Ka) 


cos(Ka) 





Problem 5.22 
(a) 














3 
1 2 . 5TZAN. "nzBN. Irre . 5rra\ lYzzBN. '"nzo 
v(rA,zp,tc) = = = sin sin sin sin sin sin 
V6 a a a a a a a 











. UnzAXN. lY-vrzB". 5rrc ÜUnzAN. 5rrB\ . lTrgec 
-sin sin | ——— | sin sin sin sin 
a a a a a a 
. lY"TXzAN. 5rrgB\. Trec ] lY"TXAN. "niBN. 5mrc 
+sin sin sin sin sin sin ; 
a a a a a a 


e epe 
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(b) (i) 








) 
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(ii) 








+= (VE) peo ema (s 
+n (TEA) n (FTE) sn (8) sm (9724) sm (E8) sa (250) ] 








(iii) 











3 
1 "B . foónvyANV . (Trepp \ . 17720 . f(5n9AN . l/mzpgN . (mro 
Y = — — sin sin sin + sin sin sin 
V6 a a a a a a a 




















+sin 











Problem 5.23 

















: TARA N lTrrg\ . STL ; Tmza\ . omzBp\ . 17120 
+ sin sin | ——— | sin | —— | +sin sin | ——— | sin 
a a a a a a 
1l77z4\ . omzp\ . '"nzo . lY-rzAN. "nzBgBN. 5"xo 
sin sin | ——— |-Fsin| ——— | sin sin ; 
a a a a a a 







































































(a) hans = (ni T n2+n3+ 3) hw = Shw > nı +Nn2 + N3 = 3. (n1, n2, n3 = 0, 1,2,3 — ). 
State Configuration # of States 
ny Ti2 n3 (No, Ni, Na...) 

0 0 3 
NES 0 | [(2,0,0,1,0,0 ...) 3 Possible single-particle energies: 
3 0 0 
0 1 2 Eo = hw/2: Py = 12/30 = 4/10. 
0 2 1 Ej = 3hw/2: P, = 9/30 = 3/10. 
1 0 2| (L11,00)0 ...) 6 Ez = 5hw/2: Pp = 6/30 = 2/10. 
1 2 0 Es = Thw/2: Pj = 3/30 = 1/10. 
2 0 1 
2 1 0 
1l 1 1 | (0,3,0,0,0 ...) | 1 
































Most probable configuration: | (1,1,1,0,0,0...). 

















Most probable single-particle energy: | Eo = thw. 











(b) For identical fermions the only configuration is | (1,1,1,0,0,0 ...) (one state), | so this is also the most 











probable configuration. The possible one-particle energies are 


Eo (Po = 1/3, Fi (Pi = 1/3), E2 (P = 1/3), 














and they are all equally likely, so it’s a 3-way tie for the most probable energy. 








(c) For identical bosons all three configurations are possible, and there is | one state for each. 











Possible one- 





particle energies: | Eo( Po = 1/3), FA(P| = 4/9), E2(P; = 1/9), E3 (P3 = 1/9). | Most probable energy: | Ej. 
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Problem 5.24 












































































































































rr 1 
Eq. 5.74 Q=6]]| Nat (distinguishable), 
n=} 
Here N = 3, and dn = 1 for all states, so: É 1 . 
Eq. 5.75 > Q = I NIG AES (fermions), 
Eq. 5.77 > Q=1 (bosons). 
(In the products, most factors are 1/0! or 1/1!, both of which are 1, so I won’t write them.) 
1 
Q-—6x qp 1 (distinguishable), 
: 1 ^1 
Configuration 1 (Ni; = 3, others 0): 4 Q = a C3 -[0 (fermions), 
=/1 (bosons). 
1 
Q-—6x dX a= 3 (distinguishable), 
. 1 I 
Configuration 2 (N; = 1, Ni3 = 2): ae z ; 
onfiguration 2 (Ns 13 34 Q= itor * ICD = 0 (fermions), 
=/1 (bosons). 
1 1 STRA 
—6x a ae 3 (distinguishable), 
i — = 1): 1 d : 
Configuration 3 (N1 = 2, N19 = 1): Q= xc x D^ 0 (fermions), 
Q-|1 (bosons). 
1 1 1 RE 
Q=6x 1*n*po 6| (distinguishable), 
NM ee Loge dee. | 
Configuration 4 (N5 = Nz = N,; = 1): Q= ug ig x dg 1 (fermions), 
Q= "i (bosons). 





All of these agree with what we got “by hand" at the top of page 231. 


Problem 5.25 











N —1:- can put the ball in any of d baskets, so | d | ways. 





- could put both balls in any of the d baskets : d ways, or 
N — 2:4 - could put one in one basket (d ways), the other in another(d — 1) ways—but it 
doesn't matter which is which, so divide by 2. 





Total: d+ 3d(d — 1) = 3d(2 + d — 1) =| id(d + 1) | ways. 











- could put all three in one basket : d ways, or 
N —3:4-2in one basket, one in another : d(d — 1) ways, or 
- 1 each in 3 baskets : d(d — 1)(d — 2)/3! ways. 


Total: d+ d(d — 1) + d(d — 1)(d — 2)/6 = 1d(6 + 6d — 6 + d? — 3d + 2) = 4d(d? + 3d + 2) 
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=| dene?) 


ways. 
6 | y 





- all in one basket: d ways, or 
- 3 in one basket, 1 in another: d(d — 1) ways, or 
N —4:4-2in one basket, 2 in another: d(d — 1)/2 ways, or 
- 2 in one basket, one each in others: d(d — 1)(d — 2)/2, or 
- all in different baskets: d(d — 1)(d — 2)(d — 3)/4! 


=i 
-1 


Total: d+ d(d — 1) 4- (d — 1)/2 + (d — 1)(d — 2)/2 + d(d — 1)(d — 2)(d — 3)/24 
= 34 (24 + 24d — 24 + 12d — 12 + 12d? — 36d + 24 + d? — 6d? + 11d 6) 
d(d 4- 1)(d 4- 2)(d -- 3) 
24 


PN = — 1)! E 
The general formula seems to be f(N,d) — M L Caer) ieee = A n = (‘ Did j: 














ways. 








= 4d(d? + 6d? +11d + 6) = 




















Proof: How many ways to put N identical balls in d baskets? Call it f(N, d). 

- Could put all of them in the first basket: 1 way. 

- Could put all but one in the first basket; there remains 1 ball for d — 1 baskets: f(1,d — 1) ways. 
- Could put all but two in the first basket; there remain 2 for d — 1 baskets: f(2,d — 1) ways. 


- Could put zero in the first basket, leaving N for d — 1 baskets: f(N,d — 1) ways. 


Thus: f(N,d) = f(0,d—1)+f(1,d—1)+ f(2,d—1)4+---+f(N,d-1) = ee f(j,d—1) (where f(0, d) = 1). 
It follows that f(.N, d) = poem, f(j,d—1)-- f(N,d—1) = f(N —1,d) 4- f(N, d — 1). Use this recursion relation 
to confirm the conjectured formula by induction: 











(37): (2) ON) deat S53 


(d 4- N — 2)! 
"Nig ee 





(d--N—1!) (d+N-1 
NY(d — 1)! -( dc ) Y 


It works for N — 0: Ca) =], and ford=1: (A) = 1 (which is obviously correct for just one basket). QED 


Problem 5.26 
A(xz, y) = (2z)(2y) = 4vy; maximize, subject to the constraint (x/a)? + (y/b)? = 1. 


b (xy) 
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OG 2Ax Ac 
m 2 2 = _ = 
2A 2 À * 
x = de + T =0>4r =- (-=5) aaa x = 0 (minimum), or else A = +2ab. 
2abx b : ips : 
Soy =F 203 a We may as well pick x and y positive, (as in the figure); then y = (b/a)x (and 
a a 
ame 2 
A = —2ab). AS = 0 (Z )« ( )- (of course), so 75 + 5 = 1 or ar -l or x = a/4/2, and hence 
y = ba/(aV2) > y = b/ V2. A= hs 2ab. 


Problem 5.27 


(a) In(10!) = In(3628800) = 15.1044; 101n(10) — 10 = 23.026 — 10 = 13.0259; 15.1044 — 13.0259 = 
2.0785; 2.0785/15.1044 = 0.1376, or |1496| 























z | % 
20 | 5.7 
100 | 0.89 
(b) The percent error is: BUE E uc 100. 50 | 1.9 
In 90 | 0.996 
85 | 1.06 
89 | 1.009 














Since my calculator cannot compute factorials greater than 69! I used Mathematica to construct the table. 
Evidently, the smallest integer for which the error is « 196 is | 90. 














Problem 5.28 











Equation 5.108 > N = sa | k?n(e) dk, where n(e) is given (as T — 0) by Eq. 5.104. 
TE Jo 
y phmex V k hk? 2mE 
So N = 55 f k? dk = 55", where kmax is given by —™%* = (0) = Ep = kmax Eos 





N= $ cm (2mEg)?/2, Compare Eq. 5.43, which says 














Ep = 


P O(,.NqVD — (QmEp)3/? Nq V oe 
Fm, (ss V , Or h8 = 3m V , Or N= sag Cm EF) / 2 


Here q — 1, and Eq. 5.108 needs an extra factor of 2 on the right, to account for spin, so the two formulas agree. 











Vh? fre e VR V 5/2 
Equation 5.109 > Etot = i Ke dk = zap p P Brot yas mE) /2, 











Vh? 
Compare Eq. 5.45, which says Erot = 1052 15:25, masc Again, Eq. 5.109 for electrons has an extra factor of 2, so 
the two agree. 
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Problem 5.29 





> 0 => ee M/kaT ~ 1 > (=p) 


(a) Equation 5.103, n(e) >0 > e(e—H)/keT —1 kpT 


allowed energies e. 





> 0 > |e > u(T), | for all 











h2 
(b) For a free particle gas, E = — k? — 0 (as k — 0, in the continuum limit), so u(T) is always negative. 











Rr? (1 1 1 
(Technically, the lowest energy is T ( 2 2 + =) , but we take the dimensions /; 1,1, to be very large 
in th ti limit.) Equati oie M : B Es dk. 'The int d is 
in the continuum limit.) Equation 5. => N/V = aj, Tam eT 10^ e integrand is 


always positive, and the only T dependence is in p(T’) and kgT. So, as T decreases, (h?k?/2m) — (T) 
must also decrease, and hence —u(T) decreases, or u(T) increases (always negative). 


N 1 g k? hR? k? vV2mkg'' vV2mkgT' 1 
(c) = n 31 dk. Let x= , So k = VEMTBT 41/2, tiia 
V 2g? fg eM amksT — 1 2mkpgT h h 2 


N 1 f2mkgTM?? 1. (99 z"? oo 3/21 
= da, whe da = T(3/2)¢(3/2). 
V saa ( n2 ) F S de, where f eue eo E) 


N mkpT V ?? Qh? N VP 
N T(3/2) = 2: 2) — 2.612 30 — = 2.612 ; Te = ' 
ovr(/2) = vs/ (3/2) - 261238, so = 2612 ( TT) a (sv 





dk — 





da. 


























(d) 


3 
N  mass/volume _ 0.15 x 10? kg/m = 23 x 102 /m?. 
V mass/atom 4(1.67 x 10-?? kg) 
































2n(1.05 x 10794] . s)? 2.2 x 1028 ?/3 
pes - [311 K. 
4(1.67 x 10-27 kg)(1.38 x 10-23 J/K) \ 2.61 m3 
Problem 5.30 
(a) 
2mc 2mc h (21e)? 
qu —2mv-— zy? 8 dw = — dX, and  p(w)-— Tek XN (ereje TA — 1)" 
1 27c = " 16z?hc 
p(w)|dw| = Sh (eire TÀ -i | x2 a = p(4) dÀ — |p(A) = AB (eirhe/k&TA — 1): 











(For density, we want only the size of the interval, not its sign.) 


(b) To maximize, set dp/dAÀ = 0: 


n; 2nhc/kpgTA 
0 = 162? hc 3 e (Qnic/kpT) (. 1 
A6(e2rhe/ka TA — 1) A5 (e2rhe/ka TA — 1)2 32 
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2nlic 
2nhc/kgTA^ _ H= 2rħc/kBTA 
=> 5(e )=e (=) : 


Let x = 2rħc/kgTA; then 5(e* — 1) = xe”; or 5(1 — e *) = x, or 5be * = 5 — x. From the graph, the 
solution occurs slightly below z = 5. 





Qnhe 1 (6.626 x 10-84 J - s)(2.998 x 108 m/s) 1 
Mathematica says £ = 4.966, so | Amax = & = 
a eee DS BOA (4.966)kg T (4966)0.3807 x 10-23 J/K) T 

















2.897 x 107? m-K/T. 











Problem 5.31 
From Eq. 5.113: 


E Eo h ES w3 _ fw 
e f p(w) dw = EN: 1 (eraik T —1) dw. Letr= ET Then 


E  h (kpT\* [9 23 (kpT)* (kpT)* , 74 mkt \ 4 
= dx = T(4)¢(4) = -6- = T 
V mq? ( h ) | ez — 1 i T2373 (4)¢(4) q2c3h3 6 90 15c3h3 


2(1, 10773 J/K) 
- 7^(1.3807 x 10 ^5 J/K) T* = 7.566 x 10716 1 
15(2.998 x 105 m/s)? (1.0546 x 10794 J - s)? SE 














Tt. QED 








Problem 5.32 
From Problem 2.11 (a), 


From Eq. 3.98, 


am = [7 svolala) da = (lal) = 5 (VR + V0 1) = ys 























h 3h 2h 
Equation 5.1 — $3)^)a = ! E 
(a) quation 5.19 — (x1 12) ja 2muw 2mw j mw 
2h h h 
. — 2 = = 
(b) Equation 5.21 => ((z1 — £2)*)+ mu nU mw ` 
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2h h h 
(c) Equation 5.21 > ((a1 — a2)*)_ = +2 ae : 














Problem 5.33 





(a) Each particle has 3 possible states: 3 x 3 x 3 =| 27. 











(b) All in same state: aaa, bbb, ccc > 3. 
2 in one state: aab, aac, bba, bbc, cca, ccb — 6 (each symmetrized). 


3 different states: abc (symmetrized) — 1. 





Total: | 10. 














(c) Only abc (antisymmetrized) => |1. 











Problem 5.34 








2m V 02 a 2m be dy 
intersection on a grid in “k-space”—this time a plane—and each state occupies an area T° /lsly = 1?/A (where 
A = ll, is the area of the well). Two electrons per state means 


1 Nq (2? NqV? 
i7 E = > (5) , or kp = (22%) = (2r0)!/?, 


272 2 n2 h2k2 
Equation 5.39 > Enon, = 4 (3 + j) = , with k= (T: 7). Each state is represented by an 





where o = Nq/A is the number of free electrons per unit area. 





u Rk? u M au theo 


pos 2m 2m m 
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Problem 5.35 
(a) 








d. uo h2(3n2Nq)?/3 (4 .N 9/8 an (9 s 
2-2 E- =|———_(=1Nq) . 
a e Im n 15mmR2 (4^ d 











(b) Imagine building up a sphere by layers. When it has reached mass m, and radius r, the work necessary 
to bring in the next increment dm is: dW = —(Gm/r) dm. In terms of the mass density p, m = $r?p, 
and dm = 4«r?drp, where dr is the resulting increase in radius. Thus: 


4 d 167? 
dW = —Ganr’pAnr’p = = =- p Grdr, 


and the total energy of a sphere of radius R is therefore 






























































167? R 167? p? R5 NM 
Ega = — 2G td = ——__—_G. But p ————,s 
g ra I d 15 MO Mang °° 
167? R3 .9N?M? 3 N?M? 
E rav — = 
* 15 C Ten RS d R 
(c) 
A 2h? (9 5/3 MT 
Erot = BOR where A = bam (Zana) and B= ;CN M 
dE rot PEEP eng pies Ap pee ED oy d -—— 
= = = 5 SS =N. $ 
dR m ^m i 15gm M4 3)  83GN2M? 
5/3 2/3 
e mo (%7 T GNIS ae NON - qui ge . 
9r 4 N? j| GmM? 4 GmM? N1/3 
"T ey (1.055 x 10-94 J - s)2(1/2)5/3 ae 
4 (6.673 x 10-11 Nm?/kg?)(9.109 x 10-3! kg) (1.674 x 10-27 kg)? 
= | (7.58 x 10% m) N+. 
(d) Mass of sun: 1.989 x 103° kg, so N = d 1.188 x 1057; N-1/3 = 9.44 x 107 
A x ~ L674x10-7 ^ nos ' 





R = (7.58 x 107°)(9.44 x 1077?) m =| 7.16 x 108 m | (slightly larger than the earth). 
(e) 














h? Nq Am h? 9m 213 
From Eq. 5.43: Er = : = — | =N . Numerically: 
rom Eq. 5.43 P= > (ss Umi omm (5 a) umerically 
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(1.055 x 10-84 J. s)? 9n i 


es 1.188 x 10°7)=| = 3.102 x 10-4 
F — 2(9.109 x 10-31 kg)(7.16 x 106 m)? q (1-188 x 10°") 5 3.102 x 10714 J, 








3.102 x 10-4 ya 
1.602 x 10-19 . 


Ej = mc? = 5.11 x 10° eV, so the Fermi energy (which is the energy of the most energetic electrons) is 
comparable to the rest energy, so they are getting fairly relativistic. 


1.94 x 10° eV. 








or, in electron volts: Ep = 





Problem 5.36 


























(a) 
/3 
V oo hcV [** 3 hcV |, 3r? Nq à 
dE = (lick) 5 k dk — Erot = EA i k? dk = qu^5 kp = V . 
So Erot =| — (812Ng)4/3V 1/8, 
47? 
(b) 
4 53 hc 2 vua ( 4T SMS he (9 H3 
a E, gc N mE = —— | -rN 7 
da 2 acs = yag Nay Ug 30k \4" d 
Adding in the gravitational energy, from Problem 5.35(b), 
A B hc (9 id 3 dE (A-B) 
PA ———-—-— here A = — [| rN d B = GN? M?. e =0> A=B 
PARR ge JUSSI (i a) dd 5 dR m i 


but there is no special value of R for which Esot is minimal. Critical value: A = B(Esot = 0) > 


he (9 a NM" 
x (Zana) = ONM", eR 











n, = S ugs (Be 6 ll 2 15 e ( 1099 x 1077 Js x 2.998 x 109 m/s e (1/2)? 
16 G M3| 16 6.673 x 10-11 N - m2/kg? (1.674 x 10-27 kg)? 

















—2.04 x 10?7.| (About twice the value for the sun—Problem 5.35(d).) 





(c 


— 


Same as Problem 5.35(c), with m — M and q — 1, so multiply old answer by (2)/5m/M: 


(9.109 x 10-31) 


Rape 
(1.674 x 10-27) 


(7.58 x 10% m)N-1/? = (1.31 x 107? m)N- V3, Using N = 1.188 x 105”, 








R = (1.31 x 10” m)(9.44 x 107??) =|12.4 km. | To get Ep, use Problem 5.35(e) with q = 1, the new R, 
and the neutron mass in place of m: 














7.16 x 109? /9.11 x 10-21 
Ep = 2/8 1.94 x 109 eV) = 5.60 x 107eV = [56.0 MeV. 
à (SS) E 94 x 10° eV) = 5.60 x 10' eV =| 56.0 MeV 


'The rest energy of a neutron is 940 MeV, so a neutron star is reasonably nonrelativistic. 
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Problem 5.37 
(a) From Problem 4.38: En = (n+ 3)hw, with n =0,1,2,...; dn = $(n+1)(n+4 2). 
From Eq. 5.103, n(c) = e-€-)/*5T, so N, = i(n +1)(n+ 2)e(u- $9) /kBT o—nhe/kgT. 


oo 1 oo 
N= 5 Nn = see Nn 1)(n--2)z", where z = e-""/*5T, Now 
n=0 








n=0 
: So i: EX E per ER cr NE E 
l-r eei l-g a dz \ l-r = (1— x)? = 
so Bel a e a a aa 
GESE TA ja”, and hence d: cay z2 \(n+2)a" = =a 
C 2 3 1 
n. = u/kpT —shw/kpT 
So (n+1)(n + 2)2 = Tews So N=e e 2 (a en hoTeaT ys 


n=0 





et/keT — N(1 — e~hw/keT)3eghw/keT: |u = keT [InN + 3ln(1 — e 4/887) + 3ħw/kBT]. 











oo 1 oo 
E= 5 Np En = TE n +3/2)(n + 1)(n4-2)z". From above, 
n=0 


n=0 








2453/2 oo 2 d 9453/2 oo Er 
gu A DIR (a) = Lr 3/0 + ye), or 
3 1 d of 2 3g1/2 3453/2 (142 
2 sso EES) oet m de (a —) = AA la = a =| 7 d A 


—hwf/kgT 
E = s hwet- Pha aT au Te : : ) But eU ghw)/kpT = N(1 E gar ket so 


(1 — e-he/kaTyA" 








E (1 rec he/kaT) 
E= 5 Niw (1 = e-he/kaT) : 














T 
z 
E 


(b) kgT << hw (low temperature) > e~"/'8T x 0, so| E (u Shu). In this limit, all particles 











are in the ground state, Eg = 3l. 











(c) kgT >> hw (high temperature) > e~/"8T z; 1 — (hw/kpT), so| E ~ 3NkpT 
(u ~ kpT [In N + 31n (hw/kgT)]) . The equipartition theorem says E = N 3i kpT, where # is the number 
of degrees of freedom for each particle. In this case #/2 = 3, or | # = 6 | (3 kinetic, 3 potential, for each 


particle—one of each for each direction in space). 
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Chapter 6 


Time-Independent Perturbation 
Theory 


Problem 6.1 
(a) 


Læ) = ysin (252), so E = (WIER) = Ža f sin? (22) (o - 8) ae, 








pe 2a . 5 (= 2) E 5 (=) » 0, ifn is even, 
a= a e Naa ia RAT 2a/a, if n is odd. 


For even n the wave function is zero at the location of the perturbation (x = a/2), so it never “feels” H’. 











(b) Here n = 1, so we need 


(WOIE) = 72 f sin (222) 6 (s 5) sin (Za) de = “sin (ZE) sin (F) = Z2 sin (25). 


This is zero for even m, so the first three nonzero terms will be m = 3, m = 5, and m = 7. Meanwhile, 

















wR? 
E? — - rye — m?), so 
00 (2a/a)sin(mm/2) ọ 2a2ma? | —1 o 1 0 E NM 
er 2 E? — E9 Vm eur qug is qoas a e 
mE; So He 





O E 1. (3n iuit so buda n. 

pim g sin a 5, 8n a 7g $ a 254 
ma jaj, 37 1 is 5m 1 E TT 

= RM sin mus y S at tgan a Seren ee 
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Problem 6.2 
(a) E, = (n+ §)hw", where w” = yk(1 + 6)/m = wyT +€ = w(1 + 3e— e + Le...) so 
En = (n+ $)hwV/1 + € = (n+ $)hw(1 + $e — tet). 
(b) H' = $k’x? — ka? = Ska? (1-- € — 1) = e(3kz?) = eV, where V is the unperturbed potential energy. So 
= (Y? |H' Y!) = e(n|V|n), with (n|V|n) the expectation value of the (unperturbed) potential energy 


in the nt” unperturbed state. This is most easily obtained from the virial theorem (Problem 3.31), but it 
can also be derived algebraically. In this case the virial theorem says (T) = (V). But (T) + (V) = En. So 


(V) = 4E} = (n + i)hw; |E} = $(n-4 $)hw,| which is precisely the e! term in the power series from 
part (a). 


























Problem 6.3 
(a) In terms of the one-particle states (Eq. 2.28) and energies (Eq. 2.27): 











2 2A? 
Ground state: (21,22) = va (£1)Y1 (£2) = F sin (=) sin (=); E? = 2E; = S 




















First excited state: Y9(x1, £2) = P [V1 (21) 2 (22) + Va (21)V1 (x2)] 


2 2 2 5 272 
=| 2 [sin (222) sin (222) + sin (28%) sin (%)],] m mem-im 
a a a a a 2 ma? 
































(b) 





Ei = (WY |H' |b?) = (—aVo) £ ) L [ sn? ) sin? (=) ó(z2 — 2) dv, dag 


4 5 4 k 4 
m sin (=) dr =-™1 f sin! y dy = Vo ene 25. 
a Jo a a T Jo -" 8 2 

















= (v5|H'|v$) 


2 
FU) (a ;) J, sin (== ) sin (22) + sin (==) sin (5) Ó(x1 — 12) dz, da» 
ü 2 
= -95 f" [sin (ZE) sin (2) + sin (22) sin (22) ac 
a 0 a a a a 


8V f^ 2 8W d 
=- sin? (=) sin? (=) dr =- . f sin? y sin?(2y) dy 
a Jo a a a Tjo 




















8V, A 32V 
=- sin? ysin? y cos? y dy = — ET 
a 0 T Jo 
32Vo /(3m 5r 
= = |—2Vo. 
T ( 8 x) Yo 
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Problem 6.4 


















































(a) 
ó 0 2 l qmm QN . fmm 20 . /(mmN . (mm 
(Wm Hn) = -a sin ( z) 9 (a ) sin ( x) dz = sin ( ) sin ( ) ; 
a Jo a 2 a a 2 2 
which is zero unless both m and n are odd—in which case it is +2a/a. So Eq. 6.15 says 
2a 1 wh? 
E2? = ( ) . But Eq. 2.27 says ED = ——n?, so 
n 0 _ po n Qn 
ur sag d (E9 — E9) 2ma 
0, if n is even; 
2:— 2 1 
Th mÆn, odd (n CUP ) 
: 1 
'To sum the series, note that = ww -) 'Thus, 
a +n m-n 
iw SP = 32 Gh 2 x) 
d 1 m 1 1 1] ES! Ty... 
(244 4 6 8 2X 2 4’ 
forn=3: yj-l X deest "- 
= 6 m+ = m—3 
1,5,7,. 
lfl 1.1 1]. X. ol. Ll: d..1 1 1 1 
= + —— |. |= [>] =- 
6\4 8 10 2 2 4 6 8 10 6 6 36 
In general, there is perfect cancellation except for the “missing” term 1/2n in the first sum, so the total 
1 1 1 2 0, if n is even; 
? 2n ( x) |». (2n)? STONE p { —2m (a/rħn)?, if n is odd. 
(b) 
r l2 0 | EFM 4/0 1 2 : 
H = gcke > Wn E s) = zke |n). Using Eqs. 2.66 and 2.69: 
2 h 
(m|x?|n) = —— (m|(a3. + a.a. + aa. + à? )|n) 


2mw 


= | (n 4- 1)(n + 2)(m|n + 2) - n(m|n) + (n+ 1) (m|n) + /n(n — 1)(m|n — 2) 


2mw 
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So, form zn, (WAIA) = (Ske) (55) [VOE IHF mnia + Vn D oa]. 


2mw 





dux: es VOF DAF bmn n D Aaa]. 
( yx (n+ $)fu — (m+ 5)hw 


mn 


— € x^ [(n-4 1)(n 2) 642 + n(n — 1) 9-2] 
© 16 2 mes 








mn 





Phi EDU n(n =1) |-=| s(n 1)(n+2) + a(n -1) 











16 | n—-(n+2) | n—(n—2) 16 | 2 
EY n? — 3n 2 2 - n? per 4n — 2) = eli Wut 
82 82 T 38 2 











(which agrees with the €? term in the exact solution— Problem 6.2(a)). 


Problem 6.5 



































(a) 

El = (JO|H'|y9) = —gE(n|z|n) = [0] (Problem 2.12). 

From Eq. 6.15 and Problem 3.33: E2 = (qE) V; JURE 

^ ert (n — m)hw 
-GEP A y [Yn Sman + VR bmn al? _ (GE) so (nt D mnr + nón ai] 
hw 2mw En (n — m) 2mw? un (n — m) 
(EY | (n1) n _ (gE)? _|_ (Ey 
— 2mo? n—@+1) n-ai RU PEERS 2mw?' 
he dp l 33 : : 

(b) -3m dr? n ae Bo qEx | = Ew. With the suggested change of variables, 








1 1 EA E 
-mu?z? — qEx | = mw? |a! + 4 — qE |x' + E: 
2 2 mw? mw? 


2.4 qE 1 2 (4E? , (qE)? = 1 2 12 1 (qE)? 
£ mw? T Dre m?w4 ae mu? QM Cn mpi 








2 
= ga + mw 
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So the Schrödinger equation says 


h^ yY 1 uS us 1 (qE)? 
XR TM ae Wie ny LS 
2m dx!” T gm up | i 2 mw? | V, 


which is the Schródinger equation for a simple harmonic oscillator, in the variable z'. The constant on 
the right must therefore be (n + 3)hu, and we conclude that 








E, = (n4 ae TODE 





2 mw? ` 











The subtracted term is exactly what we got in part (a) using perturbation theory. Evidently all the higher 
corrections (like the first-order correction) are zero, in this case. 


Problem 6.6 


(a) 


(b) 





(u9 |u9) = (Case + &. v) (o- v9 + 8-v)) 
= až a. (Wale) + až B- (U9|U9) + Bia (UB V0) + 85.8— (be we) 








Il 
Q 














*a— + 6, 6_. But Eq. 6.22 > b4 = a+ (Et — Waa)/Wab, so 


af 1 * 
01,/,0\ ank i (Ey = Waa) (E aa Waa) _ A, ae 2 1 1 
oS a Was" Wes imap elt ee wee Ma 





'The term in square brackets is: 
[] = EL El — Waa (Et + EL) + | Waj|? + W2,. But Eq. 6.27 > EL = $[(Waa + Wo) + y], where y is 


shorthand for the square root term. So El +E! = Waa Wy, and 











1 1 
ELE = 4 [(Waa + Wy)? - (/)?] = 4 [(Waa + Wy)? (Waa Wy)? AIWas?] = Waa Wob a |Was|?- 


Thus [ ] xd Waa Wob c [Wai]? S Waa(Waa T Woo) zie [Wae]? + W2, = 0, so (u9 |J? ) =0. QED 


(HEI A 2) = oXo- (al pa) + o^,8- (Walp) + 85o— (5H Wa) + B46 Qo HT |i) 


= a a_Waa + o 8-Wa + 810 — Ws + BY 6-Wob 








x Waa) (Ei s Waa) (EL RS Waa) (EL = Waa) 
H Woa z + Wop x 
Wap W^ Ws, Wap 


I 
Q 


“a [Waa T W ab 











(El ay Waa)(Et a d : 


= ot = Waa El — Waa E! — Waa Wi 
Qa | = TE. + Wop Was? 


El — Waa)(E* - Waa 
But we know from (a) that (Ei i ) —-—], so 


(u$ LH" |y ) = ota. [E} t Et x Waa = Wool] =0. QED 
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(c) 





























(PLIES) = bon (alH lha) + oc B (Hal H |i) + Bias (byl Aya) + B: (vy LH |i) 








(El — Wee) at, (EL Wa) 
Waa + Wa = E Wia —————— + Wi 
b Wa + [6| b W, + Wop 


(this time I used Eq. 6.24 to express a in terms of 8, in the third term). 








= la? 
































^. ELT |!) = las? (EF) + I8 (E) = (lasl? +18 











*) EL = El. QED 




















Problem 6.7 
(a) See Problem 2.46. 


(b) With a —^ n,b > —n, we have: 


Vo Ef —a? Ja? Vo [? —2? fa? Vo 
Waa = Wee = —7 ae aw. da = —paym. 
Vy pe? 


Wap = e 2? [a? -—Annie/L dy x -2 / eo (2°/@+4rniz/L) qy = — Vo ayre- rna D? 
I Jaz Lj. L 


(We did this integral in Problem 2.22.) In this case Waa = Wob, and Way is real, so Eq. 6.26 > 














EL = Waa +|Wal, or EL= -yrs (1 + eon), 


























= Fa. Evidently, the “good” linear 


B (BL oa Waa) 7 xn (Voa/ L)e- Grna/ D* 
(c) Equation 6.22 > 8 — a Was =a —VR(Vga/ Lje Crear? 


combinations are: 





1 1 ; ; 2 2 
Ph = An — oos = A erise -= ae zs 7 sin ( T) and 























2 2 
V. — oa c oos — [4j rp 08 ( T). Using Eq. 6.9, we have : 








L/2 


2 ae 2mmna 
EL = (Au) = Zw) f enl sn? ( 7 ) ae, 








SES zcv f e v [^ cos? (5) dz. 


-L/2 
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But sin? 6 = (1— cos20)/2, and cos? @ = (1 + cos 20)/2, so 


Vo [? 2, 2 Arnaz V e 2,2 e9; 2) 2 Anna 
1 s | "0 —z^/a Ll . = LO —a^/a + —z^/a 
Ey L Í e h cos ( T )| dx I n dx rar cos ( 7 ) as| 


— oo 




















= ed | 7T aT ave rna? = -yrs [1 T gcns] , same as (b). 





(d) Af(x) = f(—z) (the parity operator). The eigenstates are even functions (with eigenvalue +1) and odd 
functions (with eigenvalue —1). The linear combinations we found in (c) are precisely the odd and even 


linear combinations of Yn and v... 


Problem 6.8 


Ground state is nondegenerate; Eqs. 6.9 and 6.31 — 


m = (2) ons fff sm? (Ex) sin? (Ev) sve (22) ste - 5 - s - 5 arua: 


a 


= 8Vp sin? (7) sin? (5) sin? (=) = 8V (5) (1) (5) =[2V. 


First excited states (Eq. 6.34): 


Waa = 8Vo Jf [sw (a) sin? (5v) sin? (=) O(a sy sl $0) dr dy de 


-sv (5) mo =4%. 





























Wa = 8Vo I sin? (2) sin? (=) sin? (=z) 5(a n 2 A) dz dy dz 
= 8V (3) (0) (5) E 

Wee = 8Vo Jll sin? (=) sin? (5v) sin? (22) 5(a soy 5 le =) dz dy dz 
= 8Vo(1)(1) (5) = 4V. 

Way = 8Vo sin? (=) sin (5) sin(m) sin (=) sin (=) =0. 


Wac = 8Vo sin (5) sin (Z) sin? (5) sin (=) sin (=) = 8Vo (=) (1)(1)(—1) (=) Exe: 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 








publisher. 


CHAPTER 6. TIME-INDEPENDENT PERTURBATION THEORY 161 





Woe = 8Vosin (7) sin (z) sin(7) sin ( ) sin (+) E 
Tct (G-A) 0 -1 

W=4%H| 0 0 0 | 4WD; det(D-—A)=| 0 -A 0 |--A1-AP-A-0 > 
-10 1 -p o d) 














A=0, or (1-372125 1-A-5X1-2A-0 o A=2. 


So the first-order corrections to the energies are | 0, 0, 8Vo. 














Problem 6.9 










































































1 0 0 
(a) | xı = | 0 |,leigenvalue | Vo; x2 = | 1 |], eigenvalue | Vo; x3 = | 0 |, eigenvalue | 2Vo. 
0 0 1 
(b) Characteristic equation: det(H — A) = 0 VW-A] «Vs = 0; 
0 Vvo [2v — A] 





[Vo(1 — €) - A](Vo — A) (2V — A) — (eVo)? = 0 > | = V (1 — e). 











(Vo — A) (2V — A) - (v)? = 0 => X? — 3WA + 2V - e vV?) =0 > 









































3Vo + /9V2—4QV2-eV2) V Vo 
y= vot y9Wg fat O -K sa vivae] e P [a 2e]. 
Vo 2 2 Vo VI + 4e 
ere da = 2 (3+ VI+) ~ Vo(2 + 2) 
(c) 
-100 n 
H-e[001]; £3 = (x3|H’|x3) 2 eVo (00 1) 01 
0 10 10 i 
0 
=V% (00 1) | 1 | =|0| (no first-order correction). 
0 
-100\ /0 0 
m H’ 2 
E? = foc EF e Ga Ix) -evo(100)| 001|[0|—evo(100)| 1] = 
E-E 
m=1,2 3 m 010 1 0 
0 
(x2|H’lx3) = «Vo (010) | 0 | =v. 
1 





E9— E} = 2V — Vo = Vo. So E2 =(eVo)?/Vo =|e?Vo.| Through second-order, then, 











E; = E} + E} + E$ = 2Vo + 0 + e° Vo = Vo(2-- e°) (same as we got for As in (b)). 
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(d) 

—100 1 —1 

Waa = (xi1|H'|x1) = €Vo(100){ 0 01 0 | =e%(100){ 0 | 2-cW. 
0 10 0 0 
-100 0 0 

Wa = (xa|H'|xz2) = «Vo (010){ 0 01 1} =e%(010){ 0] =0. 
0 10 0 1 
—100 0 0 

Wav = Ga|H'|xa) 2eVo(100) | 0 01 1 | =e%(100){ 0] =0. 
0 10 0 1 

Plug the expressions for Waa, Wy», and Wap into Eq. 6.27: 











1 1 
E} = D |- +04/eV? + ] = gc evo + eVo) = (0, —eVo]. 


To first-order, then, | E1 = Vo — «Vo, | E» = Vo, | and these are consistent (to first order in €) with what 














we got in (b). 


Problem 6.10 

Given a set of orthonornal states {9} that are degenerate eigenfunctions of the unperturbed Hamiltonian: 
Hy$ = Ev}, (WIP) = i, 

construct the general linear combination, 


n 
= EAS 
= on. 
ja 


It too is an eigenfunction of the unperturbed Hamiltonian, with the same eigenvalue: 
H9*9 = 3 aj Hy) = E? > ajy? = Ey. 
We want to solve the Schrödinger equation Hw = Ew for the perturbed Hamiltonian H = H? + AH’. 
Expand the eigenvalues and eigenfunctions as power series in A: 
E = E} + AE! + AE? 4+..., y= y t A! + AY + 
Plug these into the Schrödinger equation and collect like powers: 
(H? + XH’) (Y? + Ay! -- A4? +...) = (E HAE! AE +... (Wo HAt + AP uuu) 
HOY? + A(H9! + Hp) +... = EY + A(E? Y + Ep) + 
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The zeroth-order terms cancel; to first order 
Hp! 4. Hy? = EO! + EP, 
Take the inner product with v: 
(v5 LH? v^) + (j| H' v9) = E? (9j |^) + E' QU5 |^). 
But  (9$|H9w') = (H9u9|!) = E909 H1), so the first terms cancel, leaving 


(5| H9) = E! QUj|v^). 


Now use wy? = p» arp, and exploit the orthonormality of (if): 
1=1 


Y aW E' Iy?) = E! Y a(l) = Eloy, 
l=1 l=1 


or, defining 





Wy = (49E P), X Whio = Ela. 
ii 











This (the generalization of Eq. 6.22 for the case of n-fold degeneracy) is the eigenvalue equation for the matrix 
W (whose jl‘ element, in the {9} basis, is Wj); E! is the eigenvalue, and the eigenvector (in the {%9} basis) 
is x; = aj. Conclusion: The first-order corrections to the energy are the eigenvalues of W. ED 


Problem 6.11 


m ( & Ma 1 16M 1 o?mc? 
F Eq. 4.70: En = = 2 = ; 
(a) From Eq E (=) n? gue (x: s) n? 2n? 


(b) I have found a wonderful solution—unfortunately, there isn't enough room on this page for the proof. 

















Problem 6.12 








Equation 4.191 > (V) = 2E,, for hydrogen. V RE m(e Y|1 a 
uation 4. = 2E,, T rogen. =— =; w= ] 
i PE 4m€o T 2h? V Are n? 


e 1 m gd 1 me? 1 1 
S => = = Eq. 4.72). QED 
Are (1) E (=) n2 (i) (za) n» un (Eq ). Q 
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Problem 6.13 


1 S 
In Problem 4.43 we found (for n = 3, L= 2, m = 1) that | (r^) = cto! (F) : 








[VA] 
Il 
c 
— 
jan 
— 
l 

2 
p 
— 
| 
= 





(of course). v 


1 5/3aN | 1 2 1 1 1 
eed = ES ELS Eq. 6.55 says — = — |. 
: (x) a) 6 3a [9a ( LETT a 


















































1 aa 1 4 2 1 2 
=-2: Z ee Eq. 6.56 = pA 
z (3) 6! (3 ) 6-5 9a? | 135a2 ( qd 9-99 Says CID) SO age uz) 


























1 Juvaa v a 1 8 1 1 1 
zd = = ae Eq. 6.64 says = T. 
: (3) 6l ( 2 ) 6-5-4 27a3 | 40508 ( BDO" 8979 26572)3 27 - a3 ux) 


For s = —7 (or smaller) the integral does not converge: (1/r^) = oo in this state; this is reflected in the fact 
that (—1)! = oo. 





Problem 6.14 








1 1 1 
Equation 6.53 > El = E [E? -2E(V) + (V)]. Here E= (n+ g) hw, V= ya > 
mce 
E! = pute n+ i Rw —2(n- l ho etn + I uA (ay 
2mc? 2 "9 2 4 





1A 
But Problem 2.12 2) — =) 
ut Problem => (x^-—í(nc ees 


1X py 1 mu 
i vu i Qoo ecards et 4 
(n+ 5) h (n+ 5) h^w* + qm we (a | 32 (x^). 


h2 


4m?w? 


1 


Bicis 
2mc? 


r 








From Eq. 2.69:  z* (a? +aa— +a-a, + a?) (a3. caía. a.a, + a?) , 


(at) - LA 


ami Ul (a? a? -- a aaa. + a,a_a_ay + a-aía4a.. - a-a40 a4 o à? a2) |n). 





(Note that only terms with equal numbers of raising and lowering operators will survive). Using Eq. 2.66, 


(ot) = zl [ad (Vn D n- 2) aca (n1) + a40-((n +1) I) 
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-Fa..a4 (n |n)) + aa. ((n +1) |n)) + a (Vnt DnA n+ 2))] 





h2 


~ Imu? 


(nl [Van —0 (nn - 1n) +n (nn) + (n+ 1) (Q9) 











+n((n+1)|n)) + (n+ D (( +1) |n))  v/ +2) (v + (0 € 2)1)] 


h2 


= Imu? [n(n — 1) +n? + (n+1)n+n(n++1)+(n+1) +(n+1)(n+2)] 


BE hoy 
= | — ) (-n+n Fn? nn? n 0n? 2n 14-0? 3n 72) = (| L— ) (60? -- 6n 4 3). 
2mw 2mw 





El--— . 
T 8c? 4m?w? 











4 h2 hw 2 
OW -3(3n? + 2n + 1) = -2 ( 2r 4-2n 4 1). 


mc? 











Problem 6.15 
Quoting the Laplacian in spherical coordinates (Eq. 4.13), we have, for states with no dependence on @ or ¢: 
h? d d 
BN = a Y. 
r?dr (r dr 


Question: Is it Hermitian? 
Using integration by parts (twice), and test functions f(r) and g(r): 


1d * d / ,dg 
2.4. R2 ES 2 
(flp g) = —h l f = (es 2 as? dr = —4rħ A fz (« 2) dr 














dg j% ^ adf dg 
EE 2J 2 
=a t Tarlo » Anus dt r} 
;8 PM PES d > df 
= —4rh? | d 
a b b. Tar lo | zi Ds r} 


II 


—Anh? («y - Aj + (p? f |g). 
dr dr 0 


The boundary term at infinity vanishes for functions f(r) and g(r) that go to zero exponentially; the boundary 
term at zero is killed by the factor r?, as long as the functions (and their derivatives) are finite. So 


(flp?9) = (^ flo), 





and hence p? is Hermitian. 
Now we apply the same argument to 


El Pd Pod 
PO — Pdr | dror?drVX dr : 
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integrating by parts four times: 


(flp*g) = 4x l| xU a LE dr ( OG 
a a aaler e) 
(Pr a 02) 3 C) 305202) 
= alles * di (r T) Tm (^ x) | z (e2) a b 
"à na 
( 














= Arh’ 




















LL 





df \ | dg 

2 

a (Par) ae} 
dg df d dg d df A dg d [14d df A 
2 2 2 2 2 

j 2) dr dr (r x T dr (r dr) dr | ?dr|r?dr X dr 


0 











od 1 d / df 
dr (es dr E dr (e a) |) 
u d [1 d f 4dg d [1 d f 4df 
= Anh {rte E dr (^ a) | er E dr (^ an ô 
df d ( dg > df 
- nhi E dr (« at) i 1G a) 1 L | (v^ flo) 


'This time there are four boundary terms to worry about. Infinity is no problem; the trouble comes at r — 0. 
If the functions f and g went to zero at the origin (as they do for states with | > 0) we'd be OK, but states 
with | = 0 go like exp(—r/na). So let's test the boundary terms using 


Jeu. quisque 











In this case 











229 = _ 1 „2e-r/ma 
dr ma 
d ( dg 1 2 =¥/ 
— 2 r/ma 
dr (r 2) (ma)? G Hn) E 
df d 2 dg — 1 —r/na 1 2 —r/ma 
dr dr b: dr ) ~ na. (ma)? RUE l 


This goes to zero as r — 0, so the second pair of boundary terms vanishes—but not the first pair: 


1 d 229 1 2ma — 
= 1 € 
Pdr \ dr (ma)? r 











d |1 d f dg E 1 5 CUN 
dr E dr (« al ^ mar? [2(ma) +2mar—r Je 
1 d 2dg 1 ; 
r2 = 2 m r/ma ,—r/na 
rr E dr (^ al (ma)? [2(ma) + 2mar —r ] e d 


This does not vanish as r — 0; rather, it goes to 2/ma. For these particular states, then, 


(fIp^g) = us (- ~) + (p* fg). 





a n 
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or, tacking on the normalization factor, 


1 8h* (n — 
ibn00 = nae (Wnoo |p*wmoo) = se epe + (p Vnoo|Vmoo); 


and hence p^ is not Hermitian, for such states. 


Problem 6.16 
(a) 


[L-S, Ly] = [Lr Sx + LySy + L282, Ds] = Sz [Ls Le] + Sy [Ly, Le] + $2 (Lz, Le] 


= 8,(0) + Sy(—ihLz) + S.(ihLy) = ih(L48, — L,8) = ih(L x S). 





Same goes for the other two components, so | [L - S, L] = iA(L x S). 














(b) [L - S, S] is identical, only with L S: [[L- S, S] = ih(S x L). 














(c) [L-S,J] = [L - S, L] - [L. S,S] = ih(L x S +S x L) = [0. 

















(d) L? commutes with all components of L (and S) , so | [L - S, L?] = 0. 














(e) Likewise, | [L - S, 8?] = 0 














(£) [L-S,J?] = [L-S,L?] + [L- S, 9] +2[L-S,L-S] = 0+0+0 = | |n. S, J?] = 0. 











Problem 6.17 


With the plus sign, j = l+ 1/2 (l= j — 1/2): Eq. 6.57 > E} = E (= -3) é 


2mc? V j 





Equation 6.65 > El = 





(E,?n[jG-1-G- 361-31] 
) 





me? G- 0*1 
(En)? n^ +i- i “+7 4) _ (En) n 
mc? (fj — $)j(G + $) me jlt) 





ee EA eee Co (o9 ly am. 
fs T so 2mc? j j+ 1) 


EL gt b 9D- ern) 
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With the minus sign, j = l — 1/2 (l = j + 1/2) : 


Equation 6.65 > El = 


(En)? n [iG + 1) 





2 
Eq. 6.57 > Ei = AE) (= 3). 


2m \j+1 





(§+4)G +3) -3] 





_ (EaP Peta) 


LOS) 


mc? G- 36-06-43) 


—n 





mc? (j++ +38) 


me (j+1)(j +4) 





pi En)? 4n F 2n 
5^ 2m2 | j+1 (j - 1)( 





_ (En? (s 4n 


2mc? j+ i 


Problem 6.18 





orh 1 1 
E? — R} = hv = Z t-A(5-1)--3 


À 
hc = 1.97 x 10 MeV-cm; A= 


9 4 


+ y] s {3 


) . For both signs, then, El 


36 (21)(1.97 x 10-1! x 108 eV - cm) 


Eas p+2(s+5) If 








(En)? 4n 
3 . QED 
2mc? j+ i Q 
22h 
T Us E, = —13.6eV; 
1 





= 6.55 x 107? cm= | 655 nm. 





(13.6 eV) 





5 
c — 3.00 x 108 m/s 

a = [4.58 x 1014 Hz. 
A 655x10-7m oS See 








V = 




















(En)? 





4 
Equation 6.66 > E}, = (s ih ) : 


2mc? j+ i 


For n = 2: l= 0 or l= 1, so j = 1/2 or 3/2. Thus n = 2 splits into two levels : 








j=1/2: m= C (3-2) = 











5 (E2)? 5 (1\? y 5. (13.6eV)? E: 
= = = —5.66 x 1 
2mc 1 2 mc? 2\4 mc? 32 (.511 x 106 eV) SOUS quse 
1 (E2)? 1 E kt 
= 3.62 x 1074eV) = —1.13 x 1075eV. 
2mc 2 2 me go PAS ey ONUS 


j=3/2: Ej E (3-3) 


For n 23: | =0,1 or 2, so j = 1/2,3/2 or 5/2. 


Thus n = 3 splits into three levels : 





jeu: s BE (s 8)- 














E3)? 9/1N(QA)? 1 
sae i = 2 (=) = = — 7g (3.62 x 10-“eV) = —2.01 x 10-°eV. 
E3)? 12 3 (E3)? 1 
353/99 E = ] 3) (s 5 ) = = 3) = 57 (3:62 x 10 ^ eV) = —0.67 x 107° eV. 
A MC MC 
1 (E3)? 1 
me g ; 2 ES (3.62 x 107^ eV) = —0.22 x 10^? eV. 


j=5/2: E3 = (Es) (s z) = 
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E; 
-— — 
SM 
SS ` 
SS Ss. 
SD j=5/2 
N CT A 
z3/2 
` J 3/2 
j=1⁄2 
0 
E; 
SS Es 
S SL A 
o~ j=3/2 
. 123 J 
j=1/2 


4 5 6 


There are siz transitions here; their energies are (E9 + E1) — (E9 + E3) = (E9 — E9) + AE, where 


AE = E} — Fi. Let 8 = (E1)? /mc? = 3.62 x 107^ eV. Then: 


1 3 1 1 7 _ 
Gs) az =|( x) ( x)| =~ seg = 880 x 10 Bey. 














dc dde. 7 1 1 m PS E 
(575): AE | x) (-3)] ^ ag; = 461 x 1079 eV. 











ii 
Q| = 
N 

NY 
+ 
E. CN 
sj. 


m 65 RET —6 
J^ 3595 = 9408 x 1075eV. 


( 

Gap ae- 

GoD: AE = [c3 - (3) TN a= 36.45 x 1078 eV. 
( 


5 049, e 
)*(z)|e — B = 49.86 x 1079 eV. 


3 
(es AE-| = 864 


ale 


E de E 1 5\],_ 389, E 


1 


Conclusion: There are siz lines; one of them (5 — 3) has a frequency less than the unperturbed line, the 
1 


other five have (slightly) higher frequencies. In order they are: 3 3 


3 3. 5 3 
2 





2 2) 2 
frequency spacings are: 

















v-v = (AE;— AE2rh = 3.23 x 10° Hz 
v3—v3 = (AE3—AEF)/2th = 1.08 x 10? Hz 
v—n, = (AE,—AE3)/2th = 6.60 x 10° Hz 
V5—v4 = (AE&— AE,)/2nh = 3.23 x 10? Hz 
¥—Vs = (AEg—AEs)/27h = 1.08 x 10° Hz 











. The 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 


currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 


publisher. 


170 CHAPTER 6. TIME-INDEPENDENT PERTURBATION THEORY 





Problem 6.19 


1X? 1 n 
J 5 1 ord 
2 2 js 


Q a a 


ue po (-i)-e n-Gr2t60*3) RD 5 XD 











? 
ee 
e. 
+ 
NI = 
Sx 

















7 a sepe o? | 
= _ o2 “hn 2n(j + 1)]|' 











m la? ins o? noa o? Qo tod 
s 2 n? n(j + 3) 8n^ 2n? 2n4 jti 4J- 





o? at —n 3 o?mc? o? n 3 
BS 2 |1 1] = 1 
DUE | an? * 25i Ga) | 2n? | Ta os | 





13.6eV a? n 3 
= 1 firming Eq. 6.67. 
n2 | F n2 (sh | , confirming Eq 
Problem 6.20 
1 
Equation 6.59 > B = EN Say L — h, r =a; then 
47r€g mc?r? 


| 1 eh 


47€g MCa’ 











(1.60 x 1071? C)(1.05 x 107?4 J - s) 
4n (8.9 x 10-12 C?/N m?) (9.1 x 10-94 kg) (3 x 105 m/s)" (0.53 x 10-19 m)? 


—|12 T. 














So a “strong” Zeeman field is Bext > 10 T, and a “weak” one is Bext «10 T. Incidentally, the earth's field 
(1074 T) is definitely weak. 
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Problem 6.21 
For n = 2, l = 0 (j = 1/2) 











1) = [205 3) 
2) =|20 5-3) 
4-2p1$-3 
In these four cases, Enj = 
5) = |21 3 2) 
6) = |2 1 3 3) 








In these four cases, Enj = 


or l= 1 (j = 1/2 or 3/2). The eight states are: 











OR (1/2)(3/2) +(8/4)] 3/2 
Ku |^ 2(1/2) 3/2) |^ 32^ 
pL 0/2(/2 - (02) € 8/0]... -1/2 
E |^ 2(1/2)8/2) le po I 
13.6 eV g^ 2 3 5 5 
" 14 1 (; jJ|- 3a ev (re Za?) 





pe hy CACA Qa ren 14 E as 


—3.4 eV [ t 


2(3/2)(5/2) 








Ei 
Eo 
E3 
E4 
The energies are: 
Es 
Es 
Er 


Es 





= —3.4 eV 


= —3.4 eV 


= —3.4 eV 


= —3.4 eV 


= —3.4 eV 


= —3.4 eV 


= —3.4 eV 


= —3.4 eV 














OP (2 3 1 
7 G 3I = -3.4 ev(14 ica). 

LE die?) + un Bert 

1+ Ža’) = jig Bext 

1+ Ža’) + i usg Bext- 

1+ Ža’) — i ug Bext- 

1 5o?) 2p Bext: 

1 =a?) 2 uB Bext- 

1+ igo?) — Up Bey. 

1+ 350?) — 2up Bext- 
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B ext 


5 (slope 2) 


6 (slope 2/3) 
-3.4 (1207/16) eV 
7 (slope -2/3) 


8 (slope -2) 
1 (slope 1) 


3 (slope 1/3) 
4 (slope -1/3) 


-3.4 (1450716) eV 





























2 (slope -1) 
Problem 6.22 
E? 4n e? h?mm 
E$ = (nlmyms|(H}. + Hi,)|nlmims) = n 3 : ; 
a elena a A Hs aie 2mc? f + 1/2 | Y 8reo9m?c? (L+ 1/2) (0 + 1)n3a3 
2E? 2E FA a? 
— = (-—5) (-=) = G36 ev). (Problem 6.11.) 
Pew ek? e? i? (me?)? m gy e? : 203.6 eV) 
= = = qQ n s 
8megm?c?a? — 2- 4megm? c? (Anegh?)? 2h? \ Are Atreghc 
13.6 eV 1 3 mim 13.6 eV 3. l(l4-1)— mim 
Ei = 2 | 8 = 2 i x ED 
E^ a { (i+ 1/2) ata} " °? Us (xi gürxpnj 9 





Problem 6.23 


The Bohr energy is the same for all of them: E = —13.6 eV/2? = —3.4 eV. The Zeeman contribution is the 
second term in Eq. 6.79: ug Bext(mj+2ms). The fine structure is given by Eq. 6.82: E = (13.6 eV/8)o? (--.) = 
(1.7 eV)a?{---}. In the table below I record the 8 states, the value of (m; +2m,), the value of {---} = 










































































: Ee — aa | , and (in the last column) the total energy, —3.4 eV [1—(a?/2){--- }]+(my+2ms) UB Bext- 
State = |nlmims) (mı +2m,) | {---} | Total Energy 

i) = |2004) 1 —5/8 | -3.4 eV [1  (5/16)o7] + ug Bext 

2) = poo-1 zm —5/8 |-3.4eV [1 + (5/16)o7] — up Bext 

8—5-BITI 2 —1/8 |-34eV [1+ (1/16)o7] + 2ug Bext 

4 = 21-1-12 =o -3/8 |-84 eV [L-- (1/16)87] — 24B Bea 

5 = 101) 1 —7/24 | -3.4 eV [1+ (7/48)o7] + up Bext 

6) = 10-12 -I 27/24 | -3.4 eV [1 + (7/48)07] — up Bext 

7) = 211- 0 —11/24 | -3.4 eV [1 + (11/48) a7] 

8 = |21—14) 0 —11/24 | -3.4 eV [1 + (11/48) a? 
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[o] 








Ignoring fine structure there are | five | distinct levels—corresponding to the possible values of (m; + 2ms): 

















Problem 6.24 


Equation 6.72 > El = Bos (L--28) = z Bexi2msh = 2msup Bext (same as the Zeeman term in Eq. 6.79, 


13.6 eV : 3 
h + - (» 3I (since j = 1/2). So the total energy is 





with m, = 0). Equation 6.67 > E,; = 


13.6 eV o? 3 
E= 5 h Pm (» *)| + 2ms uB Bex. 


n n 


TL 




















Fine structure is the a? term: Ej = 





13.6eV , 3\  136eV 2/3 
qu XU pe oue A n 
Eq. 6.82, with the term in square brackets set equal to 1. QED 


1), which is the same as 


Problem 6.25 





E2 8 F? 8 Ei a? 
Equation 6.66 > EL = —2- [3 —--—-[3 ; = Problem 6.11), s 
PONE B 2me ( run) pus mpg asc y VIO SLDUSO 


E, ( o? 13.6 e 
m- B(A h- )_186eV o(, 8 Y (a 8 y 
393 j^ 1/2 64 j 41/2 j^ 1/2 


8 
For j = 1/2 (1, 2, Ye, vs), His = (3 P 8) = —5y. For J = 3/2 (3, ba, Vs, Y7), HE = (3 E 3) = os 





This confirms all the y terms in —W (p. 281). Meanwhile, H7 = (e/2m) Bext(Lz+2S.) (Eq. 6.71); v1, Vo, Y3, Y4 
are eigenstates of L, and S,; for these there are only diagonal elements: 


(Hj) = T Boalm + 2ms) = (m +2ms)6; (Hz)u=8; (Hja-—-B; (Hjsas-—28; (H})s = —26. 


This confirms the upper left corner of —W. Finally: 





(Lz +28.)|vs) = +y $11 0)15 3) s - d 

(Le 25) = Ayan OI 0. |. Dr = (2/30, 

(Lz + 252)|7) = -y 511 0)|5 — 3) ae E riui —(V2/3)8, 
(Lz +25.)lys) = -hJ 31.013 — 3) J — (H2)rs = (Her = -(V2/3)5, 


which confirms the remaining elements. 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


174 CHAPTER 6. TIME-INDEPENDENT PERTURBATION THEORY 





Problem 6.26 
There are eighteen n = 3 states (in general, 2n?). 
WEAK FIELD 
13.6 eV a? 3 3 a? 1 1 
1 =-15leV]1 : 
a [+S G3) vp Gom i) 


Equation 6.76 > E = gymjup Bext- 


Equation 6.67 > E3; = 
























































State |31 j m;) gj(Eq. 6.75) | 4 (xs = i Total Energy 
1-0, j=1/2 | |30 2 4) 2 1/4 ~1.51 eV(1+ 2* ) + pe Box 
1=0, j=1/2 | |30 4- 4) 2 1/4 —1.51 eV(1+ ©) — up Bext 
l=1, j=1/2 | [312 3) 2/3 1/4 —1.51 eV(14+ Š) + Fup Bext 
l=1, 9 S1/2)| |31 4-4) 2/3 1/4 —1.51 eV (1 + Ž — {uB Bext 
l=1, 7=3/2 | |31 3 3) 4/3 1/12 —1.51 eV(1+ $2) + 2up Bext 
ba 1,49 93991 |313 4) 4/3 1/12 -1.51 eve. Vue 2B Bext 
l=1, 7 =3/2 | [31 2-34) 4/3 1/12 -1.51 eV(1+ $) — 24B Bext 
1=1, 7=3/2 | |31 2-3) 4/3 1/12 —1.51 ev(1 + $) Oe Bext 
l=2, j= 3/2 | |32 3 3) 4/5 1/12 -1.51 eV(1+ 22) + É uB Bext 
l=2, j =3/2 | |32 2 4) 4/5 1/12 —L81 eV (1+ $) + Zus Bext 
l=2, 7=3/2 | |32 2-3) 4/5 1/12 —1.51 eV(14- 95) — ZupBos 
122, j23/2||323— 3) 4/5 1/12 -1.51 eV(1 + Š — É uB Bext 
l=2, j=5/2 | |32 3 8) 6/5 1/36 —1.51 eV (1+ S) + 34B Bext 
1=2, j=5/2 | |32 § 3) 6/5 1/36 —1.51 eV(14- 22.) + 2upBext 
1=2, j=5/2 | |32 š 4) 6/5 1/36 —1.51 eV(14 22 ) + 2upBext 
1=2, 7 =5/2 | |32 8-3) 6/5 1/36 -1.51 eV (1+ É) — Spe Bext 
1=2, j=5/2 | |32 8-8) 6/5 1/36 —1.51 eV (1+ $2) — lug Bext 
122, j =5/2 | |32 3-3) 6/5 1/36 —1.51 ev(1 +2 — 3up Bex 




















STRONG FIELD 


Equation 6.79 = —1.51eV + (mı + 2m,) UB Bext; 








pain os Pe leet - 7 8 (erate al 
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1 I(l + 1) — mim; 1 
Exot = —1.51 eV(14- 02A 2 B here A= 
tot 51 eV(1 + a^ A) + (mj + 2ms)uB Bext, where 3 Lis +1/2)(1+ 1) |l 





These terms are given in the table below: 



























































State |n lm; ms) | (m+ 2ms) A Total Energy 

i-0|30012) 1 1/4 | -1.51 eV(1+ ©) + upBa 
1=0| |300-2) -1 1/4 | -1.51 eV(1+ A — pp Bext 
t=1]| [811 4) 2 1/2 | -1.51 eV (1+ 22 ) + 2up Bext 
1-1||31—1- 1) -2 1/12 | —1.51 eV(1+ — 2u Bext 
i=1] |3104) 1 5/36 | —1.51 eV (1+ 5 ) + up Bext 
i=1]| (310-2) 2j 5/36 | —1.51 eV(1+ 2%) — ug Be 
i-i [31-1 2) 0 7/36 | -1.51 eV(1+ 2 

i=1] (311-2) 0 7/36 | —1.51 eV(1+ 287 

1-2 |322 2) 3 1/36 | —1.51 eV(14- Š) + 3upBext 
1-2 .|32—2— 1) -3 1/36 | —1.51 eV(14- $) — 3upBexs 
i1-2|]|3211) 2 7/80 | —1.51 eV(14- 725 ) + 2up Bext 
1-2 |32—1— 1) -2 7/180 | —1.51 eV (1+ 25 ) - 2uB Bext 
1-2||3201) 1 1/20 | -1.51 eV(1+ $) + uBBext 
1-2 (320-2) =A 1/20 | —1.51 eV(1+ $) — we Bext 
je 32-11) 0 11/180 | —1.51 eV(1+ Lat 
i-2||321- 1) 0 11/180 | —1.51 ev(1+ He" 
i-2||32-21) = 13/180 | —1.51 eV(1+ 182°) — pe Bext 
1=2] |322-2) 1 13/180 | —1.51 eV(1+ 282°) + pe Bos 

INTERMEDIATE FIELD 
As in the book, I'll use the basis |n l j mj) (same as for weak field); then the fine structure matrix elements 





are diagonal: Eq. 6.66 > 
E2 12 E 4 Fa? 4 4 
aech =- 1, (1-5 --—— (1-34 -3»[1-—] 
2mc? jc 1/2 54mc? j+1/2 108 jg+1/2 jg+1/2 


13.6 eV 
y= N o?. For j=1/2, EL = —9y; for j = 3/2, El, = —3y; for j = 5/2, E} = —. 











The Zeeman Hamiltonian is Eq. 6.71: H! = 7 (Lz + 2S.)upBext. The first eight states (l = 0 and l = 1) are 


the same as before (p. 281), so the 3 terms in W are unchanged; recording just the non-zero blocks of —W: 


: 7 (3y-38) 26 (37+28) 26 
(95 B), (9 + B), (By 20), (37 + 28), | Y2g (95 — D , ( {26 (9^ + 16) s 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


176 


CHAPTER 6. TIME-INDEPENDENT PERTURBATION THEORY 





The other 10 states (l = 2) must first be decomposed into eigenstates of L, and $;: 


[Sample Calculation: For the 






































3D =[22)183) = 0-38) 

I — §) 22-24-39 = (35 

iD = fale dla- p + V2 la 2) aà is) 

3 B = yal dl- 4) - ibo D je cM 

2) = 22 Di4 — 4) + Vibo 2) - (eg? xig 
ib-Jiposi-»b- toli b LB (37 — 28) 

§— 3) = /ioli- b) + 212- D13 b - (ei? m 
$— 1) = ,/2\2 015 - i) - y3- 1d 4) X8. (By + 38) 
3-9 = 82-13 - 4) + /1B-21 5 bo) 
8-b-/ib-25-5- /tR-21 5 i (regm 


last two, letting 




















Qi = $) = -24/412 - 15 =- 4) - y1p-21 1 
Qi = $) = -24/412 - 114 — $) + y 412- 214 4). 
$-239$-5-0C2:-1--5 ae, 
6-398 - 3) = 2/2 1 yi4 = -4 + 2 = -3 = G- Flag - $) 


So the 18 x 18 matrix —W splits into six 1 x 1 blocks and six 2 x 2 blocks. We need the eigenvalues of the 
2 x 2 blocks. This means solving 3 characteristic equations (the other 3 are obtained trivially by changing the 


sign of 8): 





(0 - 36-2) (sy- 56-2) -$6-0— X « X8 125) + (277 — 78) = 0. 


9 6 4 33 
(»- 86-3) (0 - 56-4) - EP = 0 = +98 ees (m - Eag +20) =0. 


A) 0 
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3 2 6 
(»- 86-3) (n-$9-3)- ge -o— » + A(B — 47) 4 v0 


The solutions are: 
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a= m FÂ 
e = Es — 3y + 28 
€3 = E3 y + 38 
e, = Es — 6y + 6/2 + y9? + By + p2/4 
A= —6/2 + 6y 2)2 + + 932 
"m cc a T. c = Ey -67+ B/2- JOP + BYE BA 
B es E E RM e; = E3 — 25 38/2 + y? by + 82/4 
N= —B/2+ 27+ 2)2 + 16,442 
Bree (BRP + By +9 er = Es - 27+ 30/2 - fo? + 367+ 2/4 
cs = Ea — 27+ B/2+ y? + Lv e A 
co = Ea — 27+ B/2— Jie 
(The other 9 e’s are the same, but with 6 — —0.) Here y = i399, and 3 = up Be. 


In the weak-field limit (8 «& 7): 


























2 

ea & Es — 6y + B/2 + Yyy/ 1 + 8/97 ~ Es — 6y + B/2 + 3y(1 + B/A8y) = Es — 37 + 56. 

1 
es & Es — 6y + B/2 — 3y(1 + 8/187) = Es — 9y + 36 

9 
eg & Ey — 2y + 36/2 + (1 + 36/107) = Es — y+ 38. 

6 
e; & Es — 2y + 38/2 — (1 + 38/107) = Es — 3y + P 
3 
eg & Eg — 2y + 8/2 + (1 + 8/10y) = E3 — y + 56 
2 
co = Es — 27 + 8/2 — 401 + 6/107) = Es -37+ 38. 
Noting that y = —(E3/36)a? = SEM a’, we see that the weak field energies are recovered as in the first table. 


In the strong-field limit (8 > +): 














e4 & Eg — 6y + B/2 + B/2/1 + 47/6 © Es — 6y + 8/2 + B/2(1 + 27/8) = Es — 57 + B. 
€5 © Es — 6y + 8/2 — B/2(1 + 2/8) = E; — Ty. 

an Ry ou Sn RO EOS ES = oy +28. 

er = Ey — 2y 38/2 — B[20 + 67/56) = Es — ^. 

es © Es — 2y + B/2 + 6/21 + 27/56) = Es — 29+ 8. 

co © Es - 2y + 8/2 — 8/21 + 2/58) = Es — 7. 


Again, these reproduce the strong-field results in the second table. 
In the figure below each line is labeled by the level number and (in parentheses) the starting and ending 
slope; for each line there is a corresponding one starting from the same point but sloping down. 
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3(3) 
E 
6(9/5— 2) 
8(3/5—1) 
2(2) 
E; 7(6/5—1) 
Ezy le 4(2/5—>1) 
9(2/5—0) 
E4-3y 
1(1) 
5(1/3—0) 
E5-9Yy 


Problem 6.27 
I = [(a-f)(b-f)sin6d0dó 


= flas sin Ó cos ¢ + ay sin 0 sin à + a, cos 0) (b, sin 0 cos $ + by sin 0 sin $ + b; cos 0) sin 0 dé dọ. 
27 27 2T 
But | sin ddd = T cos o dọ = | sin $ cos $ dọ = 0, so only three terms survive : 
0 0 0 


I= fiot sin? 0 cos? $ + a,b, sin? 0 sin? ¢ + ab; cos? 0) sin 0 dO dó. 


2n 


27 2n 
But f sin? ddd = | cos? ddd = m, dọ = 27, so 
0 0 0 


T TE 4 T 2 
I= | [n (ab; + dyby) sin? 0 + 21a;b; cos? 0] sin 6 dé. But f sin? 0 d0 = z J cos? 0 sin 0 dð = y 
0 0 0 


4 2 4 4 
so I-m(aj;b,-- dyby) 3 + 21845... B (sb. + dyby + azbz) = (a -b). QED 


(Alternatively, noting that I has to be a scalar bilinear in a and b, we know immediately that J = A(a-b), where 
A is some constant (same for all a and b). To determine A, pick a = b = k; then I = A = f cos? 8 sin 6 d8 dọ = 


Ar /3.] 
For states with | = 0, the wave function is independent of 0 and ¢ (YE = 1/47), so 


D Bp Be = MERECE 





r3 
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The first angular integral is 3(47/3)(S, - Se) = 4r(Sp - Se), while the second is —(S, - Se) f sin 0 dô dọ = 
—4T (Sp : Se), so the two cancel, and the result is zero. QED — [Actually, there is a little sleight-of-hand here, 
since for | = 0, v — constant as r — 0, and hence the radial integral diverges logarithmically at the origin. 
Technically, the first term in Eq. 6.86 is the field outside an infinitesimal sphere; the delta-function gives the 
field inside. For this reason it is correct to do the angular integral first (getting zero) and not worry about the 
radial integral.] 


Problem 6.28 


From Eq. 6.89 we see that AE c (I 


MpMea 
Eq. 6.85); the notation in Eq. 6.93 obscures this point. 


) ; we want reduced mass in a, but not in mpme (which come from 


(a) g and m, are unchanged; m, — M, = 207m., and a — a. From Eq. 4.72, a x 1/m, so 


a — m,(reduced) |  mymp E 207 2 207 o 207 | 186 
ap = m mtm, me 1+207(me/mp) (911x10733) J11 ^ ^7" 
ii e m p Me e/ Mp 1 + 207 T 5719-27 











AE = (5.88 x 1079 eV) (1/207) (186)? — [0.183 eV. 
































2 
(EI E ENS a Mp(reduced) EN Me 1 _ 1 
ap Me Me Me Me 2 
2 1.67 x 10-27\ /1\° 
a —6 2 —4 
AE = (5.88 x 1079 eV) (5) (s - irs) (5) =| 4.82 x10~4 eV. 
a Mm (reduced) Mem 1 207 
: 5.59 — 2; ; = = B. = f 
(c) g > 2; My My; di tiis Me + m, Me 208 

















2 1.67 x 10-27 207? 
AE = (5.88 x 1078 — |1.84x10-? eV. 
VASA (ss) Ee x gx) (zs) on 


Problem 6.29 
Use perturbation theory: 








e? 1 1 1 
H'’=-— -- f b. AE- H' ith - -rja 
47€0 (s =), or DATE QIH |p), wi w Ta 


2 1 b 1 1 2 1 b b 
AE=- £ asin f LL jeep. 3 r2e ?r/a gy. — | re—2"/4 dp 
Areg Ta? 0o NO r mega? V b Jo 0 
b 
e? 1 a ian * 2r 
— —2r/a —2r/a -2rl/a| _ 2 . 
meee aaa O K eni 
s -3b/a |. a? e 3a _ 2b = E £. —2b/a Q2 a? 
— 9b TE a * ab 4 
e? 2b ab. a? a ab @ 
=- =2b/a 1 
Tega? L ( $'Ug um es *(s | 
2 2 
—2b/a| _ a a 1 a a a) Es T= a 1 —2b/a 
e ( G3 b ~ Frega b vos l 
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Let +2b/a = e (very small). Then the term in square brackets is: 


e e3 63-1] 


-1-Dasl-rHt5- -S.08e EOE Qe 















































6 3 
2 14b? 
To leading order, then, AE = $ 
Are, a 6a? 
met Anegh? e? 
E = E SS Se 2 = $ 3 E = — . 
: 2(47eg)2h? ' s me? 9" 0 2(47€o) 
AE e 2(4m)V 20 | 4 /b\? 
E 4-69 e 3a2 | 3\aj ` 
Putting ina = 5 x 107 m 
AE 4/ 10-5 TET ET 
EC s(a) = z X10 x|—5 x10. 
fine structure: AE/E x @? = (1/137)? = 5 x 1075, 


P CORN E { hyperfine structure: AE/E ~ (me/mj)o? = (1/1800) (1/137)? = 3 x 1078. 


So the correction for the finite size of the nucleus is much smaller (about 196 of hyperfine). 


Problem 6.30 
(a) In terms of the one-dimensional harmonic oscillator states (V, (x)), the unperturbed ground state is 


[0) = vo(x)vo(y)vo(z)- 


Ej = (0|H'|0) = (o(z)vo(y) vo (2) x^ yz [vo (x )vo(y)vo(z)) = A(2*)o(y)o(z)o- 
But (y) —(2)0—0. So there is no change, in first order. 


(b) The (triply degenerate) first excited states are 


) 
|1) = vo(z)vo(y)v1(z) 
[2) = vo(z)v1(y)vo(z) 
[3) = v1 (z)vo(y)vo(z) 


In this basis the perturbation matrix is Wi; = G|H'|]j), i—1,2,3. 


Q|H'|1) = (Vo(z)vo(y)us (2) Aa yz |o (x) vo(y) ua (2)) = Ma?)o(y)o(z)1 = 0, 
(2|H'|2) = (wo (x) (y)bo(z)|Ax* yz | vo (x)vi (y) uo(2)) = Ma?)o(y)1(2)o = 0 
(3|H"|3) = (i (x) vo(y) voz) A? yz |a (x) boy) vo (2)) = A(z?) (y)o(z)0 = 0 
Q1H'|2) = (vo(z)vo(y)us (2) Aa yz | vo (x)vi (y)bo(z)) = Ma?)o(0|y|1) (1[2]0) 


N 


h 
= A=—|(0|2|1)|? = Aziz -) fusing Problems 2.11 and 3.33]. 


2mw 
(1|"|3) = (bo(z)vo(u) vi (2) A? yz |a (x) bo(y)bo(z)) = A(0|x?|1) (v)o(1]2]0) = 0, 
2)¥o(y)¥o(2)) = MO|a?|1) (1yl0)o()o = 0. 


(2|H"|3) = (vo(z)va (y) vo) zs 


( 
( 
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0a0 














no 
W-—[a00], where «eA (3>) ] 
000 is 
-E a 0 2 
. 3 2 h 
Eigenvalues of W : a —E 0 )=-E°+ Ea =0=> E = {0, ża} =]0, +A | — | . 
0 0 —E 2mw 











Problem 6.31 


(a) The first term is the nucleus/nucleus interaction, the second is the interaction between the nucleus of 
atom 2 and the electron in atom 1, the third is between nucleus 1 and electron 2, and the last term is the 


interaction between the electrons. 
























































1 =F (1 z) -4 Le (Z)+(Z)'+ 
R-x R R R R R "y ie 
so 
1 e? X1 X1 2 X2 Z2 2 X1 — 232 Ti — 22 
Hs ipe) ]-n- OO Om ft pt Fa 
4neo R f | i R + R R s R a R i R 
O tly 235492 V... e^ mido 
^ 4meo R R? | 2zeR?. 
(b) Expanding Eq. 6.99: 
H = 1 (p? +p?) 4 lb (a2, + 22) — a (x? — x?) 
I E ee AE ter Ae RS re v 
1 1 e? 
= gu P? +P) + gh (ri +28) - gyo nas) =H +H (Eqs. 6.96 and 6.98). 
(c) 
k e? us 1 e? 1 e? : 
w+ = 1T Xw I1 F Ee]. 
m 271€o R3 k 2 V2neo R3 mw? 8 V2neo R mug 
1 1 e 1 e? ? 
AV £& -hwgll 
dn 1 2 (ene) 8 (ee) E 
1 e? 1 e g 
1 hw 
Y 2 (cmn) 8 m | j 
01 1 e ? LA feya 
2ħwo 4) X2neo R? mwg 8 Mwg \2reo) Re 
(d) In first order: 
" , e e? 
Eq = (0|H |0) = —3seo R8 Vol) Yole) |n na [o (22 )o(2)) HH (x)o(x)o = 0. 
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In second order: 


HeD Knl Here Ie) =I0)10), feba) =Ira)lna), so 








| Y Y (nali ]0) P |{n2|2210)|? [use Problem 3.33] 


B E B EL na 


n= 1n2= 1 
(= | 10)? | (1 ac]0)|? 
a (Shu + hwo) — (hup + 3fwo) 


1 h \ A SUY a oe 
mcm 2ħwo 2mwo)]  8m?wg \(2reo) RE 





[zero unless ny = n3 = 1] 


Il 








Problem 6.32 


(a) Let the unperturbed Hamiltonian be H(Ao), for some fixed value Ag. Now tweak A to Ag + dA. The 
perturbing Hamiltonian is H’ = H(Ag + dà) — H(Ao) = (OH/OA) dà (derivative evaluated at Ag). 
'The change in energy is given by Eq. 6.9: 
OE, 
OA 





OH OH 
dE, = E} = (yO|H'|y9) = n len) dx (all evaluated at Ao); so = (nl By Va 


[Note: Even though we used perturbation theory, the result is exact, since all we needed (to calculate the 
derivative) was the infinitesimal change in En.] 


R d 1 4, 


























P Ys. iore nyc 
(b) E, = (n+ 3)hw; H Dmm + 9mw T. 
(i) 
E, 1 H 1 
oe =(n+ ahs ÎE = mwa’; so F-H > (n4 g)h = (nlmez"[n). But 
Lou 2 1 1 1 1 
V= gw X, so (V) 2 (n l; mua? |n) = zon + ahs (V) = 5(n+ 5) hw. 
(ii) 
BE. inh, Of Ad O2( MOPX 2. 
Oh 5722 7^ Oh md? A\ md?) R’ 





(n|T|n, or | (T) = $(n+ $)hw. 











(iii) 








E, H hg 1 1 KR d 1/1 1 1 
OE n = 0; 2 = T zw)? = ( ) + ( maa?) ==-T 4V: 
2 m m 


2m dx? m 





1 1 
So F-H => 0 = ——(T)+ —(V), or |(T)=(V).| These results are consistent with what we found in 


Problems 2.12 and 3.31. 
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Problem 6.33 
(a) 


OE. — 4me? 4 OH 2e 1 
ðe — 322A? (Jax t1+1)2 e 





ðe Ate r 


En; = . So the F-H theorem says: 




















4g € 1 1 87 E &meo. E, &m€o m e WV 1 em 1 
n = ; or = n = = = E 
€ 27€0 NT r e? e?n? e? 2h? \ 4T€o n? — 4megh? n? 



































Aregh? 1 1 
But —°~ =a (by Eq. 4.72), so |( - ) = ——.| (Agrees with Eq. 6.55.) 
me? r na 
(b) 
OE, 2me^ 2E, OH hn? 
- - ; = 2+1); so F-H 
Ol 3207 eGR? max + b+ 1)? n’ Ol Sm | se says 
2E, GÉQUE1)/1N  /1Ņ\__ 4mEn AmB 
n | 2m Bj Cm n(20l--1)2 m3(2l4- 1)h?' 
AmE, 2 1 1 
But — Bou 80 (3) = n Dar (Agrees with Eq. 6.56.) 











Problem 6.34 





2 
Equation 4.53 > u” = c emen sí : );« 


r? h? h? V4meo ) r 








me? 1 2MEn 2m m e? i 1 1 
But E == (Eq. 4.72 d = EEES 
s Areh? a dota. san h? h? 2h? () n?  a?n? po 
(+1) 2 1 
" 
mode | £2 ar aj f 








v f orte = n E T D ud 4 : ; udr = I(l + 1)(r$77) — (ret) a 1 (r5) 


r ar na 


+ = -J L (ur*)uf dr = — [e dr — s fuo dr. 
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Lemma 1: fen dr — -f L (ur*)u dr = - ferro dr — s fury dr => 
r 


S 


2 f (uu) dr = —s(r57l), or noy dr- -5 60773. 


Lemma 2: feto dr = - fu) dr = —(s +1) [ture dr — fem dr. 
r 


2 
2 fertu) dr = —(s +1) f eo dr, or: [e dr — E fe dr. 





Lemma 3: Use * in Lemma 2, and exploit Lemma 1: 





[e de fe = ' EJ (ur? ^u) dr 
= — K + 1) furs) dm SÍCDE a [ores 
peste) Gea Co) 


casa (eatin Gs) ao 


Plug Lemmas 1 and 3 into ¢: 
























































E 1657) = 2697) s) 
x05 sega een Pm D ens =0. 


2(s 4- 1) 
n2a? 





2 (s? — 1) 
(r?) (2s + 1)(r?7) + 2s e +i- M (r5?) = 0, or, finally, 


a 


(s 4- 1) 





(r*) — a(2s + 1)(r?7 P) + "P 4l --1—s2)(r$7?) 2 0. QED 


(214-1)? 


TL 
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Problem 6.35 
















































































(a) 
Z(t) -a(+) 40-05 (5-4 
2 1 1 a 
-a (r) - 3a(1) + 4 [21+ 17-1] e (2) <0 S6) = 3a- (e De? — =< [3n? - 11+ 1)] 
(r) = $ [Bn - 11+ 1). 
3,5 1 j ae a " a? : 
"iu )—5a(r) + 5 (201-1? - 4a? = 0 > za ) = 5az [3n? —1(1+ 1)] - = [(21 + 1)? — 4] 
^ (r°) = E [15n? — SI(L-- 1) — 4+1) - 1-4] = . [15n? — 91(1 +1) +3] 
= 2 eset et]; [e5- S pe ae nen 
^6) — Tat) + [21+ 1)? — 9] ai) =0 = 
4,3 n?a? 5 3 >a ; 
<a (7) = Ta—— [Bn? -3I +1) +1) - F [ANE 1) - 8] 075 [Br - 10 + 1)] 
= a (35n* 2591133)" + 7n? — T3 + 1) — 6] [3n? EUM. m 
= = [85n* — 21( + 1)n? + Tn? — 9I( + 1)n? + 3 (Lc 1)? + 18n? — 6I(L + 1)] 
& D [35n^ + 25n? — 301(1 + 1)n? + 3P (1-1)? — 6l(104- 1)] . 
(r3 = a [35n* + 25n? — 301(1 + 1)n? + 3I? (1 + 1)? — 6l(l + 1)]. 
(b) 
oe(3) - t eren? - 1 P) =0 > (3) = al(t+1) ( ). 
(c) 











TES » 5 | A ith Eq. 6.64. 
al(1 + (=) (L+ 1/2)n3a? =z (3) i+ 1/2) 4 Dna? grees wi q. 6.6 
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Problem 6.36 
(a) 


1 1 ; 
|100) = ia (Eq. 4.80), E! = (100|H’|100) = Boaz | e (reos)? sin 0 dr dé d. 


TA a3 




















T : 26 us 
But the 0 integral is zero: f cos 0 sin 0 d0 = E —0. So El —0. QED 
0 0 
1 1 T 
1 os fe (1 ) —r/2a 
) W200 Zra Jq 25 € 
2) = p211 = —-——gre "sine? 
b) From Problem 4.11: Ta Bd 
1 
3) = V»1o0 = Samum e cos 0 
1 1 ; 
4) = aii = —— re "7 sine? 
Vra 8a? 
agi) = cay cos 0 sin 0 d0 = 0 
(21H7|2) = 4. ni sin? 0 cos 0 sin 0 dé = 0 
Qr 
(3|H7|3) = 4. +f cos? 0 cos 0 sin 0 dé = 0 
05 
(4| H?|4) = py sin? 0 cos 0 sin 0 dé = 0 
0, All matrix elements of H7 are zero 
amo) = m] c^ dà =0 except (1|H7|3) and (3|H/|1) 
0, (which are complex conjugates, 
aig) = {...} 7 e do = 0 so only one needs to be evaluated). 
2T 
(2| H!]3) = E e '?db=0 
0 
27 
(2|H'|4) = b e ?9q$ =0 
2T 
(3|H?|4) = js e ? de —0 
0 





1 1 1 1 T 
1|H7]3) = eFex J (1 ) e7™"/2ape™"/2a cos O(r cos 0) r? sin 0 dr dé d 
HADES Tape 20 ona 2a — f 


éEext (27) | cos? 0 sin 0 d0 A (1- =) atlar gy 
0 0 2a 





Il 











21a8a3 
eEext 2 js 4,—r/ 1 Ee 5,—r/ eE. 5 1 6 
E - r/&dp— — 7/9 dp $ = 4! 5! 
zt re Pah t TST Da CO 228 
Eex 5 
= ES 24a? (: = 3) = eaEext(—3) = —3aeFext. 
0010 
0000 
W = —3ae Eext 1000 
0000 
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We need the eigenvalues of this matrix. The characteristic equation is: 





ti = TUM SN T ae 

—-—A4|10 -A 0| 10 0 ——A(-AP + (-32) = A20? — 1) 2 0. 
d M x d ^0 Al dic 
0 0 0 —-A 


The eigenvalues are 0, 0, 1, and —1, so the perturbed energies are 








Eo, Eo, E + 3aeEext, E2 — 3aeEext- Three levels. 











(c) The eigenvectors with eigenvalue 0 are |2) — and |4) = ; the eigenvectors with eigenvalues +1 


ODore 
e OOO 





O =e 





a= 


are |+) +1 








1 1 
. So the “good” states are | 211, Y21-1; ua 200 + V210), yg 200 — 1/310). 








1 
md 64a4 





ies J re I^ sin? 0 [rsin 0 cos di + rsin Osin 6) + r cos 0k] r? sin 8 dr dé dé. 


E T 
sint 0 


=0, so 











2v 2n T 
But J cos o dọ = T sin $ dó = 0, J sin? 0 cos 0 do = 
0 0 0 


0 








(pe), — 0. Likewise (pe)2 = 0. 














(Pe)+ = -3e fun + vs)? (r)r? sin 6 dr d6 do 
1 1 1 T r 2 x A ^ 

= ap- —r/a : H . " y 2. 
xx] lC =) T Ja cos 6] e "/*r(sin0 cos 9i + sin 0 sin $ j + cos 0 k)r^ sin 6 dr d0 do 


k 1 2 
= -Sg | [(1- =) + = cos6] ree—"/* cos Osin 6 dr do. 











But [7 cossin 0 dð = [7 cos? Ø sin 0 dé = 0, so only the cross-term survives: 


(Pe)+ = ape» (+2) J (1 = =) rcos6r°e—"/* cos 0 sin 6 dr d0 
a 








a 


zi) f costasin oa] ia (1 _ >) rte? 4dr = 3 


24a? (: — 3) =|+3aek. 








Í 
H 
477 
le 

ev 


e 5X2 1 
la? la 
($ k) 3 fata 95.0 | 














II 
Li 
1 
ec 
29 








Problem 6.37 


(a) The nine states are: 
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l=0: |300) = Rs0Y? 

l=1: |311) = Rza Y% 
310) =RsY? 
31-1) = Rz Y; * 

122:|322) = BRaY2 


321) = RaYj 
320) = RajY? 
32-1) = Rao, ! 
32—2) = Has Y; ? 





H. contains no $ dependence, so the ¢ integral will be: 
2m . a 
(nl m|H; |n l' m^) = (--- Ji e *™oe'm > dg, which is zero unless m = m. 
0 


For diagonal elements: (nlm|H{|nim) = {--- HM [P7 (cos 0)|^ cossin dð. But (p. 137 in the text) 
P™ is a polynomial (even or odd) in cos@, multiplied (if m is odd) by sin@. Since sin? 0 = 1 — cos? 6, 
[P (cos 0)]? is a polynomial in even powers of cos 6. So the 0 integral is of the form 


T 


T )25+2 
[ (cos 0)?7*! sin 8 d0 = — (oes) 
0 


SEI. =0. All diagonal elements are zero. 


0 





There remain just 4 elements to calculate: 











m — m! =0: (300|H/|310), (300|H/|320), (310|H/|320); m = m — x1: (31 x 1|H/|32 +1). 


(300|H7|310) = eEext / RoRar*dr [ voy? cos ô sin 0 dð dọ. From Table 4.7 : 





2 1 8 1 1 2r 2r? T 
RoR 3d £ 1 —r/3a (1 _ Z) —r/3a 3d : 
/ 304431" ar 97 4372 27/6 Ba / ( 3a sr m) € 6d re r' ar 


Let x= 2r/3a: 


24 3a\ 5 fee r? T 
3 m 4 —c 
n dr — 35 dat (= ) f (: £+ =) (1 =) r'e “dx 














riego DEL rm 1 ü OHNE PME, 
= — 1 4 3) z*e7*dy = 4! ! ! ! 
i ( qur qe an) x zx 13! + 159 a") 
= —94/2a. 
1 7 2 
J YEY? cos0sin0 dð dó = eV È f os0cosAsinododo = V8 5 E T Sa oS 
VAr Y 4n 4m 0 2.3 3 














(300|H/|310) = eEs4(—9v/2a) ($) =| —3V6ae Eext- 


300|H/|320) = eEoxt | RaoRair^dr | YEYS cos @ sin 0 dé dd. 
0 
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1 
[ ved cos asin ado dó = ay] e [ (8c08* 0 — 1) cos sin 8a dó = 0 (300 |H/|320) = 0. 
T 


(310|H/|320) = Eis | Ru aar*ar | YPY cos 0 sin 0 dO dd. 








8 11 4 1 1 r 
3 2 = —r/3a,,2 ,—r/3a,,3 
| Pair dr Teaver à 1 (1 zz) re r'e r'dr 


24 SaV f% x a 1 9/5 
ss) | ( =) ae dx DW (s 37) 7 a 


J YO sino cos ata = Vi V i / etos! o - 1) cos 0 sin 0 d6 do 
4r V 167 
v15 i v 15 3 1 
= Mem f (3 cos 0 — cos? 0) sin 0 d = —— |—— cos? 0 + = cos? 0 
8m 0 4 5 3 








T 


2 
o To 




















2 
(3 1 0|H;|3 20) = eEcx« | 2 (=) =| —3V3ae Eext- 


(31 4 1|H}|32 +1) = cox | RorRaar*ar | (YE) Y£! cos @ sin 0 d0 do. 















































g 1 T ; 
J (YE) YF" cos 0 sin 0 d0 do = (= i) (= E) J sin det"? sin 0 cos 0e *'? cos 0 sin 0 d0 de 








T 36 5 9\ |" 
= PES cos? 0(1 — cos? 0) sin 0 d0 = 35 uL ud 
8c 0 4 3 5 ö 
zoul 
5 























5 1 9 
(31 zb 1|H7|32 as 1) = eEs | 2 (=) = 5 te Een. 


Thus the matrix representing H; is (all empty boxes are zero; all numbers multiplied by —ae Eext): 


(b) The perturbing matrix (below) breaks into a 3x3 block, two 2 x 2 blocks, and two 1 x 1 blocks, so we can 
work out the eigenvalues in each block separately. 


0 v20 —-A V2 0 

















3x3: 3/3| /20 1|; IVZ -A 12 3 c A42A 2 AQ? — 3) =0; 
0 10 0 1 S 
A= 0, 4v3 E! =0, El = 9aeEext, Ei = —9ae Eext. 
© 9/01), JAI 2 E" 
iue P LEAN erage 
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300 310 320 311 321 31-1 32-1 322 32-2 

































































9 9 
Ej = eh, Ee = —50¢Bext. From the other 2x2 we get Ed = Ej, Ei = El, and from the 1 x 1’s we 





e= 
0 (degeneracy 3) 
(9/2)ae Eext (degeneracy 2) 
get El = Ej = 0. Thus the perturbations to the energy (E3) are: —(9/2)aeEext (degeneracy 2) 
9ae Eext (degeneracy 1) 
—9ae Eext (degeneracy 1) 











Problem 6.38 


2 
1 
Equation 6.89 > El, = emori qi (Sa (S); Eq. 6.91 > 4-8, = z (5? - 52 — 93). 


Electron has spin 5, so 52 = 4 (3) A? = 3h?; deuteron has spin 1, so $2 = 1(2)h? = 2h?. 
Total spin could be 3 [in which case 5? = 2 (3) A? = +2h?] or 3 [in which case S? = 3h?]. Thus 
i (Bn? - 41? — 288) = gne 
(Sa. Se) = ; the difference is PLE so AE= 
5 (3h? — 3h? - 2h?) —--m 


242 
Hogae“hħ 
Qrmamea? 


Qqge2h? 2qqht 3 
ae a a = £94 TP A Ehyarogen (Eq. 6.98). 





1 
But Hoco = — — Wo = —5;, so AE = is mg = 
C €9C 4Teomgqmec^*a mqmáéc*a 2 gy Ma 


h 2 4 (5.59 
Now, A = eae so Ag= eee and since mq = 2my, Aa = z (3) (21 cm) = [92 cm. 
v Mp 1.71 


3 














Problem 6.39 





(a) The potential energy of the electron (charge —e) at (x,y,z) due to q’s at x = +d alone is: 


eq 1 1 


y- - 
4reo | (£ +d)? +y? +22 y(x- d)? +y? +z? 





Expanding (with d > z,y,z): 
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Qe r2\ TM? 
E a d + z) 








&|- 





= (a?  2dz + d’ ty? + 22) 1 = (d x2ds er?) P = 
































d o 8d d d 2g 
eq x 1 2 2 x 1 2 2 2eq eq 2 2 
- | Eau - 
P ST DERE | a d apport | au oe 
= 26d? + 30a? — Br?, where B=—-—— -L 
? m 4T€0 d? : 


'Thus with all six charges in place 





H' = 2(04d7 + Bod3 + 83d2) + 3(Giz? + Bay? + 632°) — r^ (84 + b2 + B3). QED 





1 
(b) (100|H'|100) = enam sin 0 dr dð d 





=Vo+ yf Pla? + Bay? + 332°)r? sin Odr d0 do ast = Bs) Je 2e ?r/^y? sin 0 dr dO do. 


h = [re =2r/a72 sin 8 dr d0 do = anf rhe r^ dy = Aga (7)? = 31a’. 
0 


= B= [etn (Ba? + Boy” + B32?)r? sin 0 dr d0 do 


= fr 4¢~2r/4(3, sin? 0 cos? $ + b2 sin? 0 sin? ¢ + G3 cos? 0) sin 0 dr dê dd. 


2n 


2n 2n 
But | cos? bdo = | sin? $ d$ = m, do = 27r. So 
0 
Sih rie Trag, | [7 (G1 + 82) sin? 0 + 2783 cos? 0] sin 0 dé. 
0 0 


4 ^ 2 
But f $e s. ] etse = 5. So 
0 3 Jo 3 





=41(2)" E Ba) 4 m = ra? (B, + Bo + Ba). 





3 
(100|H’|100) = Vo 4 ara (b + B5 + fa) 


(81 + Ba + B3) 315 — [Vs. 


va? 














[200) = RY% 

231) -2RA4Y] 
(c) The four states are pi-ipedur 

|2310) = RA4Y? 


Diagonal elements: (ni m|H'|n lm) = Vo + 3 (81 (x?) + 82(y?) + 85(2?)) — (B1 + Ba + 83) (r?). 


(functional forms in Problem 4.11). 
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For |200), (x?) = (y?) = (2°) = $(r?) (Y? does not depend on ¢, 0; this state has spherical symmetry), 
VW 


so | (200|H’|200) = (I could have used the same argument in (b).) 











n?a? 


2 
since (z?) = (.. Hd cos? dọ = (.. 2 sin? ddd = (y?), and (a?) + (y?) + (22) = (r?), it follows 


that (x?) = (y?) = $n) — (22)) = 15a? — = (27). So all we need to calculate is (2?). 


From Problem 6.35(a), (r?) — [5n? — 31(1+1) +1], so for n = 2,1 = 1: (r?) = 30a?. Moreover, 





mle? 





1 1 
(21 027/210) = [Pel co? ot cos! 0)r? sin 0 dr d do 
2ra 16a4 
1 oo 
= 1608 | Ben cost 0 sin 0 dð = at 61a" : = 18a?; (a?) = ly”) = 15a? — 9a? = Ga". 


(210|H'|210) = Vo + 3(6a? 8, + 6a? Bo + 18a? 83) — 30a? (61 + f» + Bs) 
= | Vo — 12a? (61 + b2 + B3) + 36a? b3. 














1 1 
(21 +1\27/21 +1) = T Jere sin? 0(r° cos? 0)r? sin 0 dr d0 dó 
va 64a 

















1 Du T 1 ae 
= 32a5 | eae | (1 = cos? 9) cos? 0 sin 0 dé = 35,5010" G =) = 6a?; 


(a?) = (y?) = 15a? — 3a? = 12a”. 








Vo + 3(12a7G, + 12a? 85 + 6a? 84) — 30a? (84 + b2 + b3) 
— | Vo + 6a? (B, + G2 + b3) — 18a? fs. 


(21 £1|H"|21 +1) 

















Off-diagonal elements: We need (200|H’|210), (200|H’|21+1), (210|H’|21+1), and (21—1|A’|211). 
Now (nlm|Vo|n' l m") = 0, by orthogonality, and (nlm|r?|n' l m") = 0, by orthogonality of Y”, so 
all we need are the matrix elements of x? and y? ((|z?]) = —(|x?|) — (|y?)). For (200|z?|21 +1) and 
(210|z?|21 + 1) the ¢ integral is ic cos? get’? db = ft cos? ó d$ + idee cos? ó sin $ dọ = 0, and the 
same goes for y?. So | (200|A’|21 +1) = (210|H'|21 +1) — 0. 






































For (200|x?|210) and (200|y*|210) the 6 integral is ff cos @(sin? @)sin@d0 = sin*0/4|^ = 0, so 
(200|H'|210) =0.) Finally: 














1 1 
va 64a4 


1 oo T 27 , 
= aa | reliar | sin? odo | e”? cos? ¢ do 
64ra”? Jo 0 0 
———M—M——M— 





(21 — 1|z?|211) 


I r2e71/^ sin? 9e”? (r? sin? 9 cos? ¢)r? sin 0 dr dO do 


I 





6!a7 16/15 7/2 
1 16 7 
I» = 2 
WIE E 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 6. TIME-INDEPENDENT PERTURBATION THEORY 193 





For y?, the ¢ integral is n e”? sin? $ dó = —1/2, so (21 — 1|y?|2 1 1) = 6a?, and (21 — 1|z?|211) = 0. 





(21 — 181211) = 3 [61 (-6a?) + B2(6a?)] — | 184? (i — 22). 











'The perturbation matrix is: 


























200 210 211 21-1 
200] Vs 0 0 0 
210| 0 |v- 12a? (8i + b2) + 240783 0 0 
211 0 0 Vo + 6a? (61 + 83) — 12a? 83 —18a?(f, — f) 
21-1 0 0 —18a?(8, — b2) Vo + 6a? (B1 + 83) — 12a? p3 











'The 2 x 2 block has the form ( - 


or 


2 ) its characteristic equation is (A— A)? — B? = 0, so A- À = +B, 


Vo + 24a? f a7 12a? Bo T 12a? B3, 
Vo = 12a? 8, + 24a? Bo E 12a? Bs. 








à= AF B = Vo + 6a? (0, + b2) — 12a? 05 + 18a? (61 — 85) = { 





€1 = Vo 

€; = Vo — 12a? (81 + b2 — 263) 
€3 = Vo — 12a? (—261 + B + B3) 
€4 = Vo — 12a?(G, — 262 + £3) 


The first-order corrections to the energy (E2) are therefore: 

















(i) If B = b2 = Bs, then €1 = €» = ea = €4 = Vo: | one level | (still 4-fold degenerate). 























(ii) If 81 = Bo Æ G3, then e1 = Vo, € = Vo — 24a? (B1 — 03), €3 = €4 = Vo + 12a? (B — 03): | three levels 
(one remains doubly degenerate). 














(iii) If all three B's are different, there are | four levels | (no remaining degeneracy). 





Problem 6.40 


(a) (i) Equation 6.10: (H° — E2)\v9 = —(H’ — Ely. 








h? 2:7] R? 2 4 2 
H? = v? = = V? — |, since a= neon : 
2m 4neg T 2m ar me? 
h2 
EN 
o 2ma? 
H' = eEsarcos0; Ej, =0 (Problem6.36(a)). 
1 
ve = Ze pi = f(r)e7"/* cos 6. 
Ta? 
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Equation 4.13 => 








2,1 _ COs d pja fe d PEPE. ur 
SU ije (e) | + aa [sin gy (059 


ad 
dr 
—r/a 
_ cos6 d |^ (r- Ls) e| j fe d [- sin? 6] 
a 


r2 dr r? sin 6 d0 


= 58 fop (p tree (mr bs) en] - 8t 
T a T: 
= cosbe—"/% (7 - 2 + at) + xr i: EIE 


Plug this into Eq. 6.10: 




















€ 
T Tr ar a 


-Ë ospe" (r 2 i =f] a(i =f] 1 of : | gt. f d RN 


va? 











2 1 1 2me Eext Ay meLext 
” ‘\ of 2 = = h = . 
* (s at ) f r fa ( h2 Vra? ) cb RAD 2h? /ra 


Now let f(r)=A+Br+Cr*, so f'=B+2Cr and f" —2C. Then 














2 2 2 4 
2C — ^(B + 2Cr) + £(B + 2Cr) - =(A+ Br + Cr?) = In 
a r r a 
Collecting like powers of r: 


T: A — 0. 

r1: 2B-2B-—0 (automatic). 

r?°: 2C—2B/a+4C -2C 202 B = 24C. 
rl; —4C/a = 4y/a => C = —w. 





Evidently the function suggested does satisfy Eq. 6.10, with the coefficients | A = 0, B = —2ay, C = —7; 
the second-order correction to the wave function is 











wa = —yr(r + 2a)e7"/* cos 0. 
(ii) Equation 6.11 says, in this case: 


1 meLEext 


ER = QUO LH Iyi) = Eat e Fe f e7"l*(reost)r(r + 2a)e77^ cos 0 r? sin 6 dr dO do 
Baa qe : 
= mee on f rr 2a)e-? ledr f cos? 6 sin 0 d0 
21a? h? 0 0 





eB \” anê aA? cos? QN |7 
- ACUTE ! | ! 
m( == is (5) ez (5) ( 3 i 
» cBext\” (27 6\2 _|__, (3eBexa?\* 
=m ver, rae Jg. 2h 
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(b) (i) This is the same as (a) [note that Ej = 0, as before, since vj is spherically symmetric, so (cos 0} = 0] 
except for the r-dependence of H’. So Eq. ¢ => 


1 1 1 2mep 1 20 IRER 
"opf ( ) 2 = ( ) = , where ee 
f PAT JE Anco? v ra?) r? rA í 4ncoh? v ma? 

















The solution this time it obvious: f(r) = 8 (constant). [For the general solution we would add the general 
solution to the homogeneous equation (right side set equal to zero), but this would simply reproduce the 
unperturbed ground state, %9, which we exclude— see p. 253.] So 








Vi = Be~"!* cos 0. 








(ii) The electric dipole moment of the electron is 
(pe) = (—er cos 8) = —e(o --o|r cos Oly tti) = —e ((Wolr cos0|u9) + 2(v8|r cos Olvi) + (vlr cos 0|V1)) . 
But the first term is zero, and the third is higher order, so 


1 
(pe) = —2e 3 
Ta 


oo T 2 4 2 
mep 3—2r/a DU E Ue p pr 

2e (zz) an f re ar [ cos* 0 sin 0 dé (ees) |: (2) | G) 

u me?p 3a4 2\ | me? pa E 

i egh? a? 8 24m Ameoh? ) — s 


Evidently the dipole moment associated with the perturbation of the electron cloud cancels the dipole 
moment of the nucleus, and the total dipole moment of the atom is zero. 





8 f erftreostyen^ cos 0 r° sin 6 dr d0 do 


I 























(iii) The first-order correction is zero (as noted in (1)). The second-order correction is 


1 ep mep _ cos0N _ s 
OA ply = ( ) ( ) fe ae (S2). r/a cos Or? sin 6 dr dod 
(bo T 1o) va? V 4reo) \Aregh? vra? pz : 
(ep)? | —2r/ L 2904 (ep)? a 2 
2 rya 0sin0d0 = —2 
e rE T ; e dr ; cos“ 0 sin d res) e (2) 3 


4 met p? 4A4,pX? 
- =|=(4) 5. 
3 2(47re9)?h? / e?a? 3 Nea 





Ej 
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Chapter 7 


The Variational Principle 


Problem 7.1 






































(a) 
T 1 2\|° aA? a [2b a 
V) = 2a? f ze P dr = 2a A? (y ) = = = ; 
P 0 4b 0 2b 20V r Vr 
hb a OH) PÈ la am ma V? 
(H) = — + ; = 073/2 = 0 => b? = ; ( ) 
2m 2mb Ob 2m 2 27 VIT h2 J2nh2 
2 2/3 2\ 1/2 2/3 42/3 242v 1/3 
TES h ma P a v 2nh | «7h I uci _|3 farh 
UM 2m V 2n h? V/2T ma E m41/3(25)1/3 2 22mm s 
(b) 





% 3 T 3a m /2b 3a 
V) = 22A? 4g 2b" dy = 29 A? = (f= 1m 
Men f ane 7 = ^07 ANV 26 1602 20V « 1602 


2 2 1/3 
_ Kb 3a OH) | h 3a 2o p 2 30m. - (55) 




















TREE CN rit 7? Ba aPN A aA aaa (1, 1y [8 (akt 
iD 16 \ 3am ~ mB Qr wp Am? 











Problem 7.2 


NE A. cx 2p? 
Normalize: 1—2|A | = ———4. dr —2|A, — = —|A)?. ' 
ormalize | | i (x? + b2)2 X | | 4b3 2p3 | T 
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AE hA. rogo 1 d? 1 
Kinetic Energy: |. (T) = -5,,14l C (EE di \@+P) dx. 











But d? 1 od —2r 7 —2 ig 4x | 2(3a? — 6?) " 
To T (x? + b?) dx \ (x2 + b2)2} (x? + 92)? MENTIS (x? + 023937 


h? 208 f° (3x? — b?) 4h2b3 ae 1 ee 1 
T) = dz = 3 —— dr — 4b? aa y 
Msa DG oe e ewe] 
4h2b3 3 37 p2 5m u h2 

16b5 32b | 4m? 














TM 


1 d 2 203 1 
Potential Energy: (V) = srw? [AP xj (e - pi = mu? = 5 = smb’. 
0 





h? 1 H h? h? 1 
= lm. a Plc ey, ate, N, mca c up. T 
4mb? 2 


H —— : 
x Ob 2mb? 2m?uw? V2 mw 

















4m hh gn V2 mw 





fo e 5-2 aol 


Problem 7.3 


A(a+a/2), (-a/2<a<0), 
wa) = 4 A(a/2-2), (0<2<a/2), 
0, (otherwise). 


l= Jape f^ (5 -a) dz = -34P; ( sa). i 


A (—a/2 < x « 0), 


/2 3 
_ 2 2/0 3 a 2. = 12 
= 3/4 (5) = 4 a a3 




















di f dy tU a a 
a= 4-4 (<a <a/2), c = Ad (a+ 2) - 245(2) + Ad (s - 2). 
0, (otherwise). 
ee -z. [vlt +$) - 249(2) + A6 (x - 2)| d a = 7 222 
~ 2m OEC i 2/1 75 9m "^m 2 
h2a 12 h? 
= Im a = ma (as before). 
_ 2 _ Pe clap e _ 2g. 
(V) = -a f ii (z) dz = —aly(0)[? = -04° (2) =-32. (H) =(T)+(V) -6—, -3 
o h2 a he 
a, = 1273 +375 == mio 
h? (ma? ma mo? (3 3 3ma? ma? 
(ws = 67 (Fz) -3e Cua) = Sp G j- am |^ cmo 











1 
hw |= 0.707 hw > jue. "4 
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Problem 7.4 


oo 


(a) Follow the proof in 87.1:  — XO OUR: where v; is the ground state. Since (vi|v) = 0, we have: 


n=1 


oo 
S ds (ilp) = cı = 0; the coefficient of the ground state is zero. So 
n=l 


oo oo 
= » En|en|? > Eg 5 |en|? = Ete, since En > Ete for all n except 1. 
n=2 n=2 


ze 2 l fm 2b 
LA 2,—2bz? J, — | A|2 | 2. And 
1= |A| i x'e dx = |A| 235 z |A|“ = 4b T 


n? 2 A —ba? d? —ba? 


2 
Ka T e = £ (a — 2br? p = —2bre ba? _ Abe? + 4b3a3e- 
x 


[2b 2h?b [2b 1 3 
T) = - Ab ba? + Ab? 4) e 2o? 2 |—6b 4b? 
E E Ghat + Abas) eI do = s 2 | Shy t aes 


4h2b 33 | 3hd 
AE 


(b) 

















m 2m ` 


le. uy SU. 25 capas l 5 2b. 3 T 3mw 
=x A “edz = = Ab 2 E 
(V) gm JA] f e z dr = zmw V z 23288 V 3b 


3hl?b  3mv (H) 3R 3mo? 2 Mw? mw 
H = | : = = = b = 
Pes a ay = om "xpo S a On 














(H) min = 





3h? mw | 3mw? 2h — hw Bas E UM 
2m 2h 8 mw 4 4 2 


'This is ezact, since the trial wave function is in the form of the true first excited state. 











Problem 7.5 


(a) Use the unperturbed ground state ( cs) as the trial wave function. The variational principle says 
(esl lye) Z Eg. But H = H? + H', so (gsl Has) = (gs H? gs) + (gsl H gs): But (Vgs H’ lg.) = 
ER. (the unperturbed ground state energy), and ( EH IYS) is precisely the first order correction to the 


ground state energy (Eq. 6.9), so By, + El. > Egs- QED 


x K us KU LE Wes) l? 


~ EE . But the numerator is clearly positive, 


(b) The second order correction (E2) is F? = 
diss 
and the denominator is always negative (since Eps < Ei for all m), so ES is negative. 
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Problem 7.6 


Het is a hydrogenic ion (see Problem 4.16); its ground state energy is (2)?(—13.6 eV), or —54.4 eV. It takes 
79.0 — 54.4 =| 24.6 eV | to remove one electron. 














Problem 7.7 


Pll do the general case of a nucleus with Zo protons. Ignoring electron-electron repulsion altogether gives 


3 
Wo = Lb 6-Zolrstra)/a, (generalizing Eq. 7.17) 
Ta 
and the energy is 2Z2 E1. (Vee) goes like 1/a (Eqs. 7.20 and 7.25), so the generalization of Eq. 7.25 is (Vee) = 
—}Z EF}, and the generalization of Eq. 7.26 is (H) = (225 — $Zo) Ei. 
If we include shielding, the only change is that (Z — 2) in Eqs. 7.28, 7.29, and 7.32 is replaced by (Z — Zo). 
Thus Eq. 7.32 generalizes to 





(H) = az? AZ(Z — Zo) 72| E = [-22? +422 - 5z] Ej. 
































O(H) 5 5 
Of = |-47447,--| BF, =-0 |27=%-——. 
az | i | : 16 
Gl alaa az D et AEE? 
min — 0 16 0 16 0 4 0 16 1 
5 25 5 5 25 
n 2 2. 
= ( 226 + 720 — 5g + A iu) Ej 
iau. ase ug EXIT iC) 
B ey ae N T 128 " 











generalizing Eq. 7.34. The first term is the naive estimate ignoring electron-electron repulsion altogether; the 
second term is (Vee) in the unscreened state, and the third term is the effect of screening. 






































11 
Zo =1 (H7): Z=1— Ž Ser 0.688. | The effective nuclear charge is less than 1, as expected. 
11? 121 
(A) min = Tag”! = Tag”! = —12.9 eV. 
5 27 27? 729 
Zo = 2 (He): Z = 2 — — = — = 1. before); (H) min = E, = E, = ; . 
0 (He) TET 69 (as before); (A) min 198 P = 15,7 77.5 eV 
5 43 43? 1849 
= “+ \s = — — = | — = ë sn = — = | — = — 
Zo = 3 (Lit): Z = 18 T 2.69 | (somewhat less than 3); (H)min ig P 128 Ei 196 eV. 




















Problem 7.8 


D = a(vo(ri) 





z eae 





1 EN 1 Stra. d 3 
=| or) =a; fe me 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


200 


CHAPTER 7. THE VARIATIONAL PRINCIPLE 





1 AFR arRo | Qn f° [ [7 2 FRR 
yf eey TR 2rR e088 -r2 sin 0 dr dO do = =f "f eTa DEE aba dr. 
r 0 0 


qa? Ta? 


1 r+R 


rR |r— R| 


b= 5 C8) m enne ge 


[esi ea dy = -zg [gos (r+R+ 2) — e 2ir- Rl/a (\r- LM ey 




















Lg jews (a? + aR) + (-2?)] = |D= 5 — (1 + =) e™?R/a| (confirms Eq. 7.47). 














1 1 —r1/a ,—r2/a 1 
X = a(vo(r1) =| vor) =a}; fe miter (ee ao 
1 1 2r (7 Mv zs 
= — | e/t V7 +R-2rRcosb/a 42 sp 9 dr dg dọ = =/ re 7 /a f g V" +R? —-2rRcos0/a sin 0 do| dr. 
a2 r Ta 0 


lza E. [eim + R^ a) — eclr-Rl/2(My — R| + a) 


EE 2 a —R/a T —2r/a 
X= 5 ( =) e / e (r+R+a)dr 


R oo 
—e Fle f (R-r+ ajar — e^ f e7?/a(r— R+ a)dr 
0 R 





_ -5 fere (S) + (R+a) (2) e F/a [n+ ar d 
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oo 2 
— e/a (2 cinis (-= » i) 
R 2 a 








a Napa) (-5e ^) 











2 
= _ 2 o-R/a ($ = T) =s X =e Ha (1 + zy (confirms Eq. 7.48). 
a 











Problem 7.9 


There are two changes: (1) the 2 in Eq. 7.38 changes sign ... which amounts to changing the sign of I in 
Eq. 7.43; (2) the last term in Eq. 7.44 changes sign ... which amounts to reversing the sign of X. Thus Eq. 7.49 
becomes 





D-X 
(H) = ji +28 x| m, and hence Eq. 7.51 becomes 
Ero 2 D- X 2 l1/x— (1+1 2m] z 
F(a) = Pe = B. nos mem 2 /x— (1+1/x)e (1+ ane 





-E; R 1-I x 1—(1+a+4+27/3)e-* 
€-—1 2 [1 — (1 +z + z?/3)e-* — 1 + (x+ 1)e?7 + (a+ 22)e7* 
i 1 — (1 + z-42?/3)e-* 








2 
x 


(1+ z)e?* + (22? — 1) e” 
l1—(l-z---/3)8-*9 

















The graph (with plus sign for comparison) has no minimum, and remains above —1, indicating that the energy 
is greater than for the proton and atom dissociated. Hence, no evidence of bonding here. 
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Problem 7.10 
According to Mathematica, the minimum occurs at x = 2.493, and at this point F” = 0.1257. 


mu = V" = OE pn aay. ve 1 /—(0.1257) Fy 
a2 : a m j 


1 
Here m is the reduced mass of the proton: m = Bt, NES 
mtm, 2 





Mp. 








8 x — 
_ 3x10 m/s TOT SV s 1014 Js. 


(0.529 x 10-10 m) l| (938 x 109 eV)/2 





1 1 
jh = 5 (6.58 x 10716 eV - s)(3.42 x 1014 /s) =|0.113 eV) (ground state vibrational energy). 











Mathematica says that at the minimum F = —1.1297, so the binding energy is (0.1297)(13.6 eV) = 1.76 eV. 
Since this is substantially greater than the vibrational energy, it stays bound. The highest vibrational energy is 





1. 
given by (n + 3)h» = 1.76 eV, son = = cibles 7.29. I estimate | eight | bound vibrational states (including 
n — 0). l 











Problem 7.11 
(a) 


a/2 
"e 2 22 2 2 "c E 24 ID 2 
= [wpa ap f e (EE) ata m a= e 


m= -a foret (G) [eee 























2m da?" 2m \a 2ma? 
1 1 9 a? 2 3 pnr/2 
(V) = jm? [ov dz = jm f x” cos? (=) dps (2) ] y^ cos? y dy 
a —a/2 a a T —n/2 
mura? [y? y^ 1 y cos2y "ym mua? ( n? 
EA in2 = —-1]. 
T? IE «(E jw EE | Ds 4m (5 ) 
(H) = TR mwa? (r? "7 OH) | Th mwa f(r? Hoera 
~ 2ma? 4r? 6 ' ða më m2 V6 > 





h 2 1/4 
a= (ae) i 
tise = nh? mw [mn?/6—1 | mu (v? Vue h 2 

2maz? h 2 41? \ 6 mw y 72/6 —1 


1 1 
= 2|— -hw(14 hw. 
5 fw 5 (1.136) > 5 "4 
































[We do not need to worry about the kink at +a/2. It is true that d^v/dz? has delta functions there, but 
since Y(+a/2) = 0 no “extra” contribution to T comes from these points.] 
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(b) Because this trial function is odd, it is orthogonal to the ground state, so by Problem 7.4 (H) will give 
an upper bound to the first excited state. 


á 1 
1= [ypa inp fe (E) a= lB > n- 


Ja 
h2 d? h2 2 252 
x 2 i () [ven ae 


2m E 2m \a 2ma 


1 1 1 [* E 3 [7 
(V)- jm f ov? dx = smu? f r? sin? (=) dx = ET (=) I y? sin? y dy 
mura? [y? y 1\. y cos 2y | |^ mua? (( 21? 
= sin 2y — = —-1). 
23? 6 4 8 4 E 4r? 3 


"?h? mwa? (2r? O(H) wh? mwa (2r? 
Vn ma? | An? ( 3 ) 0a maj" On? ( 3 ) Uim 


h 2 1/4 
anus (si) l 
mh? mw /2n2/3-1 mw? (21? 2 h 2 
H min = 1 
us oms? RV 21 4e ( 3 )' mu | 2232/3 —1 


1, fan 1 
=| 5hw ed = Sho (1:341) > Sh. ý 












































3 











Problem 7.12 
We will need the following integral repeatedly: 


fs 1 repre) 
ou C l 


ST 
qe X= p-k- r() 





(a) 


Il 





Mm no ctr. ARR) Eo) _ |_b TOn) 
je. IV] da = 24] f (£2 + 2)?” es p4n—1 T(2n) = r()r(*) 


2 
R2 [® dy | ,f® 1 d 
xd a ome T (XE BST dz 


me 1 
m^ jJ. (a? +8)” 


- 2nR? A2 


m 


2 








—2na 
X 
(a2 + 92)" 
1 2(n + 1)z? d 
(a2 +02)" (a2 + Bay? | 


oo 1 oo r? 
] rE OD, paa” 


_ 2nk? Dn) | 1 POTES RETTES) 

















| M n(4n- 1) 
— 4ml? (2n +1) ` 





m T(l)r(iz) | 20-1 T(2n4 1) 20-1  T(2n +2) 
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2 


= 
I 


1 nd 1 me 

jm f ya? dx = jm | — 7 V dr 

2 —oo 2 o (Ee b^) 
pct 1 Cr 2p? 

-—] (2n) GE oo y 


T (4) r (4) 204-3 T(2m) 2(4n — 3)' 


o M n(4n-1), mw?) OH) M n(4n- 1) mu?b —— 
Fae MIS Wes Qu 2n One aea 77 
h [n(4n — 1)(4n — 3) ] "4 
v | 2(2n + 1) | 


(H)min = D at dana —— y n(4n — 1)(4n — 3) 











mw 











~ 4m (2n+1) A V n(4n—1)(4n — 3) T 2(4n — 3) mw 2(2n + 1) 














1 
5 hw > ghw. V 


o J1 2n(4n — 1) 1 8n? — 2n 
E (2n--1)(4n—-3)| 2 8n? — 2n — 3 











(b) 





oo 2 2 3 4An—3 ET 
m g _ BP TOINE] _ [ Vm-ST(2n) 
1 = 2|B| Í (a2 + 02) dz pin-3 T (2n) = Bis EOE 


2 2 
hR? um x d 
T) = -— B? 
qm 2m P (x2 + 02)" dx 


B h? B? T x 
|». 2m J y (zx? + 2)" 


" 4nh? B? 
iz 2m 


1 2na? 
(x2 + 02)" (x2 + pen 





dx 











+ 
(a2 +T  (gn.amyui (a2 + 2)? 


Ju ge dz — 2( Df ut d 
X n + Tory ab 
0 (a2 + p2)?n*! 0 (a2 + p2)?n? 


_ nk? vp) | 3 TOTES) 2m Dr GTE) 





—2nz Ana An(n + 1)2? | 














3h? n(4n — 3) 















































m 1 (3)T (22) |20-! T(n-1) 20-1 TQn+2) | m (2n41)^ 
PO 4 4n—3 T (2)T (4%=5 2p2 
(V) = jm | ae 5; dcr = big : AGU 2 (3) ( 2 ) = DMU : 
2 o (a2 +62)" 2° P(3)r(i53)209—5  P(2n) 2 (4n — 5) 
(H) = 3h? n(4n — 3) Er 3 mw?b? ; O(H) _ 3h? n(4n — 3) | 3mw?b ate 
4mb? (2n+1) 2(4n-5) Ob 2mb? (2n--1) | (4n— 5) 
y [5 [nin - 3)n - 5) is 
«OY mo 2(2n + 1) Í 
Nigar 3h? n(4n — 3) mw 2(2n + 1) n 3 mw? h j[n(4n-—3)(4n 5) 
77 Am (2n+1) A V n(4n—3)(4n—5)  2(4n— 5) mw 2(2n + 1) 
3 2n(4n — 3) 3 8n? — 6n 3 
= a hw. 
METER 2 8n? —6n—5 ^9 á 
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(c) As n — oo, Y becomes more and more “gaussian”. In the figures I have plotted the trial wave functions 
for n = 2, n = 3, and n = 4, as well as the exact states (heavy line). Even for n = 2 the fit is pretty good, 
so it is hard to see the improvement, but the successive curves do move perceptably toward the correct 
result. 


BIDEE DL DL] 
I2 N WB O10) CO 


Co CoCoCoCoCoCoCo 
KN WB O10) «C09 














Analytically, for large n, b = ES ( 


= 4\/ —, so 
mw 2. 2n , 


— 2nh 





2\ % 2\n 
(2? + b?)" = 92" (1 + =) xb?” (1 in T ) — p2n mea? 2h. 
TV 


Zz. 


Meanwhile, using Stirling’s approximation (Eq. 5.84), in the form ['(z + 1) © z^e ^: 





42 biT (2n) pir-1 (2n — 1258-14-09) pin-1 1 ( Py y - v5 
E d ex V 2n — 3/2. 
T()rQn-i) V® (an — 8)? ?,.-G-m — vm VeX2n-$ 


jd 1 1 1 
But za |l 14 2 & 14 2 =14 ; 
l-i 2n 4n 4n 2n 4n 


2n —1 2n—1 1 nq 2 1 i 2 
wy /4 = 
(2-1) (+5) | 1+1/4n (e ) ve 


2 




















4n—1 1/4 
v T€ T T 


1/4 1/4 
w x 2n / p2n-1/2 omes? [2h = 2n , es e mos? [2h = (=) 1/4 e mec? [2h 
T p?n T 2nh wh i 





which is precisely the ground state of the harmonic oscillator (Eq. 2.59). So it’s no accident that we get 
the exact energies, in the limit n — oo. 


Problem 7.13 


5 oo 3 q S 3/2 2b 3/4 
r= ap fe r? sin 0 dr d0 do = an Ap f ree 25r dr = | Al? (=) => A= (=) : 
0 2b T 
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2 = 1 JM M aD 
(V) = - japan f er rdr = -£ (2) Apc uon n g 
0 r 


E ATE E 4m€o \ T 4b ATE T 


2 2 2 
(T) = sup fen (V?e-*" ) r? sin6 dr d0 do 
m 


1 d 1 —2b 
But (W2e7"") = l ( 2 zu = a. (-2br3e=*°) — —3 (3r? — 2br*) gm, 


ridrVA dr r? d om 


5 
-R (25V? co 2 n eM f 1 fm 3 fr 

E 4n)(—2b ? — 2br?)e 2" dr = —mb4 | — 2b 
2m (>) VE f (OEE ARE E "m Vm ^8» V 26 73002 V 21 
n2 25N/(3 3 3h2b 

= ama (2) G a) T 2m 


h?b 2 2b H h? 2 21 2 22 
a E Or ju e 0 B- a 


2m Ane T Ob 2m AregV m b Ate 
UD) min = 3h2 / e N^ 24m? e? 2 e? "Eos e \? m (4 8 
mU Im \(4reo) m 9h* = Ameo V m \ 4meo v3h?  X4meo]. B \30 3m 


2 2 
e ) 3 altae gv: 





























Il 


2h? V4meo]. 3m 3c 











Problem 7.14 


























1 
Let v = » e^"/* (same as hydrogen, but with a — b adjustable). From Eq. 4.191, we have (T) = —E, = 
h? " h? 
Img for hydrogen, so in this case (T) = PNE 
e Aa [9 oppe EASE e? 4 1 e? 1 
Et I Eg —2r/b 2 — EI —(u-4-2/b)r E = 
xe Areg Tb? Jo ' r m Arey b? [ n" 4neo D? (u + 2/0)? 4meo b(1 + &b)2 
h? e? 1 
(H) = 2 ba" 
2mb Ameo b(1 + m? 
aH) P n e? 1 P u DE 5 x e (1+3ub/2) _ um 
Ob — mb  4reo | b2(1 + ub/2)?  b(1-- pb/2)3| mb? — 4meg B2(1 + ub/2)3.— 
hA + + 
ies ia ja SAA or p SERIA) Spp) =a 
m \ e (1 + ub/2)? (1 + ub/2)? 








This determines b, but unfortunately it’s a cubic equation. So we use the fact that u is small to obtain a suitable 
approximate solution. If u = 0, then b = a (of course), so ua « 1 = > ub < 1 too. We'll expand in powers of 


b: 
| nae (1 + 2 | i: +6 (2) | zi h 2 (ub)? $ (un? 2g h - in? 
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Since the 2(ub)? term is already a second-order correction, we can replace b by a: 


a 3 2 
bm ape ^" [rego | 
h? e? 1 
2ma? [1 + 2(ua)?] Areo a [1 + 3(pa)?] [1+ 4 (ua)] 


h? 3 e? 1 3 ua pa 2 
z 1-2 : 1 2| Rie au — 

2ma? | 419) | Amey a | 49) | | 2 +3( 2 ) | 

m 


(ua)? - 2| =| Ex (1-200) + Suo. 





(H) min = 2 











3 
4 








3 
= —F; h — a? | T2E, | pa + 





Problem 7.15 
(a) 


H = Gs : Ie det(H — A) = (Ea — A)(Ey — A) - R? = 0 — X — (E, + Ep) + Ea Ep — h? = 0. 
b 




















1 
A=5 (5. + Ep yE? +2Ea Ep + E2 — 4E, Ep + are) >|E,=} |E + Ep (E, — Ep)? + 4h? |. 











(b) Zeroth order: E} = E,, EP = Ep. First order: El = (v4|H'|y,) = 0, El = (pl H' |t) = 0. Second 



































order: ' j ‘ , 3 j 
pe E M O uo Mal He)? 
5 E, — Ep Epa c3 Ey — E, Ey — Ea’ 
h2 h2 
Psae e oe a cu 
(E,— Ea)’ © ° (E-E) 
(c) 
(H) = (cos ó Ya + sin vi (H? + H’)|cos ó pa + sin ¢ Yo) 
= cos? à (tial H° Iba) + sin? 6 (lH? lw) + sin pcos ó (Ux H'a) + sin cos (pal H’ lun) 
= E, cos” à -- Epsin? à + 2h sin $ cos ¢. 
O(H 
L = —E,2cos o sin ġ + E;2sin $ cos ¢ + 2h(cos? 9 — sin? ¢) = (Ey — Eq) sin 2¢ + 2h cos 2¢ = 0. 
2h 2h sin 29 22 2 sa 
tan 2ġ = —————- = —e where €= . = —e; sinf2ġ = ef (1 — sin“ 29); 
ó E,— E, E, E, A sin 28 ó ( $) 
2 3 2 He 2 2 € 1 
or sin*2¢(1+¢*)=€°; sin2¢= nee cos* 20 = 1 — sinf 2¢ = 1 Lo Duo 
c1 in2 
cos 20 = (sign dictated by tan 26 = mue —€). 


VIF cos2ġ 
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1 1 1 1 1 1 
2 = 2320) 
cos! 6 = -(14-cos20) =- | 1 ; sin’ ġ = ~(1—cos2¢)==(1+ 4 
= p(t cos26)= 5 (1F gepa): meines = 3 (14 Goa) 
1 1 1 1 € 1 (Ey — Ea + =n) 
A) min = Ea lc + E 1+ th = Ea + E E 1 
ci 2 ( zu) 2 ( az) vI+e ;| f re 





(Ey — E, + 2he) (Ey — Ea) + hos ED ERE Ea)? + 4h? 

















But = = (Ey — Ea)? + 4h?, So 
2 Ah2 -— 2 2 
vi+e i+ aem J (Ey — Ea)? + 4h 
1 
bP) iis = > [Ee + Ey + J/(Es — Ea)? + ah? we want the minus sign (+ is maximum) 








=| | Es + Ep — yr — Da) F 4|. 

















(d) If ^ is small, the exact result (a) can be expanded: E4 = 3 h(E + Ey) + (Ey — Ea)4/1 + Io mE . 























1 2h? 1 2h? 
— E+ x —4 Ea + Ep E (Ey — Ea) |1 = Ea + Ey + (Ep — Ea) + ; 
«ssl TIENES ms] 2l tease tax 
h? h? 
so fy re Ej 4 ——, £8 E4— ——————, 
TOU (Ey — Ea) (E, — Ea) 


confirming the perturbation theory results in (b). The variational principle (c) gets the ground state (E_) 
exactly right—not too surprising since the trial wave function Eq. 7.56 is almost the most general state 
(there could be a relative phase factor e'*). 


Problem 7.16 

















For the electron, y = —e/m, | so Ex = +eB,h/2m (Eq. 4.161). For consistency with Problem 7.15, Ey > Ea, 
1 0 eB,h eB,h 
»x-xw-(): ees iy = E} = 5m Pieds 


(a) 








sla) = 9553 (01) (95) (2) = on (1) =o. 


eB,h 01 
bolio) = 552 Go (3 




















I 








Bh 1\/1 B,h Bh Bh 
(val H’lxs) = © (01) (15) (5) f (o (1)-* eg [Ree 


2m 2m 1 2m 2m ' 











and the conditions of Problem 7.15 are met. 
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(b) From Problem 7.15(b), 








h? eB,h  (eB,h/2m)? eh Be 
Es 2 En = = Bree), 
s (E) 2m (eB,hjm) 2m V * ^ 2B, 

















(c) From Problem 7.15(c), Egs = 3 [Fe + Ey — y (Ey — Ea)? 4 AR? (it's actually the exact ground state). 


1 B,hM? Bh? h 
see y rem 


2 m 2m 























(which was obvious from the start, since the square root is simply the magnitude of the total field). 


Problem 7.17 
(a) 


1 2 2 1,2 2 2 2 2 2 
rı = ud v) r2 = u— v); ri + r$ = =(u* + 2u. v +v +u’ — 2u. v +v) =u t v*. 
1 Ja! ) 2 vi ) 1 2 zl ) 





af af af Of 0? f 9? f 
2 2 = t 





Of _ Of Our, | Of Ove, 1 (3 x) Of — Of Ou, OfO0v, 1 (3 of) 
Ór; OUz Ox T Ov, O21 V2 te ; f 


Qu, Ove 0x22 Ou, Oz D Qv, 0x3 V2 NOu, Ov, 





f 1 ð Of | af o 1 OPf Ous | 0? f Ove 0? f Qu, , 0*f Ove 
Or  20x;N0u, vs) V2 N0ulO0x,  Ou,Ov,Órxi  Ov,Ou,Oxi | Ov20mi 


, 





EVE 0? f o? f 
2 (z 2x Qus Ov, d sa) 





f 1 ð Of OF \ 1 fae Pots Of Ow Of Ou, Of Ove 
ðr? 42029 \Ouz vz | V2 X0u20x;  Ou,O0v,Ó0x2  Ov,Ou, OQ v2 Ərə 











i X OTT 9 OT E of 
2 \ du2 Ou;Ov,  Ov2/' 
Pf f Pf OF mt 
So (Z + = = (53 ^m and likewise for y and z: V1 + Và = V2 + V2. 
n? 1 
H = (V2 + V2) + mw? (u? + v?) — ou 
2m 2 4 
h? 1 n? 1 1 
= -Zv + j| + |-zvi + are = zamo o? . QED 
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(b) The energy is łħw (for the u part) and 3hw4/1 — A (for the v part): | Eg; = hw (1+ V1— A). 











(c) The ground state for a one-dimensional oscillator is 


mw 


1/4 
i) en mwa /2h (Eq. 2.59). 
nh 


polz) = ( 


me) 3/4 emer? [2h 


LR , and for two particles 


So, for a 3-D oscillator, the ground state is o(r) = ( 


3/2 mw 
w(r1,r2) = (=) e BE I+) (This is the analog to Eq. 7.17.) 


3 3 
(H) = she B jhw + (Vee) = 3ħw + (Vee) (the analog to Eq. 7.19). 
À 2 (MWN 3 -mu (p? 472) 2 33 3 
(Vee) = —— mw (=) e 5 1*T2) (r1 — r3)^ d’r, d’rg (the analog to Eq. 7.20). 
4 nh ub 


2 2 
Ti—2ri:ra-cr73 


The r4 : r2 term integrates to zero, by symmetry, and the r2 term is the same as the r? term, so 


3 mw 
(Vee) = Le (=) af ee dri dro 








4 nh 
- A 2 (MW 3 Am)? R —muwr /h 2d PS —mwr? /h 4d 
= -3mu (=) (4r) : e r5 dra : e ry dry 
8m4w® |1 h | oh 3/ hN [rh 3 
M nh? E z| E (=) mu | Td 
(H) = Iw — 2M = Shue (1-3). 











The variational principle says this must exceed the exact ground-state energy (b); let’s check it: 

À 3 À À X 
3h» (1-2) > Stw (1 VIA) e 2-52 1-V1I73 e 1-2» VI-À e 1-A 0 »1-X. 
It checks. In fact, expanding the exact answer in powers of A, Egs © 3hw(1 a= 3A) = 3hw (1 — 4), 


we recover the variational result. 


Problem 7.18 


1 = = [utens drz = |A}? [fv dr [ i Pra +2 f ws dri f sis Pu fo ar, [ v dral 
= |AP*(1 +25? + 1), 





where 
= _ Vv (Z1Z3)? —(Zi4-Za)r/a > 4 sy\3 2a? | (9 3 
s= [ ste - SR fe + Anr'dr = — (2) p -(8) " 
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4T€0 Ira = Yr2|’ 





nw =at|-S wie vb s (2E) stone 


2m 4meo \ T1 T2 





«-wtevb- E (2+2) econea] 


4meo \ ry T2 








2 = = = = 
| Ae {|= z | 2 | Vi (ri)vo(r2) + [E ! aes — atria) + Vee), 
e? 1 


where Vee SS eS s 
4T €9 Iri — r2| 


The term in first curly brackets is (Z? + Z2) Eii(ri)v2(r2) + (Z2 + Zg)wa(ri)Wi(ra), so 


Hy = (Zt + Zi)Ew 
: 0 — = 
FA € { [a+ 1 TM im =| ea (radar) E 1 + Zı * [stria + Vee 








ÅTEo rı T2 rı T2 





(H) = (Z? + Zi)Ev + (Vee) + A” (=) 


(43 +43 


iro) + (Z2 — Dinero) [= 





x Lava + Vo(ri)vi (ra) 








bitva) + [A 4 A 


T1 T 





éntriitra)) V 


[y= a- Dwe 











pa(r2)) 


+ (Za — 1) (ar JE: Va (r1)) Qo (r2) bi (12)) 





t (Zi — 1) (41 (r1 )lp2(r1)) Qo (r2) 








- Vn (r9) + (Za — D (bar) 








HED (ero) nra) 








+ (Za — l)(v»(r 


—— 


sri) (sra) = afe 








va(ra)) (Za — Ds) [= 











+ (Zi - tra) |= 








Vi(r2)) 


—2(Z-1) (i) + 2(Zi- 1) (i) *2(Zi — 1)(1|v2) (3 |- =| y) + 2(Za — 1) (vilis) i |= =| 2). 
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But (2) 2n (F) = 2, o (ey =a BB 


a T a 

















+A? ( e? )2 EZ 1)Z + «(Zs 1)Za + (Zi + Za — 2) (dr io) (dr 


4T €0 





| (| + (Vee). 


And (ilb) = S = (y/z) ,so 
































1 _ V (Z1Z3)? —(Z14-Za)r/a = y? a - y? 
m jen = Eas fe P i dmi T zt — 2az?' 
1 2 2 3 49 
(H) = (a - zy )EL + A” (zz) -fiz + Z2- (Zi Z2)] + (s - 2) (2) xh - (Vee) 
= (a^ — LE, + 4E, A? |? ly r+ Lo 245 + (Vee) 
2 2 2 q5 ee/- 
e? 1 
(Vee) = 47€0 (v [r1 — rol V) 
F G5) A? (hr (71) a(r2) + a (r4) + i (r2) r y (ri)v»(r2) + polri jp (r2)) 








= (75) 4? [20ers patra 


4T €9 





ggg | innt) + 0 rara 


Ir 





ogg imn) 


I 





:( E )aue «o. where 


4T€0 


B = (va(ri)va(ra) 





moa hoeta C= (at) 





| eeta) 





Z? Z3 1 
B= / 1 75 eremi ee dr, dro. As on pp 300-301, the r integral is 
Ta 1 — Y23 








J e7 2427r2/a 1 dro 


Jr? + r2 — 2rir2 cos b2 





s Z 2 
a h (: a) eu (Eq. 7.24, but with a — g,9 











- Zin a 2 
ZiZ3 (ra?) Es —2Z171/a 1 Zori —2Zani/a 2 
B= (nas)? Z an f ery, A 1 1+ z e 2ari/ ri dry 
ATS qe 


Zo 
= 5 [eme = re YA Z2)ra/a ES r2e 2 t Za)ri/a dri 
a a 
0 
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Gee) es Gee) 


LZ 22 122 y? y? 
a(Zi + Z3) (Zi + Z2)? 4ax 42:2 


373 
E Zi Z> Zırı/a 4— Zar2/a ,—Zari/a ,—Zi1r2/a 
= 332 € € € € 
(ra?) 





AZ? 











E. ( 1 1 Zə ) 
ES a Z2 (ZA + Z3)? (ZA + Z3)? 











1 
[r1 — r2| 





dry dro 





3 
— (Z1Z3) pea 1 dri dro. 












































= (13)? Iri — Y2 
The integral is the same as in Eq. 7.20, only with a — Tag Comparing Eqs. 7.20 and 7.25, we see that the 
integral itself was 
5 (rV _ 5 Par So code ab — 0 (AZ) ^ 5 y 
4a V 8 256 i (1a3)? 256 (Zı + Z3)5 a (Zı+ Z3) — 16ax9. 
2 2 6 2 2 4 
e y y 5 y 2 y y 5y 
Vee) = 2 A? 1 —2A?(—2E 1 . 
(Vee) (zs) EE ( T 5) "P tod 2 ( Us ( tag s) 
1 2 1 1 y® 2 y? y 5 
H)-E 42? $ a ? 2 1 
cn) = n? - $9 on a 2+ 36-25] - eae (aman 
E 2 l n6 6 6,2 12 1 y? y? y? yt 5y® 
(z6 + 7) te E Cu HCM ERU dad e qr C aT ECT: 
Ei 1 1 1 1 5 
EN v - 75 (+a ze pu 2x8 + x94? + 227 — x y® + 24:8 sey greys Sav") 
Ei 8 7 1 6,2 1 5,,2 1 3,,4 11 6 1 8 
cago) "uc EEG MEC: 











Mathematica finds the minimum of (H) at x = 1.32245, y = 1.08505, corresponding to Z, = 1.0392, Z3 = 
0.2832. At this point, | (H) min = 1.0266, = —13.962 eV, | which is less than —13.6 eV—but not by much! 














Problem 7.19 


The calculation is the same as before, but with me — mMm, (reduced), where 











2 
m, (reduced) = EM pes Le Ma uc a From Problem 6.28, m, = 207me, so 
my,-cmaq Myt2m, 14+ mM,/2mp 
m 207 \ (9.11 x 10781) 207 Me 
(LL UT — 1.056; duced) — — 196 m,. 
* 2m; «( 2 ) (1.67 x 10-27) i EAE is 


This shrinks the whole molecule down by a factor of almost 200, bringing the deuterons much closer together, 


as desired. The equilibrium separation for the electron case was 2.493 a (Problem 7.10), so for muons, R = 


24 
2-493 (0.529 x 1071? m) =| 6.73 x 10718 m 
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Problem 7.20 
(a) 











h2 oy 9?) 
| — Ew. Let = X(x)Y (y). 
wo (Set Fe) = Be Let Hay) = xiu) 
y£X axel u 2mE yy. 1 dX 3: 1 Y |, 2mE 
dz? dy Hm ^ Xd? Yd? Æ 
dX Y 2mE 
p d -kix; d = -kY, with k2+ ke = T 'The general solution to the y equation is 





Y (y) = Acos kyy + Bsin kyy; the boundary conditions Y (-Ea) = 0 yield ky = oo with minimum o 
a a 
[Note that k? has to be positive, or you cannot meet the boundary conditions at all.] So 


hà 2 
E> 2m (x + ax) . For a traveling wave k2 has to be positive. Conclusion: Any solution with E < 
m a 


wh? 


8ma2 





will be a bound state. 














(b) 


Integrate over regions I and II (in the figure), and multiply by 8. 


oo a 2 
Irr = ef / (1 — 3 e 208/4 dy dy. Let u = = v= 2 dx = adu, dy = a dv. 
z—a J y=0 a a a 




















co pl 1— v9 1 —2au |?9 
= Ara? f n (1— v)?e 7^" du dy = A?a? | asd) x € | 
1 Jo 3 0 2a |, 
A282 =e A?a? oe 
Spay Ce a" 
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1 a a 2 
I= 5a f ? (: — zx) eda dy 
P = a 


=0 J y=0 
1 p 1 ! (1— wv)? |! 
= je | f (1 — uv)?e ?^du dv = 5 des | pec 
2 o JO 2 0 —3v |o 





dv 








1 1 f'(1-v)-1 1 i 
— — A2a2e7 22 | ( v) duc. dur (v? — 3v 4- 3)dv, 
2 3 Jo 6 0 


UV 





























1 v v T Fi 
= ~A2q2e724 | — .3— +3 =| 22 42 pte 20, 
6 ave 3 2 + 3v , 36 a'e 
A*a? 11 9a e2 
Normalizing: 8 —2a 4 =" Aae?) — 0 — | A?2— SE 
N | ón ^ 36 ^ 2a? (6 + 11a) 
Doo æ n? 


(H) = 





be (l3 ET lo) = 855 1 FJrr). [Ignore roof-lines for the moment. 
0 


oo a 2 2 
vn [oe e e edes 
x=a J y=0 © y 8 
oo a 2 2 2 i 2 
— A? ji (: E 2) (2) p oy dy = (2) Irr = (5) a CET = 1 2ag-2o, 
=g J y=0 a a a A Gor 2 


=a 3 a a ry = 82 e? cy = = 
nasa ff (1-4). (+H 1 » e “dz dy = 


9? xy o y oM By 
[Note that ES E :) s ( ) = 0, and likewise for 07/0y?.] 
aha 


Q&Q Ie 























= 














a a? 





2 
(H)so far — cad cg 


m 











Now the roof-lines; label them as follows: 


I. Right arm: at y=0: Ky. 
II. Central square: at x = 0 and at y=0: Krr. 








III. Boundaries: at x = +a and at y = ta: Krrr. 


= n 2 9 * lul —ac/a i 9? [yl —az/a 
Ky=4(- 3) A MESE ( "m sz)Q E € dz dy. 


i = vea) - ec) 
Z (1-H) = -1 ow) - ec) yo o 
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2 oo a 
Kı = a f poesie | E — a) |- 25) dy 
m r—a ——a a a 

















^ ^ 
—2ax/a | —2a 
s € € E a pou a = E 
(—2a/a) |, (-2a/a) 2a a 
WA A 4/2 2n? 
= ent en Se K; = — =2a A2. 
d m Za. (^); 1= ma 














z|y| OF vO: z|y| Y -a 
pr. H fG- ay) e- a 1 » e “da dy 
-2a f E z|y| 2x 
m MM A isses 
IRPA? oa à Dh y 
Le ? (^3) | zdz; Krr =e Sixt e 
—— 


h2 a a+e 82 82 
Km =8(~ a) f n na) 


j= ouf? e" (x <a) 


























In this region (x, y both positive) w=A , or 
1- v/a) goa (a >a) 

e- (fi 2 ots a) 4 “O(a 2) osea 

a a 
2 = =4( =g [ear tala x) Za 2) e-o[9(-2)* $9(—«)] 

a a 

_ 2 —o|6(a—2)4- £6(s—a)] Q QT 
"——— 
[Note: f(x) = xó(x) should be zero—but perhaps we should check that this is still safe when we're 


planning to d it’s derivative: df/dx = ó(x) + x dó/da : 


df dó dó 
Jofa = folo + m dx = g(0) + ] xe 
fd dg 
0) + gnstertzce— | tod = g0) - f(g +252) (adr 
= 9(0) — g(0) — (29')ln—o = 0. 
This confirms that f(x) can be taken to be zero even when differentiated.] 


1 
So (x-a) (a x) = -(a— x)ó(a— x)= 0. Hence the cancellations above, leaving 
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ENT 








y —a|0(a—2z)4-£0(x—a 
UC aye oleo 20(—2)] 


Ox 





PC ofi 2 os a) + 76(a i) pe «i-es stp) 


a. ena a x) x oi AG a) + O(a 2n) 


— A -a[o(a—n)+20(e-a)] [ota — x) -- af (z — a) (: = 2) 





a a 





Ox? a 


Fo = —Seralteomait nto f *5(a x) + oó(x a(t 3 





- a| -slay ttn a) +28 a) 
nee, 
integral 0 


= -Zerax ala 2a AE 





a a 


2 a a+e 
Krr = -2 | / p(x, y) |- tei a) (s ind 2) dx dy 
m y=0 Jx=a—e a a a 


Ah? A a Ah? A? d : > 
= ef v(a, y) (a- E Yay = gu (0 got ane € tay 
ma yo S a a ma 0 a a a a 


A(1—y/a)e-9 


4R At uu oa? la? aa 1 a 4R A? oa d ad d 
^ ma | (oa FE rtas tes) = g (oon 2" 4) 
























































AR? A? —2q 2h? A? —2a 
nay (2a—1)e*; | Kir = 3m (2a — 1)e **. 
2 jh? 2h? 2h? 2h? 
(H) = 2 Oem 4 4 e 20 A? + —@ 24 A? + 2 A?(2a -1)e?* 
m ma m m 
A2e-?o f? 2 2 2 DAA 6-7" h? 3 
2T adu OU Gas a ad cap gp Dues 
m 3 a 3 3m a 
2A2—e~20 72 3\ 242e-2e p? Jeep? 9a e 
= 2.4 = 44. 9a+3) =£ ^q). —— — 
3m (s 4 3ma (a Cra 3 me (a nae Fre (6 + 11a) 








3h? (o? + 2a + 3) 
ma? (6+ 11a) 














d(H) | 3h? (64+ 1la)(2a 4+ 2) — (a? + 2a + 3)(11) 
da ~~ ma? (6 + lla)? 





=0 => (6+1la)(2a + 2) = 11(o? + 2a + 3). 


12a + 12 + 220? + 22a = 11a? + 22a + 33 > 11a? + 12a — 21 = 0. 
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E —12 + 2,/(12)2 +4- 11-21 = —6 + V36 + 231 
































BUT 22 E m 
—6 + 16.34 10.34 
== - M - os [a has to be positive] = | 0.940012239. 
3h? 2(a+1) |6 m n? Sog n2 
H min — = 1)/=]1. —— B E reshold = — 7-7 = 1.2 — 955 
(H) ma? ll maz oet) 058| —3 ut ^ Etmreshola = J = 337 





























so Eg is definitely less than Ethreshold- 
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Chapter 8 


The WKB Approximation 


Problem 8.1 


T p(r)dz = nrħ, with n= 1,2,3,... and p(x) 2 /2m[E — V(x)] (Eq. 8.16). 
0 


Here f »o dx = VamE (2) + /2m(E — Vo) (2) = vam (2) (VE+ VEV) = nah 





4 h\? 
= B+ B-W+2/B(E-V) = — (=) —4E0; 2/E(E—VW) = (4E? — 2E + V). 


Square again: 4E(E — Vo) = 4E? — 4EVp = 16E°” + AE? + V2 — 16EE9 + 8E? V) — 4EVo 





Vo Ve 
> 16EE® = 168° + 8E? Vy + Vè = E, = En+ > + pes 














V. 
Perturbation theory gave E, = E} + - the extra term goes to zero for very small Vo (or, since E} ~ n?), for 
large n. 


Problem 8.2 
(a) 


dy i if /h. d i Hn fh i I\2if/h\ _ a " 1 2| pif /h 
gn Rt © E Og 7g fe tg ye = ral zU) e. 


d?) p? i 1 
a? ca | 


2 
> tae att’? | eit / ^ = 56! — inf" — Uy +p? =0. QED 
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(b) P= fothfith fet = y = (ot bith fet---)? = (f0)? + 2hfofi t+ P+ ODI 




















f= fo + hf +R fy te. dfe ARSE + IZ) - (fo)? — 2hf9f1 P Rofi + DIEP +--+ = 0. 

A: (fo)? =?) K: tft =2fofis W:dfi-2ffe() 

dfo . df; iff d tp! | dd oi ] 
(c) T P fo= + | p(v)de + constant ig OHS aN Bde lp fı = 5 lnp+ const. 











i) = exp (+) = exp p (+ fro) dz + ns Inp+ x) — exp (=; fea) pV 2eiK/h 


= —— exp (+i fpa) . QED 





Problem 8.3 














1 qn a 2 Say 
apu i |p(a)| da = 7 y 2m(Vo — E) dx = =, V2m(Vo — E). Deo ty Im V EER 
0 
From Problem 2.33, the exact answer is 
1 





T= : 
1+ ape sinh? 4 


Now, the WKB approximation assumes the tunneling probability is small (p. 322)—which is to say that y is 
large. In this case, sinh y = $(e7 — e~7) ~ 1e", and sinh” y ~ 4e?7, and the exact result reduces to 


ques : E { Sum 2 \ gm 
V. 
e^Y 0 





v2 
1+ eam ae 


The coefficient in { } is of order 1; the dominant dependence on F is in the exponential factor. In this sense 
T z e ?? (the WKB result). 


Problem 8.4 


I take the masses from Thornton and Rex, Modern Physics, Appendix 8. They are all atomic masses, but the 
electron masses subtract out in the calculation of E. All masses are in atomic units (u): 1 u = 931 MeV/c?. 
The mass of He^ is 4.002602 u, and that of the a-particle is 3727 MeV/c?. 


U?5. Z —92, A— 238, m = 238.050784 u > Th??* : m = 234.043593 u. 
rı = (1.07 x 10775 m)(238)!/3 = 6.63 x 10715 m. 


E — (238.050784 — 234.043593 — 4.002602)(931) MeV — 4.27 MeV. 








2E 2)(4.2 
v-y =! X 0) Vossio dece Td TOC was. 
m 3727 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 


currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


CHAPTER 8. THE WKB APPROXIMATION 221 





90 
y= DOO eae — 1.4854/90(6.63) = 86.19 — 36.28 = 49.9. 








VAT 
2)(6.63 x 10-15 AG x 1021 
pet 1603» a ) 98.8 g = 7.46 x 10? s = —— ~~ um yr =|2.4 x 10" yrs. 











Po??: Z 284, A = 212, m = 211.988842 u > Pb?95 : m = 207.976627 u. 


rı = (1.07 x 10775 m)(212)!/3 = 6.38 x 10-4 m. 


E = (211.988842 — 207.976627 — 4.002602)(931) MeV = 8.95 MeV. 








| [2E  [(2)(895) à a , 
v- 2 -y 3757 X 3 x 10? m/s = 2.08 x 107 m/s. 


82 
= 1.980 ——— — 1.4854/82(6.38) = 54.37 — 33.97 = 20.4. 
Y V&SE V 825/38) 








T = 


(26.38 x 10715) aos 5 _ 
2.08 x 107 





3.2 x 1074 s. 








These results are way off—but note the extraordinary sensitivity to nuclear masses: a tiny change in E produces 
enormous changes in 7. 

Much more impressive results are obtained when you plot the logarithm of lifetimes against 1/V E, as in 
Figure 8.6. Thanks to David Rubin for pointing this out. Some experimental values are listed below (all energies 
in MeV): 





A| E T 
238|4.19814.468 x 10? yr 
236 |4.494| 2.342 x 107 yr 
234|4.775|2.455 x 10° yr 
232|5.320 68.9 yr 
230|5.888 20.8 day 
228 6.680 9.1 min 
226|7.570 0.35s 











224|7.488| 0.79s 
Protactinium (Z = 91): |222|8.540| 2.9 ms 
220/9.650 0.78 us 
218/9.614 0.12 ms 


Uranium (Z — 92): 


























Al E T 
226 |4.784| 1600 yr 
224 5.685 3.66 day 
222|6.559| 38s 
220|7.455| 18ms 
218/8.389| 25.6 us 





Al E T 

232 |4.012|1.405 x 1019 yr 
Thorium (Z = 90): |230|4.687 | 7.538 x 104 yr Radium (Z — 88): 
228 5.423 1.912 yr 
226|6.337| 30.57 min 
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Problem 8.5 
(a) | V(x) = mgz. 


























(b) 
MP p By s a _ 29 p DE P CU 
2m da? ' 97 dx? Rm mg) EN mg’ vali de j 
d? E d? 
Then ey = ayy. Let z = ay = a(x — —), so ee = zw. This is the Airy equation (Eq. 8.36), and 
dy? m dz 


the general solution is y = aAi(z) + bBi(z). However, Bi(z) blows up for large z, so b = 0 (to make v 


normalizable). Hence | (x) = aAi lez — 2)|. 














(c) Since V(x) = oo for x < 0, we require (0) = 0; hence Ai[a(—E/mg)] = 0. Now, the zeros of Ai are 
an (n = 1,2,3,...). Abramowitz and Stegun list a4 = —2.338, ag = —4.088, a3 = —5.521, a4 = —6.787, 
1/3 





E n? 
etc. Here VER or an, or En = 29 dn = —mg 5 
mg Qa 2m^*g 


(0.1 kg)(9.8 m/s?)?(1.055 x 10734J-s)? = 5.34 x 10768 J3; (1mg?R2)1/3 = 3.77 x 10773 J. 











an, or | En = —(4mg?h?)/3ay. In this case 





i 2452 —1 
smg h = 3 





FE, =8.81x10-% J, E= 1.54 x 107?? J, E4—2.08x1077J, Ey =2.56 x 107? J. 














(d) 
dV dV dV 1 
2(T) = (ty) (Eq. 3.97); here qe mM so (c=) = (mgx)} = (V}, so (T)= 3 \¥)- 
3 2E, 
But (T) + (V) = (H) = En, so 3 = Ep, or (V)==E,. But (V}= mg(z), so (x)= 395 
1 1/3 1 1/3 
For the electron, (sme) = Eom x 1073")(9.8)2(1.055 x 10245)?! | = 7.87 x 10? J. 





2(1.84 x 10732) 
9.11 x 10-3!) (9.8) 








= 1.37 x 107? 211.37 mm. 




















E; = 1.84 x 1078? J =) 115 x 10713 eV.| (x)= x 


Problem 8.6 
(a) 








12 1 
Eq. 8.47 ==> J p(x) dz = (n — pm. where p(x) = /2m(E — mgx) and E = mgx2 z2 = E/mg. 
0 


T2 


J ple) dæ = Vm | yV E — mgaz dz = v2m l- 
0 0 mg 0 


= EN ct [(E — maa? — ES/?| ES 2 du us 
3V mg 3V mg 
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V(x) 


E 



































1 
aum EI —(n—--)rh, or | En = [32?mg?h?(n — Dev. 
(b) 
9 2 2+2 i 9 2 2 —342 us —22 
gT mg h =| 57 (0.1)(9.8)*(1.055 x 107^) = 1.0588 x 10 ^^ J. 
3\ 2/3 
E, = (1.0588 x 1072) i) =[|8.74 x 107” J, 
DS 
z) — [1.54 x 10-22 J, 
11 


Es = (1.0588 x 10 ??) 





E> = (1.0588 x 10 72) ( 


2/3 
1) = 12.08 x 10-22 J, 











15 2/3 
E, = (1.0588 x 10 ??) (2) es xho x 107? J. 





These are in very close agreement with the exact results (Problem 8.5(c)). In fact, they agree precisely 
(to 3 significant digits), except for E, (for which the exact result was 8.81 x 10 7? J). 


(c) From Problem 8.5(d), 


2E, 2 (1.0588 x 10-22) js ji? " 
- o 1- -2| =L 1022. 
(x) amos so 3 (0.108) Hey ,or |n- 388 x 10 

















1 
Ho (1.388 x 10?2)3/2 =| 1.64 x 1033, 





Problem 8.7 


s 1 1 1 /2E 
I p(x) dx = (» - z) tħ, p(x) = " (5 — ymaa); rq = -tr = —4/ —. 
3 2 2 wV m 





1 


1 72 OE " il 
n—- sh - mu f - a? de = Imo | 4/23 — x? dx = mw |z4/22 — z? + 23 sin™t(x/x2) 
2 2g, | mo? 0 0 
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2E E 
= muwa?sin !(1) = mus) = smo- = LL . |En = (n= $)ho|(n2 1,2,3,...) 


Since the WKB numbering starts with n = 1, whereas for oscillator states we traditionally start with n = 0, 
letting n — n+ 1 converts this to the usual formula E, = (n + i). In this case the WKB approximation 


yields the exact results. 














Problem 8.8 
(a) 





l 1 In +1) 
Lmu?z2 = En = | n+ = )ħw (counting n = 0,1,2,...); | £2 = Qn+1)h 
2 2 mw 











(b) 


1 1 
Vin(£) = guo; + (mo?z3)(x — 22) => Viin(12 + d) = yma + mu? xad. 





V(a2 +d) — Vin(t2+d) — smu? (x2 +d} — mw? x3 — mw? aod 
V (23) 7 imu?a2 

















2 PEE To 2 
E LRL Ru alii nat (=) =0.01. [d= 01x2. 


2 T2 








2m 1/3 2m?w? Le 2m?w? 1/3 
a= EA (Eq. 8.34), so O12 | m a > 5 —> | m of > 50. 


3 24 
n) —62500; 2n+1>250; n> :- 2 








2m? w? (2n + 1)? h? 
m mi > (50); or (2n-1)?2 





Nmin = 125.| However, as we saw in Problems 8.6 and 8.7, WKB may be valid at much smaller n. 











Problem 8.9 


Shift origin to the turning point. 


te BIS pon de’ (a <0) 
ip) 





UWKB = hs rey fs 
| Bes të rede + Ce- lo P(e) da"! (y > 0) 


Ip(x)| 
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overlap 1 overlap 2 


< V, > 





Ws 


WKB 
































Nonclassical Classical 
| 6 dem] "x 
<—— patching region ——-> 
Linearized potential in the patching region: 
d 2mV"'(0 2m|V' (0) A !/? 
V(a) = E--V'(0)r. Note: V'(0) is negative. A = mv 3s = —o? xp, wherea = (mE : 
£ 


Wp(«) = aAi(—ax) + bBi(—ax). (Note change of sign, as compared with Eq. 8.37). 








= v2m[E - E- V'(0)a] = V-2mV' 0z = /2m|V Oe = Vats = ha”? v. 


Overlap region 1 (x < 0): 





0 0 0 
p(a^)| da! = ħa? | | /—x! dz! = ħa?” 2 y = 2 ia? —7)3/? = 2, —ox)3/2. 
3 3 3 





x 


1 


VWKB © arang rI 1009. For large positive argument (—oz > 1): 
a8/2(—x 





1 2 3/2 1 2 3/2 T 
e 372 4(-az) Ml E REL = 
Wp S Sa Se 3 TÜ manu . Comparing > a — 2D ak b — 0. 
Overlap region 2 (x > 0): 
| Ip(z^)| da’ = nav? f V2! da! = ħa?” Fee = grax). 
0 0 0 





1 


WwWKB © HASTA | pese + Ce- $m] . For large negative argument (—oz < —1): 








a 


m BE EA S d Vi (ax)! 5 | 


jaħ , lah _. 
Comparing the two: B= 2 an eim A. C= E PES inf. 
2i V mc XAV r 
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Inserting the expression for a from overlap region 1: B= —ie^/"^ D. C= ie" p. For x » 0, then, 








dwn =D fet Ere dott enr sati] L3 in E j paa +T]. 
Da) pz) LA Jo 4 


Finally, switching the origin back to z1: 


D EIE pr) ae’ 
, 





(xz < zı); 


|p(x)| 
WwKB(x) = 2D |. x : I T QED 
vum E P p(x’ )dx E , (£ > x1). 


mÓ 


Problem 8.10 


At x1, we have an upward-sloping turning point. Follow the method in the book. Shifting origin to 7: 








1 [Ack 2060.7 + BR 2H ae" TE 
p(x) 
GZ) = 
VERS : [cekë wear 4. D-H IF wea] (a > 0) 
p(x) 
1 
In overlap region 2, Eq. 8.39 becomes WwKp % TUS ATA [cei + De-$62**] | 





whereas Eq. 8.40 is unchanged. Comparing them — a = 2D m b=C m 
Va Va 


1 
hi/293/4(—2) 1/4 


2 


)3/2 rf Be- i$ (Cos? 


In overlap region 1, Eq. 8.43 becomes vwxp ^ 


? 





[aedes 


and Eq. 8.44 (with b 4 0) generalizes to 


a 


uA 
pple) m Cau sin E ax) 





3/2 | 2t as + T] 


i| » Cm e E 


1 
z= k ia 4 bets (702)? gin JA + (ia + bje e erin /A) . Comparing them => 


2Vm(—aa)'4) 


[ha (-ia+b\ ; | ia +b 
yey rs (==) e^. B= m (==) e-/^. Putting in the expressions above for a and b : 
T T 


A= (S -ip) ein/4. B= ($+) e in^. 
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These are the connection formulas relating A, B, C, and D, at x1. 
At £2, we have a downward-sloping turning point, and follow the method of Problem 8.9. First rewrite the 


middle expression in Eq. 8.52: 


x 122 p) dz +g T 7. |p(a")| da’ 


1 1 + 1 , + 
Cok lf its 1122 (z^) dz'- 412. |p(o’)| dz 


VwKB = + De. 


i 
ip(a)| 
Let y= ee [p(z)| dz, as before (Eq. 8.22), and let C" = De~7, D' = Ce’. Then (shifting the origin to x2): 








: [Crett pota 4 prec wed], (a <0) 
dunn cd VPC 
WKB 1 iJe p(a^) dz 
PS Feh'o 3 (a > 0). 


2m|V^(0)| 
In the patching region (x) = aAi(—az) + bBi(—oz), where a = (zo ; p(x) = ho?" s. 





0 
2 
In overlap region 1 (x « 0): i Ip(z^)| da’ = gh(-ax)?”, do 


LS 1 1 2 (—ag)?/? j —2(—az)3/2 = 
Pae © aan | 00 e De POS : a= W m 
a —2(—ax)?/2 b 2(-an)2/2 Comparing => < 
a P s m b= et 


2yr ar) VR(-az) A ha 


1 


In overlap region 2 (x > 0): f p(x’) dx’ = Shas)? => Vwknp © uud iS 











. {2 b 2 
Up © Jay sin EL + z + Tene cos se^ + d 


1 ; iX i2(om 
~ 2/n(ax)V/4 f nd) uM 


| ha f —ia--bN , ha , ; ; 
ESN ee a: eit/4 = yy | E gina b= I g-in/Ap. adultas 
T 2 T ha ha 


C= V nes = pum D = ; Bec = FUE D = elei" e. C= ee 
T 


T 


3/2 2 


+ (ia + b)e 5 eie . Comparing => (ia + b) = 0; 





These are the connection formulas at x2. Putting them into the equation for A: 














4 ) ; : ; LY 
A= M —iD | e/t = le-te t/t Pp — iele T/F | eit /4 — i es e? | F. 
2 4 4 
Er 1 -*y 
T = | = Dy = s 2- 
Al (ey)? | [1 = (e-7/2)?] 











If y> 1, the denominator is essentially 1, and we recover T = e ?" (Eq. 8.22). 
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Problem 8.11 


1 T2 T2 
Equation 8.51 => (« — 5) th= 2f v 2m(E — ax") dz = 2v mE | 4/1 — ae dx; E=ax5. Let 
0 0 


E 1/v E EET 
z= Be" soa= (=) ; ax = ( ) =o Tl dz. Then 
E Q a V 





(n- 5) an = ame (E ) ifs -iya cag (E) ^ UAGA 


v» Tir 
ECCE 


1,41 
a) TEP 











(n- arh ,,, PG 3); Bo- n 1 h T LG RS 3 
21m r(l-1) ik 2 2 +41 


Me 


Ev* 





























1 T(2 1 2 
Forv=2: E,=|(n ha — (2) a=(n—--)h iis 
2 2ma T (3/2) 2 m 
For a harmonic oscillator, with a = imo’, En = (n — i) hw (n= 1,2,3,...). v 


Problem 8.12 


h2 2 
V(x) =-— 


2 1 T2 h2a2 
sech* (az). Eq. 8.51 ==> (» — 5) th= 2 | 2m [E+ 
m 2 0 
T2 E 
= 2vha | sen? (an) + TA dx. 
0 


hija? E 1 
a sech^(ax3) defines x2. Let b= ies z = sech? (ax), so that x = —sech ! 
m ha? a 











sech?(aa)| da 





B=- 





z, and hence 








a- i(i) he (d) 2) [88 


Zz vier a 
e=0 = z=sech?(0)=1 
Limits : 


1 11 ob 
2 mE : n— = r=] = dz 
© = z2 = z= sech“ (ax2) = —, 5 = b 2 a» zV1l-2z 
a 


1 z-b_ 1 (z — b) B 1 
1-2 2 /0-36-8  vü-26-8 





b 
(1— z)(z b) 
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(»- 5) qase [ ose” of z/—b + a b)z — 22 d 


= ep f TEZ . ea eben Ble — 2b i 
= /2 [rm EROS — Vbsin [RE lj 


= V2 [-2tan-'(0) + 2tan-' (oc) — Vbsin™ (1) + Vbsim (-1)| = v2 (0 + 27 vor voz) 


2 
=V- Vi; 252 1 vei vb=1-F (n-5), 


Since the left side is positive, the right side must also be: (n — 2) < V2, n< 4+ V2 = 0.5 + 1.414 = 1.914. 
So the only possible n is 1; there is only one bound state (which is correct—see Problem 2.51). 












































1 1 9 1 fea? (9 1 h2a? 
For n=1, Vb=1 ; b=1 +i= S JE, = ( ) = —0.418 
2/2 Vi 8 8 m j m X8 v2 m 











2.2 
= . Not bad. 


m 





h 
The exact answer (Problem 2.51(c)) is —0.5 


Problem 8.13 





( r) Th = f V2m [E — Voln(r/a)| dr; E = Voln(ro/a) defines ro. 
0 


n-1 
= Vm [Vals] ona) dr = V2 | Vof) dr. 





Let x =In(ro/r), so e” = ro/r, orr=roe” dr = —rge “da. 








1 = s —e E r=0> z1-—009 
(»- i) th= VImnva(—ro) f Jae *da. Limits: i Sea, \ : 
1 e Em Vm 
ncs rh = 4/2mVo ro vze * dx = J2mVoroE (3/2) = /2mVo T075-- 
0 


2T 1 h Qn 1 1 h 2T 
=] =h —-- En = Voln | —4/ —> —-- = Vl —-- In | —,/—— |. 
TQ ERA (» i) > Vo ln f mV (» =) Vo ln (» i) + Voln E EN 


1 4 
En+1 — En = Voln (r + i) — Vo ln (» — i) =Voln (2 ag 5) , which is indeed independent of m (and a). 
mE 
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Problem 8.14 








1 ia 2 1 —HMi(l-1 AN A B 
Wore m= f 2m (E+ — Un) dr = V-3mE | —-lt—-—-;dr, 
2 A 4meor 2m r? b rr? 


2 2 
T E E and po +I) 
4neo E 2m E 


T2 v/—r? + Ar- B 
(» — 5) th= v -mE f ae dr. 
Ti T 


are positive constants, since E is negative. 





Let rı and ra be the roots of the polynomial in the numerator: — r° + Ar — B = (r — ri)(ra — r). 





(n- 5) eh - vem f" BEEN dr = V-2mE 7. (Vra - vri). 


1 
2 (s- z) i= J-2mE (r2 + rı —2Jri;rj). But —r? + Ar - B = —r? + (rı ra)r — riro 


=> fı + r2 = Á; rır2 = B. Therefore 





P " e 1 Fe Wl +1) 
2 (n- 5) n= vam (A- 3/8) = v zl Toa, eae 
e? 2m 
M O/T. 
4T €0 E TUE) 














2 2 2 
s -» la -ie MFD]: x = (e? /4meo) Se 
Ass mo 4n [n ZERAUT 7 

E- —(m/2h?)(e?/Ameg)? —13.6 eV 














În- 34 FD) (n-i- (1) 





Problem 8.15 


(a) 




















" D LT x^ )| da’ 
(i) UwxkB(x) = Ip h^ mo |p(2")| d. (x S 3); 
1 i c 1 1 i z L 1 
Gi) Ywkgg(z) = | pes! z* se Jdt 4 Ce nla” PW) de"! (v < g< x) 


p(x) 
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1 1 
iii L) = Fer 
G8) deat) = TE | 





S21 |p(a')Ide" | Geil Iple’) te (0<x « z1). 








1] [^ 
Equation 8.46 => (ii) WWKB = sin Hi p(x)dz' + z (xı <T< z2). 




















p(x) 
To effect the join at x1, first rewrite (ii): 
2D 1 f” 1 f? T 2D 1 [* T 
(ii) dwkp = ——— sin Hi p(x’) da! — =S p(x’) da! + | TE sin | | p(x’) dx -0— —|, 
p(x) h Ti h Tı 4 p(x) h Ti 4 
where @ is defined in Eq. 8.58. Now shift the origin to z1: 
L [pe EPEA 4 ge iPM] (o <0) 
vws d VADU ope 
T 
— sin |= | p(2’) dx’ — 8 -— i (x » 0) 
p(z) JH $ 
2m|V'(0)| V? 
Following Problem 8.9: v, (x) = aAi(—azx) + bBi(—az), with a= (zm ; p(x) = ho? s. 


0 
2 
Overlap region 1 (x « 0): / Ip(z^)| da’ = 3 (o2)? 


x 





1 3/2 


v x—— SH I ias aay L Geiler) 
WKB h1/293/4(—3)1/4 A - 
a —2(_ag)3/2 b PME. = a=2G,/—; b=F,/—. 
Vp ad 3 (02) + 3(—azx) ħa ħa 


- aya aa)" Valas) 





E 2 
Overlap region 2 (a > 0): J p(x’) dz’ = zhilaw)??. 
0 


u NEN S 7 
=> Uwxs & ara m | 302) -e-i). 











Jussu s [gom + 1]. 


-2D 1 
hi/293/A 9i 


. 12 
Wp RI Jay sin EA | d + 


ge 


. > i2(ox)M? i9 —i -il(oxy/? i9 i 
Equating the two expressions: iie» eP e7iT/4 — gri fon) ui] 


1 Q ja 3/2 ; ;2 3/2 ; b 2 3/2 ; pa 3/2 ; 

= iż (ax) in/4  ,—i$(om) SR Ed | i$ (ax) in/A —i$(omc) EE 

— ——4mes e e 3 € +a le e Fe e 
Jral/4 is | 2 


-2D,| 7677/4 = (a+ ibet, or (a+ ib) = 2D] Zie 
N ah ah 


2D4| —eiei"/4 = (-a + ibje*"/4, — or (a — ib) = -2D,/ Zie 
ah ah 
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2a = 2D4]| —i(e?* — e?) > a = 2D,/—— sind, 
ah ah 


. 7T i ib i0 3 
2ib = 2D,/—i(e +e") > b—2D cos 0. 





Combining these with the results from overlap region 1 => 


2G.| —- =2D,/ sing, or G=Dsiné; F,/~ =2D,/ cosé, or F —2Dcos6. 
ah ah ah ah 


[2 cos Berle? PH) de" 4 sin ge R a PON de" | | (0 < x < ay). 





Putting these into (iii) :| Ywgg(s) = 





D 
Ip(a)| 











(b) 


Odd(—) case: (iii) => v(0) = 0 > 2cose* ^o" IP)" + sin ges 07 PEI do" — 9), 


[p 1 
=S \p(a")| da’ = he with ¢ defined by Eq. 8.60. So sin8e- ?/? = —2cos0e?/?. or tan0 = —2e°. 
0 


1 D  dlp(z) 
2(p(z))9? dx 





Even(+) case: (iii) => v'(0) = 0 > [2 cos 0e?/? + sin ge-*?| 





0 














D L[71|p(z y dz! 1 LP Ie) dz f 1 
+ 200s Ger o” Ip) de (-;l01) + sin e * o l^] de (101) =0. 
ip(a] h h 
d|p()| d 1 1 dV dV d|p(z)| 
Now = ——J2m|V (z) — E| = vV2mz ———Zs—-, and —— 0, so =0. 
dx dx 2J/V — E dx dz |o dr |p 











2 cos 0e?/? = sin 09e- 9/7, or tan = 2e. Combining the two results: tan@ = +2e?. QED 


(c) 





u 1 l | sin [(n i)T e] (-1)"cose ^ cose 1 
tn tan [ (n5) s | e EE (ce Tae] Sae ume EL 











So — 

















m |= 


1 1 1 1 1 
x +2e%, or e & T5€ ^. or 0 (n+ z) TX T3€ *. so 0x (n+ z) TE 56 QED 


[Note: Since 0 (Eq. 8.58) is positive, n must be a non-negative integer: n = 0,1,2,.... This is like 
harmonic oscillator (conventional) numbering, since it starts with n = 0.] 
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233 
V(x) 
-a X, a X% i 
(a) 
1 ; ni 
0 = Ji [Am E — L mu?(x — a)?| dx. Let z — x — a (shifts the origin to a). 
x1 
J l 525 
=>- 2m |E — imo 222) dz, where E= zmw^z3. 
2i 0 2 
: 2 20-1 2 mw RET TMW » 
= Qm un 2_ z2 dz = 7 z2 — z2 + z3 sin™ (z/z2) = ——z$sin (1) z——23, 
0 ü h 2h 








T mw 2E TE 


2 h mJ? | fw 























E 1 1 1 liu) 
Putting this into Eq. 8.61 yields — ~ (n+ =) npe, or E£ æ [n+ ) hwr e. QED 
hw 2 2 2 27 


(e) 


U(x, t) = (ute iEtth + di e Eatin) -5 


al- 


|W (x,t)? = 


= 5 [WWE + uetus (ees m ee BDH) 





E- — 

(Note that the wave functions (i), (ii), (iii) are real). But n Baca et = ee 
at pay ye ES, + — W _¢ 

(Ee, t) = = [WEE + de (?] + VE (wz (2) cos (Zet) . 


f ! . 2n 2n? is 
It oscillates back and forth, with period 7 = = e?. QED 


(w/m) e-? w 





(£) 








s= "B |;mehs - a)? - P| dæ = iv Ime f) m (a — a? - 1dr. 
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m /2E 1 =0 = m = 
Let z= —w(a = x), so dr=-— dz. Limits: gz = —Z£-— on = 26 
2E m w 


xz = zı = radicand = 0 => z = 1 





ọ = mE TAL [ yae = | Ve = 5 ev? -1- nz + V2? =1)| 
h mw jy hw Ji hw 2 
= s [eV 1-1 (e V8 -1)], 


where | zo = aw4/ 2 V(0) = imw?a?, so V(0)> Es je > E > aw SE >1, orz>1. 
In that case 
2E 2E 2E m mwa? 
VIN rm [26 — In(2z0)] © PED = PIRA 2E R 
This, together with Eq. 8.64, gives us the period of oscillation in a double well. 





























Problem 8.16 


n?g?h? wh? 
——.. Withn=1 E 
2m(2a)? "oM un pen 








(a) En S 











(b) 











tunneling 





(c) 


re 
v= af Ip(z)|dz. axo — Vo- Ei = zo 


plz) = y2m|[E —V(zx); V(x)- ox, E-E-Vo. 
= J/2m(E, — Vo + oz) = V2ma Vz — zo; |p(x)| = V2ma zo — z. 
di .,2V2mo 


Vp m 
=a: 











1 To vV2mo | 2 
y = gVBma | Vio — z dz = h |-5e | 3 oR (zo — a)9/2. 





a 
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Now zo — a = (Vo — F; — aa)/a, and aa « Rh? /ma? ~ E4 K Vo, so we can drop E, and aa. Then 





























.2vV2ma ( VV? | /8mVj 
fv 3 h Q > 3ah 
4 1 2p? R B 
Equation 8.28 > T= ae where gv > a v= mE 9E = ma 
4 8ma? 
T= —2ma e? = E e^, 











(d) 


(8) (9.1 x 10731) (10719)? " 
oe Pm | EO a RN 











-31 -19)? 
U GTA e e 0 = 4.4 x 104 e? = e88x10* _ (101986) 2" — 1038-000, 


(1.6 x 10-19) (7 x 106) (1.05 x 10-34) 


Teei2sc10 To ae TN, 


E 














Seconds, years ... it hardly matters; nor is the factor out front significant. This is a huge number—the 
age of the universe is about 101° years. In any event, this is clearly not something to worry about. 


Problem 8.17 
Equation 8.22 => the tunneling probability: T = e~?7, where 


1. fe 
y= J vV2m(V — E)dz. Here V(x) 2 mgz, E —0, zo = V R? + (h/2)? — h/2 (half the diagonal). 
0 


V2 To 2 "y 2 
= wn yma f x? dz = R 2g- 03? =e 2g x3/?. 
h 0 h 3 Ü 3h 


I estimate: h = 10 cm, R = 3 cm, m = 300 gm; let g = 9.8 m/s?. Then zo = V9 4- 25 — 5 = 0.83 cm, and 





2)(0.3 i 
Ms E ics; (2)(9.8) (0.0083)*/? = 6.4 x 1099. 


Frequency of “attempts”: say f = v/2R. We want the product of the number of attempts (ft) and the 
probability of toppling at each attempt (T), to be 1: 
2R 
tone =1 > t=—e7’. 
Estimating the thermal velocity: imv? = ikpT (Pm done with the tunneling probability; from now on T 
is the temperature, 300 K) > v— ykpgT/m. 


m 0.3 30 13x 103° 30 
2 2y - 2 ] 12.8x10 = 1 8 1 loge = 1 8 1 5.6x10 
Ry] bat (0 as x 10-25) (300) e 5 x 10* (10°) (5 x 10°) x 10 


—|16 x 1056x107? yr 


Don't hold your breath. 





Il 
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Chapter 9 


Time-Dependent Perturbation Theory 


Problem 9.1 


Vus = Rn Y/". From Tables 4.3 and 4.7: 














1 1 r 
= —r/a, = (1 ) —r/2a, 
W100 T e ; V200 =a 57€ ; 
1 1 l 
p210 = Tent /a cosé; Y21141 = F r e /?? gin 9 pti? 








v 32ma3 a v 64na3 a 


But rcos@ = z and rsin0e*'? = rsin6(cos o + isin ) = rsin 0 cosġ + irsinÜsinó = x+iy. So |y]? is an 

















even function of z in all cases, and hence f z|v|?dz dy dz = 0, so | Hj; = 0.| Moreover, 7199 is even in z, and 














So are 1/200, weit, and woi—1, So Hi = 0 | for all except 














/ M 
Hioo,210 —-—eE 





1 1 1 
peony dir -— eE 
ca? a 


—3r/2a,,2 2 0 2. 0 dr d dó 
€ T COS T sin T 
Vra’ v32 A\/2ra4 / 




















E [9* à 2r E (oq x 
eva f rte3"/24 dp » cos? 0 sin 8 d8 f dp = -— a( :) pm ( e 
mera A a tinge \ 3) 3 35J2 


or |—0.7449 eEa. 

















Problem 9.2 


i 


h 


i 


és = Hie tus ép = — z Hoat Ca. Differentiating with respect to t: 


i 


h 


i 


h 


i 


h 


i 


à = — Hy [iwo ca + e" te] = iwo | Hits Hye | Hae ta , or 
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RE: 1 1 "E 
Gp = iwoċb — za Halo. Let o?- za Hal. Then & — iwoé + oc, = 0. 


This is a linear differential equation with constant coefficients, so it can be solved by a function of the form 
M 
SEN: 


1 . 
A? — iwà o = 0 = A= 5 [ivo £ V d aen] = 5 (wo +w), where w = 4/ uà + 4a?. 


The general solution is therefore 


Cb 








e(t) — Aciwotw)/2 | Bei(wo-w)/2 — piwot/2 (aget? d Be-setfa) or 


c(t) = e°*/? (C cos (wt/2) + D sin (wt/2)]. But @(0)=0, so C=0, and hence 


c(t) = De™°*/? sin (wt/2). Then 








ini E eivot/2 mE (wt /2) + i COS (ety) = Spee [cos (wt/2) 4 gee sin (wt /2) = — 5 Hisce tes. 
E w 
E th Y o—iwot/2 p) [cos (wt/2) + i2 sin (wt/2)] But ca(0)=1, so iB “D=1. Conclusion: 
“=F : PGR Saga | 








c, (t) = eit? [cos (wt /2) + i2 sin (wt/2)] 


H’ |2 
where |w = y wg + 4e, 








H! 
th= ba „iwot/2 o; t/2 
clt) Hh e sin (wt/2) , 














4 H' 2 
" a sin? (wt/2) 
Ww 


1 H' 2 
= cos? (wt/2) E («3 4! a ) sin? (wt/2) = cos? (wt/2) + sin? (vt/2) 2 1. v 





2 
W, 
\cal? + |co|? = cos? (wt/2) + = sin? (wt/2) + 








Problem 9.3 


This is a tricky problem, and I thank Prof. Onuttom Narayan for showing me the correct solution. The safest 
approach is to represent the delta function as a sequence of rectangles: 


| J (1/26), -e<t<e, 
2 { 0, otherwise. 


Then Eq. 9.13 > 


t< —e: Ca(t) — 1, e(t) — 0, 
t>e: Ca(t) =a, c(t) = b, 
ee eia. 
—-e<t<e: 
Cp = — fa efte, 
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In the interval —e < t < e, 





dcp iat [. —ia _, ia* [. i2ehdce, ia . dcp al? 
- iuge" tca + etot e ote, "M iwo | | 
€, 


d?) Zeh 2ch a* dt 2h ^| "gt  Qeh) ^" 


Thus cy, satisfies a homogeneous linear differential equation with constant coefficients: 














dcp "m dep | laf? T 
dt? WH” Cae? 
Try a solution of the form c(t) = e: 
dus lo _ two + Vw — |a]? /(ch)? 
A* — iworA+ (chy? —02A-— 5 


or 





A= = + > where w = 4/w? + |a|?/(eh)?. 


clt) = eiwot/2 (Aert? d Bene) 


The general solution is 











But 
ey(—e) = 0 2 Ae~*/? + Bes? = 0 > B= Ae, 
so 
clt) = Aeiwot/2 cen? ias ger 
Meanwhile 
ca(t) = Zieh iust x Zieh —iwot/2 4 two (emt? _ ea) + iw (a 4 gra 
a* a* 2 2 
= 2 A [c zl wy ee? EE (w _ wpe (eer | . 
h , 2chw , NT 
But Ca(—€) aes Cpu dA [(w Fs wo) ae (w = wo)] es - eilwo-w)e/2 4. so A= cr uu 
l _; 
co (t) = poc DUIS [c E wee ee + (w o wpe 92] 
= e iwo(tre)/2 tes E = 2| - i29. sin E as 2| \ 
2 w 2 
_ do iwo(t—e)/2 [éste _ entero] = de" uui-e/2 ay | (E €) 
clt) AA e e E sin 5 2 
'Thus ; 
a = Cale) = Tr [cos(we) + i= sin(we)| , b=a(e)= sin(we). 


This is for the rectangular pulse; it remains to take the limit e — 0: w — |a|/eh, so 


a — cos lal poe us jal cos la b io gs ja 
h) lal h ñj’ lo; ñj’ 
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and we conclude that for the delta function 





1, t <0, 


ca(t) = com t>0; 


0, t «0, 


GERS -iy € sin(lai/m, t> 0. 


Obviously, |ca(t)|? + |c,(t)|? = 1 in both time periods. Finally, 

















Pa» = |b|? = sin?(Ja|/R). 








Problem 9.4 
(a) 


Eq. 9.10 => Ca E S [Ov m + eae °°" 


A l (these are exact, and replace Eq. 9.13). 
Eq. 9.11 — &—-—-r [cu Hr + c Ho, e" ^t] 








sanh e 
First order: h 
ep = m c => = n=-iff Hi eivot! dt 


le. = h- TEA ar] «s [a war! =1+ E TE eae) = 1 (to first order in H’). 


le? = EJ H! (et a f H! (tje ar! = 0 (to first order in H’). 
0 0 
So |ca|? + |es|? = 1 (to first order). 


(b) 











iTo Haalt’) dt (ima) Ca Het o Haalt) d^ 5 — But ċa = z- [cs HL, + es Hae i^t] 


Two terms cancel, leaving 


` i a t + / + "US. + 1 + 
da = E cx Haalt) dt coHlpe™™*. But cp = e7 F iTo Hy (t) dt dp. 
a 
h 


ipt £ fà _ i 1 , LE 
eF 6 [Has (^) Hyy(t )Jat Hie iwot dy 


i a 
or da = -ge Have Wet 
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Similarly, 


* a t 1 1 tí a i t T + + T s 4 . 
dy = eh lo Hyp (t) dt (5na) Co + ek !o Hy) dt €. But c= —5 [co Hi; + EN "| i 


a , 1 * + 1 
FEM Hy, (t^) dt c Hj, e^t. But ca =e —4 SŠ Hl a(t’) dt da. 


ELE 


ek Ip e ns 0n]! gp etot, = Te HL etd, QED 


Initial conditions: | c,(0) = 1 —> da(0) = 1; (0) = 0 = > d,(0) =0. 





Zeroth order: d,(t)=1, d(t)=0. 





First order: d, =0 => d,(t) =1 Ca(t) = e/o Haalt) dt 

















> pt 
dy = Se => d, = -; | e 1€) gr (tet de! = 
0 








) i , 1 1 E b + : + 
c(t) = set fd Hp (t)dt f e i4 ) H1, (t^) e*t dt’. 
0 








These = t look mnel like the results in (a), but remember, we're only working to first order in H', 
so Calt) x 1— 7 ipH a(t’) dt’ (to this order), while for cj, the factor Hy, in the integral means it is 
uc first ads and Hence both the exponential factor in front and e~*® should be replaced by 1. Then 


alt) & —¢ HL elvat ddl, and we recover the results in (a). 


Problem 9.5 


Zeroth order: cl) (t) = a, c(t) =b. 


Cy = -EHe e woth — M(t ares H! (t t) e ivot dt’. 
First order: i 
ep = -z Hoa eeta — p L-b-— EE Hr eet qu. 


; at 
Second order: | à, = - pg be- zf Moos — 
0 


c(t -2 f m. e (eot dus s[m Pt e (eot n Hit t) ea dt’. 


To get cp, just switch a e b (which entails also changing the sign of wo): 

















Py 0-5 | Hut d E sf Hier enr T Hi,(t") year dt'. 
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Problem 9.6 











t 
For H’ independent of t, Eq. 9.17 ==> ce IC t)- Ot t)= -sH. | eot qt! = 
0 
; iwot’ E H! 
ees ; His x Rally fi (e*** —1).| Meanwhile Eq. 9.18 => 














" 


1 t ; j t 
c» (t) ee si f e wot i, gieot ' dt" 
h 0 0 
7 $ d t 
4 e "0 
- 1 H' 2 t | = 


0 





dt =] 1 [HA I" 1 ri (1 eo) dt 
h2 $ iwo 0 


i 1 ; 
1 H! petet 
+ ia Ha et (et) 


For comparison with the exact answers (Problem 9.2), note first that c(t) is already first order (because of 


the H;, in front), whereas w differs from wo only in second order, so it suffices to replace w — wo in the exact 
formula to get the second-order result: 























2H; ; 2H; ; 1 ; : H! : 
e(t) sj m ciwot/2 siti (wot/2) = M MERC. (cuna RE EU = E 5s (chos? 1) 


in agreement with the result above. Checking cg is more difficult. Note that 














4Ha HP Hal, wo o Hal? 
=wo4/1 ab 14+2—2 ] = 22; x1 ab 
a E weh? E weh? EDS woh?’ w Za 
Taylor expansion: 
: wot |H Hat : alt 
cos(x + €) = cosa — esin zx => cos (wt/2) = cos 2s m | cos (wot/2) — sin (wot/2) 
Wo 
; à ; . (wot , |H ret à |H "ND 
sin(x + €) —sinz-d-ecosz => sin (wt/2) = sin | — + x sin (wot/2) + —235— cos (wot/2) 
2 woh? woh? 


Ca(t) 


2 











Seer [wot [Hl lt . (wot , |H^,I? . [vot | |H lt [wot 
e iwot/ feos ( 5 ) ooh sin 5 -il1-2 ET sin 5 mole cos 7 
; t t 2 t t 2i t 
= em | loos (3 ) + isin (3 ) Ha | (sin (35) —icos (3 )) m sin (3 )! 


2 e 
— e-iwot/2 js D Foal | eni fs 2 [gan = zx] 
Wo W Lt 


|H}? : 1 —iwot i ! |2 1 
=1 x t4 1 "un eost H t+ — 
woh? ^ Wo ( ó ) i "i ab a two 














TRE — | ,asabove. v 


Problem 9.7 
(a) 


: Ü ib. -u ; t EE 
Sey "pet e iwot o; b = ——Vpale wt iwote 


2h 
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Differentiate the latter, and substitute in the former: 





























Viz 
p = E [i — w)eiwo-)te, + efto, 
. . Voa i(wo—w)t . Voa i(wo—w)t Vab —i(wo—w)t ; . [Vas]? 
= i(wo — w) [ie o—w) «| — it. o—w) inne (40—79)to.  — d(ug — w)é — (any Cb. 
d? Val? Val? 
T + i(w — wo) di un cy — 0. Solution is of the form cy — e* : A? + i(w — wo)à+ n =0. 
1 2 = 
\= 5 | — wo) € y (w — wo)? e Si |- (e S Æ «| , with w, defined in Eq. 9.30. 
: Ael- Oa cut Bel- (en (EO pu, t _ —i(w—wo)t/2 iwrt —twrt 
General solution: cp(t) = =e 0)t/2 [Aert Be estu 
or, more conveniently: c(t) = e^! (*—7*9)/? [C cos(w,t) + Dsin(w,t)]. But e(0) =0, soC —0: 





c(t) = Dei»? sin(wyt). à = D f (* 7 :) eio 79/2 sin (i, t) + t, eto 70/2 conet : 


2h ; 2h ; as 
Ca(t) = i ee ota, = i EE? f (==) sin(wrt) + wr cos(urt) . But ca(0) 21: 
ba 























Voa 
2h —i Voa 
l= ig Pon or D= 2 
e(t) = — — Wei t2 sin(w,t), ca4(t) = e"? | cos(w,t) + i a sin(w,t) |. 
2hu,. 2wr 
(b) 
2 2 /h2 
P, s(t) = |o (t) = [Vasl sin? (wrt). | The largest this gets (when sin? = 1) is Wash 
2hw, 4w2 











and the denominator, 4w? = (w — wo)? + |Vasl?/h?, exceeds the numerator, so P < 1 (and 1 only if w = wo). 





QW 
(w — wo)? + (Val /h)? 
Aw? 


2 
fer V. 
lcs? + les? = cos?(w,t) + (3 2) sin? (wrt) + t sin?(u,t) 





sin?(w,t) = cos? (wrt) + sin?(w,t) 2 1. v 





= cos? (wrt) 


1 Va 2 w— WO 4 
(c) E ||Vasl? < A2(w—wo)?,| then w & =w — wo, and Py.» ~ IVa? sin” ($5 ) 
2 Ro (w — wg)? 


Eq. 9.28. 








confirming 

















(d) wrt = T => |t = T/wr. 
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Problem 9.8 











3} 2 
Spontaneous emission rate (Eq. 9.56): A = = i z- Thermally stimulated emission rate (Eq. 9.47): 
7 EQ 1C 
R- zLlefpo) with pw) = (Ea 9.52) 
= w), wi w) = . 9.52). 
3eo i2 PI P P n?c3 (eřw/kBT — 1) a 


So the ratio is 


A w ||? 3eoh? qi [errem ix 1) — eh» /kBT = 


£ . l 1. 
R 3na |)? hw 





The ratio is a monotonically increasing function of w, and is 1 when 


ge ine op ee ax yo 2 = IET hg, For T = 300 K, 


hw /kyt —29 
j ; kgT h on 


—23 
Vus HORS. CDS) SOUS ene E ig. 
(6.63 x 10-94 J -s) 





For higher frequencies, (including light, at 10!4 Hz), spontaneous emission dominates. 


Problem 9.9 





(a) Simply remove the factor (eere — 1) in the denominator of Eq. 5.113: | po(w) = 











(b) Plug this into Eq. 9.47: 





_| lel? 
Tc 3meolic? 














reproducing Eq. 9.56. 


Problem 9.10 
N(t)- e-U7N(0) (Eqs. 9.58 and 9.59). After one half-life, N(t)=4N(0), so =e, or 2=et/7, 


so t/r—]1n2, or |t;/j— r]n2. 














Problem 9.11 


8 


2 
In Problem 9.1 we calculated the matrix elements of z; all of them are zero except (100|2|210) = $3 a. As 


for x and y, we noted that |100), |200), and |210) are even (in x, y), whereas |21 + 1) is odd. So the only 
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non-zero matrix elements are (100|x|21 +1) and (100|y|21+41). Using the wave functions in Problem 9.1: 























1 c1 1 , 
100lzl2123 1) = pene sin 0 e+’? (r sin 0 cos @)r? sin 0 dr d0 d 
(woot) = (See); d É 
1 oo T 2v 
=F n rtersr/tedy | sin? 6 a f (cos é + isin $) cos  dó 
8rat 0 0 0 











E e | (&) (5) g Er 
a00|y21241) = = c BI (3) [eos tising)sinoae 
= = l (&) (3) (im) = ia. 


28. T a be 
Vah (100ļr/21+1) = Za (si - ij) , and hence 


























(100|r|200) 20; (100|r|210) = 





15 
22” 


p? = 0 (for 200) — |100)), and [o]? = (aa); 


(for 210) — 100) and |21 41) — |100)). 








so for the three l= 1 states: 


Meanwhile, w= E NES (2 :) = SET 














h — A\4 AR’ 
q SEb(ey25 1 ^ 2 Ejea? _ 2° ( By 2e 
23 310 J3meghc? 3r ehte 38 V mc?) a 
pie 13.6 ? (3.00 x 108 m/s) 3 1 zu 
= 38 (on x m) oos a E TE ee 














for the three l = 1 states (all have the same lifetime); [T — oo] for the | = 0 state. 











Problem 9.12 


[L?, 2] = [L2, 2] + [L2, z] a [L2, z] = Lz[Ls, z] + [Le, z] La + Ly |Ly, 2] + [Ly, z] Ly T L,[Lz, 2] 2s [Lz, z|Lz 


[Lx, 2] = [ypz — zpy, z] = [ypz,2] — [zpy, z] = ylpz, z] = —iħy, 
But (Ly, z] = [zpr — pz. z] = [zpz, z] ^ [xpz, 2] = —«|pz, z] = tha, 
L,z]- [zpy — ypz, 2] = [xpy,z] — [ypz z] = 0. 


So: [L2,2] = La (—ihy) + (—ihy)La + Ly (ih) + (iħx)Ly = ih( Doy — yLa + Lyx + xL). 





But Lay = Ley — yles t yLa = [Le y] + yL, = iħz + yLe, 
Lyx = Leth, + Ly = (Ly, £] + oly = —iħz + 4L, 
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So: [L?, z] = ih(2z L, — ihz — 2yL, — ihz) => | [L?, 2] = 2ih(zL, — yLa — ihz). 











[L?, [L?, 2]] = 2ih (L7, xL] — [L?, y Ds] — ih[L’, z]) 
= 2ih (L7, x] Ly + z[L?, Ly] — £2, y] E — y[L?, Ly] — ih(L*z — 2L7)}. 
But [L2,L,|] =[L?,L2]=0 (Eq. 4.102), so 


[L?, [L?, 2]] = 2ih { (yL; — 2L, — ihe) Ly — 2ih(zL; — £L, — ihy) Lẹ — ih (L^z — zL?)) , or 


[L?, [L?, z]] = —2h? (201.1, —22L2 —22L2 —2iheL, + 23L,L, + 2ihyL, — L^z + ar?) 
—— 
—2z(L2-L2--L2)42zL2 


= —2h? (QyL,Ly — 2ihzL, + 2x LL; + 2ihyLz + 2zL2 — 2zL? — L?z + zL?) 





= —2h? (zL? + L?z) — A? | (yL, — ihe) Ly + (xL, + ihy) Le + aL. 
———— —— 
Lzy Lyg 
= 2h? (zL? + L?z) — AR (L;yLy + Lely,  L;zLz) = 2R? (zL? + L?z). QED 
————————— 


L,(r.L)-0 


Problem 9.13 


1 1 à * i 
[n 00) = R,o(r)Y$ (0,9) = Jag Pn), so (n’00|r|n00) = zz ] Bool) Ratai +yj+zk) dz dy dz. 


But the integrand is odd in z, y, or z, so the integral is zero. 


Problem 9.14 

















(a) 
|210) 
|300}— 4 |211) $ — |100).} (|300) — |200) and |3 0 0) — |1 0 0) violate Al = 1 rule.) 
|2 1—1) 
(b) 


From Eq. 9.72: | (210|r|300) = (21 0|z|300) Ê. 








From Eq. 9.69: (21 1|r|300) = (21 + 1|7|300) i + (21 + 1|y|300) j. 











From Eq. 9.70: (21 + 1|r|300) = i(21 + 1|y|300). 











Thus |(210|r|3.00)|? = |(210|2|300)]? and |(21 + 1|r|3.00)|? = 2|(21 + 1|z|300)]?, 








©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


246 CHAPTER 9. TIME-DEPENDENT PERTURBATION THEORY 





so there are really just two matrix elements to calculate. 


Paim = Ra Yi", 300 = RaoYg. From Table 4.3: 


ee Rain i i V3 ( cos?0 
0-0 : _ 29 _ E 
pay cos 0 sin 0 d0 dé = ds al cos* 0 sin 0 d0 : dọ = "s ( 3 ) 


ae 8- qp um Er 
J (YET) Yo sin? 0 cos 6 d do = F az | sin? 0 d0 f cos det’? do 






































d 1 3 /4 2m r - 2n PT m 1 = 1 
~ Td V2 (3) |/ SERMO if cos sin od] ve » v6 
From Table 4.7: 


um 1 2 s 2 2 2 
K= f Roi Rao r° dr = J T e-rí/2a je += (5) e 7/3473 dr 
0 o0 a 3a 27 \a 





V24a3/2 V27a3/2 
E i a oe AE a ON) | Be re og 
= jo eps u/6 dy = 4! 5! 6! 
W | ( CET ju i M a AA ua T AS 


a 4!65 2 2 a 4!65 2734 
= 6-54+ —6?) = = 2a. 
9/2 56 ( ) 9/2 56 56 V2a 














g e gm 


So: 











1 1 
(21 + 1|z|300) = J Pa YE sin ticos) Reo r° sin 0 dr d0 dọ = K (+=) 


1 
(210|z|300) = J Ra¥P(r0088) Reo¥$ r? sin dr d0 dọ = K (=). 


(210|r|300)? = |(210|2300) ? = K?/3; 








(212 1|r|300 )|? = 2/21 + 1|z|300 )]? = K?/3. 





go by each route. 











Evidently the three transition rates are equal, and hence | 1/3 


we?|(r)|? Es Re E» 1 FA EA 5 EA 
SEINE A = = E the total 
Smegh ^ 9 " h h ( 9 4 ) 36 h? 5O ee 





(c) For each mode, A= 


decay rate is 
5EM e 1 (2734 i 2\?/ BN’ re 
R=3 2a) =6 
( 36 i) sl gr V20 5) \me G 


2\?/ dae \?/ 3x108 1 
7$ 45 x 10ĉ/s. r= Se =[1.58 x107 s. 
(5) (om x ux) m x m) fe x 10°/s. T R x s 
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Problem 9.15 
(a) 


P) = V c(t)e a en. HY = n, H = Ho + H' (t); Ho, = Enn. So 


S ex e iEn t/h nn ta e iEn Uh Hh = cdhy 6 e iEn nt/hup + ih (-;) X eus e iEn nt/Pal 
The first and last terms cancel, so 


y cne Ert ab, - dh è éne Ert Apa. Take the inner product with Ym: 


Yo ene Ent (pus LH ln) = iy ène T hon). 


Assume orthonormality of the unperturbed states, — (V4|v4,) — ó44, and define HA! = (V4 |H'|vs). 





E "T : i _ 
1 cne Ent RH! = theme Ert, or lém = — M LE em — En)t/h. 











(b) Zeroth order:  cw(t) 21, c(t) 20 for mz N. Then in first order: 





~ rt 
N = > Hw, or |cn(t)=1— : Hy x(t’) dt’, | whereas for m £ N : 






































em = - EHI ye En P Or = o=-if Hoe i(Em—En)t'/h dt. 
(c) 
i T ; 4 ei(Em—En)t' /f ci(Em—Ew)t/h _ | 
t) = zt i. i(Em—En)t /h dt = =2 H. H' 
cm (t) p MN r € H MN iE Eh MN Emu — En 
Hun Ey Eau | Em EN 
=- E RET 2is ————t|. 
UE ice 2h 








ALES? Eu —E 
Pym = leu? = Hun] sin? ( m 1). 


(Em — En)? 2h 











(d) 
i 1f iwt! —iwt' | i(Em—En)t'/h gy 
cy (t) = —2Vuuz (e +e Je MEAN dt 
ci(hwt+Em—En)t'/h ei(-hwt+Em—En)t'/h 


iVMN Vi 
i(hw + Em — En)/ħ ` i(—hw + Ey — En)/h 


2h 
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If Ey > En, the second term dominates, and transitions occur only for w & (Ey — En) /h: 








iVMN 1 i(Em-En—ħw)t/2ħ 9; ( EM — En — hw 
t) Eu En —hw)t/2h 94 gin (MNT Ts) s 
cm (t) 2h (i/(Em — Ew — hw). m 2h us 
[Varn |? Ey — En — hw 
Pn—m = lel? m (Ey — En — fw)? sin? Fe. 


If Ey < Ey the first term dominates, and transitions occur only for w ~ (Ey — Ey)/h: 








iVuN 1 (Ey —En-+hw)t/2ho5; aș ( EM — En + hw 
t) & EME HEHNC TUS 2 —————————t1 dh 
cm(t) ah GRE — Ew 4 lw) e isin ah , and hence 
P = [Vun]? sin? Em — En + hw, 
NOM (Ey — Ey + ħw)? 2h 





Combining the two results, we conclude that transitions occur to states with energy Em ~ Ey + fiw, and 











[Vun]? 222 Em — En + hw 
y sin — ¢t 


Bosse 
NSM OE ENERO 2h 














(e) For light, Vba = —pEo (Eq. 9.34). The rest is as before (Section 9.2.3), leading to Eq. 9.47: 











RNn>m = x gg e Pw): with w = +(Ey — En)/h| (+ sign — absorption, — sign — stimulated emission). 








Problem 9.16 


For example (c): 





a 


cn(t) =1- h 


H' 2 Em- E 
Hynt; Cm(t) = -i me O sin (==) (m Æ N). 











= 1 H |H; |? Em — En 

2 / 2,2 2 mN + 2 m 

1 t m =4 — a ND — t , 8 
lev | + zz NNl t, [Eml (E, — Ex? sin 25 so 


t? TU Em —E 
2 lem? =1+ ss lHvwl? +4 97 uA AL sin? [cu x4) . 
m mzN 
This is plainly greater than 1! But remember: The c's are accurate only to first order in H'; to this order the 
|H’|? terms do not belong. Only if terms of first order appeared in the sum would there be a genuine problem 
with normalization. 
For example (d): 





i x i sin(wt’) |' 
CN = 1— vyn | cos(wt') dt' =1 VNN 
0 





= en (ft) = 1 —— Vir sin (wt). 


h h w hw 











0 
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Cm(t) = 








Ven [ a =] gi (Em — Ev —ho)t/h E 


AC eho, a ea) $905 Pe 








V 
lex? — 14 E sin?(wt); and in the rotating wave approximation 








VmN 2 $ Em — En + hw 
Gee X - hu)? sin? (Am) (m z N). 





Again, ostensibly X` |cm|? > 1, but the “extra” terms are of second order in H', and hence do not belong (to 
first order). 





You would do | better to use 1 — 2: le 7. | Schematically: cm = a1H + a2H*+---, so |e«|? = 











a? H? + 20143 H? +---, whereas cy =1+6,;H+boH?+---, so len|? = 1+ 2b, + (265 + 02) H? + 
Thus knowing cm to first order (i.e., knowing a1) gets you |¢m|? to second order, but knowing cy to first order 
(i.e., b1) does not get you |cw|? to second order (you'd also need b2). It is precisely this bọ term that would 
cancel the “extra” (second-order) terms in the calculations of Y; |¢m|? above. 


Problem 9.17 
(a) 


Equation 9.82 = m = [5 c, Hi, 0 en P5, Here Hz, = (Um Volt) Yn) = fmn Volt). 
. i dem Ü i IN al 
Èm = -genVo(t): am — Volt) dt > In €m = E Vo(t^) dt’ + constant. 


as t $ 1 1 t à. 
cm (t) = Cm(O)e7 E o VE. Let e(t) = — Ji Vo(t') d; c(t) = e'*c,,(0). Hence 
0 





1 Tq 
lcs (£)]? = |em(0)|?, and there are no transitions. | &(T) = 231! Vo(t) dt 











(b) 





Eq. 9.84 > etsi- p f Wl Vo(t^) dt 1-4 i. 








m(t) = 
Eq. 9.85 => cmlt @=-5[ mN Vo(t')e Em - EX" /^ ae! — 0 (m£ N). | L- e 





The exact answer is cy (t) = e'®, c, (t) = 0, and they are consistent, since e? ~ 1+ i$, to first order. 
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Problem 9.18 


2 272 252 
Use result of Problem 9.15(c). Here En = o so E-E = 3m 
ma 


E a 2 
His = | sin (£a) Vo sin (2) dx 
a Jo a a 


sin (Zx) sin E] p 


2ma? ` 


I 


| 2% 
i a 











2(n/a) 2(37/a) 








0 














AVN (2ma2\* |. 5 ( 35? 16ma? Vo . (302hT\]" 
Eq. 9.86 — Pie =4 (32) (a) sin dn = “ons C4 Ama? : 


[Actually, in this case H1, and H5, are nonzero: 











Do, que Vi pi. fe 2 Vi 
Hi, = Giu) = =Vo f sin? (Za) ar- Dh Hy = (alla) = Vo sin? (24) qnc 
à Jo a 2 a 0 a 2 


However, this does not affect the answer, for according to Problem 9.4, cı (t) picks up an innocuous phase factor, 
while c(t) is not affected at all, in first order (formally, this is because H7, is multiplied by cp, in Eq. 9.11, and 
in zeroth order c(t) = 0).] 


Problem 9.19 


Spontaneous absorption would involve taking energy (a photon) from the ground state of the electromagnetic 
field. But you can’t do that, because the gound state already has the lowest allowed energy. 


Problem 9.20 
(a) 


H = -—yB-S--—q4(B,9;FB,5,4 B5, 


h yh 01 0 —i 10 
H = =e (Bo, + Byoy + B;0;) = -— e. E ij + By $ 0 ) + B, f ‘JI 





2 
oni yh B, B,—iBy\ _ yh Bo By (cos wt + isin wt) 
| 9 \B,+iBy,  —B, ~ 2 \ Bre(cos wt — isincwt) —Bo 
yh Bo Bye? 
2 (Bree ™t -Bo J^ 











h a NELLO Bo Bree’’*\ fa _ uh Boa = Bei*tb E 
"b)- 2 (Beet -By Ab] ~~ 2 \Bye-*ta —Bob 


i (Boa + Breb) = 


Q: 
I 


; (Qed + woa) ; 
-i7 (Bob — Bye ““*a) = ; (Reta — wob) ; 


II 
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(c) You can decouple the equations by differentiating with respect to t, but it is simpler just to check the quoted 
results. First of all, they clearly satisfy the initial conditions: a(0) = ag and 6(0) = bo. Differentiating a: 


1 


à = at 4 —ao- sin(w't/2) + — [aolwo — w) + bof] & cos(w't/2) $ ett/? 
2 2 w! 2 








= zc? wan cos(e't/2) i= [ao(Wo — w) + boQ] sin(w't/2) 
w 





+ iw’ag sin(w’t/2) + [ao(wo — w) + boQ] con(u't/2)} 


Equation 9.90 says this should be equal to 





5 (Melb + woa) = telon cos(w't/2) + i= [bo(w — wo) + ao] sin(w't/2) 
+ woao cos(w’t/2) 4 i [ao(wo — w) + boQ] sin(u't/2)\, 





/ 


By inspection the cos(w't/2) terms in the two expressions are equal; it remains to check that 





Ww . me] ND 
m [ao (wo — w) + boQ] + iw'ag = Pr; [bo(w — wo) + aoQ] + i [ap(wo — w) + boQ], 
which is to say 
agw (wp — w) + bow + aow")? = bow — wo) + ao? + agwo(wo — w) + bow, 


or 
ao [wwo —w? + (w)? — 0? — w + wow] = bo [Qw — wN + wo — wA] = 0. 


Substituting Eq. 9.91 for w’, the coefficient of ag on the left becomes 
Qwwy — w? + (w —wg)? +0? - 0? ue =0. v 
The check of b(t) is identical, with a — b, wo > —wo, and w > —w. 


(d) 











b(t) = i sin(w't/2)e *"t/?. P(t) = b(t) |? = (3) sin? (w't/2). 





(e) 








P(@) 
il 
1/2r- Xm 
© © 


The maximum (Pmax = 1) occurs (obviously) at w = wo. 

















P=} > (w- w) = Sw=uptN, so Aw = w4 — w- =|20. 
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(f) Bo = 10,000 gauss = 1 T; B, = 0.01 gauss = 1 x 10-9 T. wo = yBo. Comparing Eqs. 4.156 and 


6.85, y= oe, where gp =5.59. So 
p 





Wo êp (5.59) (1.6 x 10719) 





























E - 1) — [4.26 x 107 Hz. 

Wes oe amm, ^ Am(L6Tx10-7) > aes 
Aw Q 2B, 

Av = 2 el oR = nes — = (4.26 X10 x 10-9) = [85.2 Hz. 
2T T 2m Bo 


Problem 9.21 
(a) 
H' = —qE -r = —q(Eo-r)(k-r)sin(wt). Write Eo = Eoñ, k = 2f. Then 


Eqw 
C 


mE 








H' = —q— (h x)(k-v)sin(ut). Hj, = (b|(À - ) ( - v)|a) sin(wt). 

This is the analog to Eq. 9.33: Hj, = —qEo(b|fi - r|a) coswt. The rest of the analysis is identical to the 
dipole case (except that it is sin(wt) instead of cos(wt), but this amounts to resetting the clock, and clearly 
has no effect on the transition rate). We can skip therefore to Eq. 9.56, except for the factor of 1/3, which 
came from the averaging in Eq. 9.46: 





w3 2,72 k 209 X 
A= 1 OIA: rÊ- r)a)? =| Olh - n) - r)a). 


Tee c Teghc? 




















(b) Let the oscillator lie along the x direction, so (A-r) = f,z and k-r = k,«. For a transition from n to n’, 
we have 


Que DH Le 2 h 
ies ee (kafie) |(n"|x?|n)|?. From Example 2.5, (n'|z?|n) 2 —— (n (af? +a}a-+a-a4}+a?)|n), 
Teghc? 2ma 


where w is the frequency of the oscillator, not to be confused with w, the frequency of the electromagnetic 
wave. Now, for ED Cates ous emission the final state must be lower in energy, so n' « n, and hence the 
only surviving term is a2. Using Eq. 2.66: 


h 
(n'r? ln) = (n'|/n(n — 1)|n — 2) = 55,5 V (n Du acis. 


Evidently transitions only go from |n) to |n — 2), and hence 





Hou. 43 - ; E 
= A = 5 [n+ dh - (n-2 + hz] = 20. 


25 . h2 
(n'|x?|n) = -L Vni n(n—l)óva n Rnon-2 = fis) —5—n(n- 1). 


Teohic? mw? 


It remains to calculate the average of (ke fie)? It’s easiest to reorient the oscillator along a direction f, 
making angle 0 with the z axis, and let the radiation be incident from the z direction (so k, — ky = cos 0). 
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Averaging over the two polarizations (? and j): (à2) = 


i sin? 0. Now average overall directions: 


1 (232) = 4 (sin? 0cos ó + sin? Osin? 6) = 














^ 1 1 1 a 
kone -x]ss ? 0 cos? Osin 0 dô dp = —2 | 1 — cos? 0) cos? 0 sin 0 d0 
(kone) 4; | 9 Sin 8cos Osin 0 do a; 27 ] (1 — cos* 0) cos* 0 sin 
= 1f coð co0]| 1/2 2\_1 
E dm 9 |l 448 9/7 15 
1 q?hw? 


( 








= n 
15 megm?c 


TL 


1)| Comparing Eq. 9.63: 











R(forbidden) 2 





= (n 


R(allowed) 5 











For a nonrelativistic system, hw « mc?; hence the term "forbidden". 


(c) If both the initial state and the final state have | = 0, the wave function is independent of angle (Y? = 
1/V47), and the angular part of the integral is: 


(a|(& - r)(& - x)]b) — --- 


[ 6:6 sinodo = x 


TA -k) (Eq. 6.95). 


But ñ- k = 0, since electromagnetic waves are transverse. So R = 0 in this case, both for allowed and 
for forbidden transitions. 


Problem 9.22 


[This is done in Fermi’s Notes on Quantum Mechanics (Chicago, 1995), Section 24, but I am looking for a more 
accessible treatment.] 
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Chapter 10 


The Adiabatic Approximation 


Problem 10.1 
(a) 


2 
Let (mvg? —2E,at)/2hw = ó(v,t). 9, — 4| — sin (=a) e’?, so 
w w 


nE 2 (C$) sin (Mx) e, (2 [- 222v cos (274) eo + /2 sin (22) (i20) E 


1 2 Ei ; Ei 
= | is SHEER cot (a) + | Ph- ee = | nf i (mva? — 25er) ELO ds 
w w w 




















ot 








89, Ej 
ih nlg +Z ot (Ta) +i 2 ite] ®,,. 
w W w 


Ho, = a aon “en = "E |= cos (2) ei? + J/ 2n (Za) ei? (i) ; 


Od _ mur 0®,, [zr e (222) n mox 


Ox hw ôr hw 








| Dn. 


w W 





070, nm? (nt imb nc nT .muaz 12? 
——— = |- (=) csc (a) + — | Pn + | cot ( x) +i | ®,,. 
Ox? w w hw w w hw 


So the Schrödinger equation (ihO®,,/Ot = H,) is satisfied = 


Vu ET NTEU nT .Eia v 
ih + cot ( x) +i +i—o 
2w w? w hw w 











h? NTA? o /NT imu nm nm MUT]? 
= —— - (5) csc ( x) ł +| cot ( x) +i | 
2m w w hw w w ħw 
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e NTEU 7 h? NT MUL ,, NTVUT 
Cotangent terms: in( ) = ( i ) = 
w? 2m \ w hw 





Remaining trig terms on right: 


- (EY ese? (a) + (E oot (882) - - (27 [e] (EYF. 
This leaves: 


|v Eta eg v (mvr? — 2Eiat 2 h (22) 2. imu mgr? 
1 t 1 = I 
2w hw w 2hw 2m w hw h2w? 























7 Eia mV a vElat » hn?x? -Z mv? 
h hw ħw — mw ` hw 
Eia Eia?» hn)? n?z?h? a? hin? 1? 
hw ent) hw 2mw 2ma? hw 2mw TET 


So ®, does satisfy the Schrödinger equation, and since $,,(x,t) = (---) sin(nzz/w), it fits the boundary 
conditions: €,(0,t) = ®,(w,t) — 0. 


(b) 


2 nT ord 
E ti 10.4 => v(r,0)— ` nPn(z,0) = » i n : ( ) imur /2ha. 
quation (a ) C (a ) = C "d a os vye 


: 2. nm —imvz? /2ha : 
Multiply by 4/ — sin | — <z J] e and integrate: 
a a 


2 a / 9 T / 
"Hii V (z,0) sin (=) e imva? /2ha dqy — 5 Cn | - | sin (=a) sin (=) de xi de 
a Jo a a Jo a a 


SS 





nn! 
2: We os 
So, in general: cy, = 3 e imos? /2ha sin (a) V(r,O0)dx. In this particular case, 
a Jo a 
J —imva? /2ha „; (=) ; (Z Ja ie i d LF mux? mw a? TW s 
Cn = — e sin ( — ) sin { —x ) dz. Let —x=z; dx —dz; = = z2. 
” aJo a a a T 2ħa 2ha n? 2r?ħ 
2 M eim 
Cn = Ji e '** sin(nz) sin(z) dz. QED 
T Jo 


©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 
publisher. 


256 CHAPTER 10. THE ADIABATIC APPROXIMATION 









































j h 
w(T.) = 2a => a + vT, = 2a > vT. =a Tea/v; e EUR y= eT, = 27—, or 
h Ww FA 
Qrh 2 Ama? 4ma? : . a | Ama? 4 mav 
T; = EDIT. 2ma^ = CUR T; = as Adiabatic > T, > T; " > am LAE « 1, or 














2 T 
8r (27) —8-0«1, so a«l. Then cn = zJ sin(nz) sin(z)dz = | ôn1.| Therefore 
0 




















V(z, t) = \/ 2 (=) gimus? 2Ejat) /2hw. 
w w 


which (apart from a phase factor) is the ground state of the instantaneous well, of width w, as required 
by the adiabatic theorem. (Actually, the first term in the exponent, which is at most uo = C <1 
and could be dropped, in the adiabatic regime.) 


(d) 
242 t 2 
e(t) = l/m*h i 1 de = wh 1 1 
R\ 2m ) Jo (a wt")? 2m v Xa t vt! 
O wh (1 1\ _ wh ( wt = 1? ht 
|. 2mv Na w] | 2mv Nav] | 2maw 


2 pi 
term, as explained in (c))  V(z,t) = 4/— sin (=) e iFit/hv— can be written 
w w 








t 














0 








2 
So (dropping the ii 








2hw 
; Etat wh? at wht 2 . (TL\ jo 
(since Um oe es Omaa 0): | U(a,t) = Vu sin (=) e", 











This is exactly what one would naively expect: For a fixed well (of width a) we'd have U(z,t) = 
V; (a)e-!P:t/^: for the (adiabatically) expanding well, simply replace a by the (time-dependent) width 
w, and integrate to get the accumulated phase factor, noting that E, is now a function of t. 


Problem 10.2 


'To show: inox — Hx, where x is given by Eq. 10.31 and H is given by Eq. 10.25. 


Ox _ 
ðt 


3 [ sin (3) - ie cos (%¥)] cos (8) eft — $e [eos (3) — Hese sin (¥)] cos () ett? 














3 [F sim (4) - i32 cos (2) | sin (g) et + [eos (3) — Hert sin (4) | sin (g) et 
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Hx = 


3) 








cosa [cos( ja) sin(%)] cos £e-tet/2 4 emit sina [cos( 4¢) ion tw) sin(4)] sin 2 ei«t/2 


hwi 
2 Gne) 








àt) 


e*t cosa [cos( x sin(3*)] cos te~™#/? — cos a [cos( 4¢) iler re) sin(&) sin 2. e«t/2 


2 


(1) Upper elements: 


«GL 2 Qe t- Ee ( 3) GO] 
E os (2) nce) sin (3) | cosa eoe rs les (2) ete) s (2) [ens ain} 


a 
wh = 2sin —cos— 
ere * sin 5 co! 5 

















The sine terms: 








Qf : iw(wy—w) wlw —w) twi(wi tw), . 2a] 2 
sin($) | ir X + X cos a + X 2 sin 5 =0. 


j At 
isi (3) [-o* - Ww? + 2ww cos a — ww +d” + (w? — ww) cosa + (w? + ww )(1 — cos o) 


j At 
= -isim (7) [Hof + 2uu cosa — ur + utens — uu cosa + y? uer — utens — ww cosa] xi 2d 


The cosine terms: 


t t 
cos (3) [c — 44) -- 4 — w cos a. — w 2 sin? z| = — cos (=) [-1 + cosa+(1—cosa)]=0. v 


(2) Lower elements: 


glo (a) 6 DEG (2) - (2) a} 
xe Un De Pert Lagen ose 


The sine terms: 


sin (2) | iA 4 ent 2 mile el 2 cos? (2) wien) cosa Žo. 























j At 
xs ( 5 ) | ad — w? + 2ww cos a + ww, + + (w? — wwi)(1 + cos a) — (w? + ww) cosa] 


i 


At 
= 5 sin (Z) | wi 2ww cos 0 + wor + y? — uxer + wesi — ww cosa — utens — ww cosa] = 0. "d 


The cosine terms: 











t t 
cos (3) (c Eu) — uf w 2.08” Š + wi cos al = cos (Z) tea wi(1+ cosa) + wi cosa] =0. v 
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As for Eq. 10.33: 


At (wi —wcosa) , (At —iwt/2 f cos $ Fal coe _ {Art —iwt/2 sin $ 
feos ( 2 ) 1 X sin 2 e cit sin 2 +1 ` sin asin > e pisi aga 2 
= 5 , with 
= At iw, . (At a P iw a yá a|. [àt —iwt/2 
a=; [cos | > x Sin > J| CoS g + Z| cosacos ss t+ sinasin 5 | sin | > e 
—————— 


cos(a—$)=cos $ 


At i(w1 — At 
= feos ( ) er 2 sin ( 5 ) cos =e fut? (confirming the top entry). 

















B — 4 |cos at E sin 2 sin Ž + 2 cos asin = — sin a cos — | sin à eit /2 
B 2 A 2 Qu UU een EU 2 
————— 


sin( $—a)=— sin $ 


t } t 
= feos (5 ) Henr) sin (3 ) sin ee (confirming the bottom entry). 








(wi —weosa)? . a [At wW? a . a fAt 
)+ X sin 2 + 53 sin* asin EI 


1 At 
) t (ui — 2ww cos a + w? cos? a + w? sin? a) sin? (=) 
———— 


ww? —2ww3 cos a=\2 


At 
= cos? (=) + sin? (3) Le 





Problem 10.3 
(a) 


2 
n(x) = 4| —sin (a) . Inthis case R = w. 
w w 


Sit n Ca) 09 + VE (Bis) 9) 
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(ole) = [s 
a (Zer x) de - Za à “sin (225) cos (222) dz 


V ———————— 


i sin( 227 x) 
nr [(" . f2nm 
fu xsin | ——ax } dx 
w Jo w 





| 

| 
SJ 
wc 
w|s 
— 














1 NT ( w iN . 2NT wE 2NT i 
= sin c cos x 

2w w’ 2nm w 2NT w 0 

1 NT w? 1 1 

2w w’ | 2NT cosl na) 2w t 2w 











So Eq. 10.42 = >| 7n(t) —0.| (If the eigenfunctions are real, the geometric phase vanishes.) 





(b) 








1 2g? 2S2 [o 1 de 
Equation 10.39 => 6,(f) = > | 355 d o -—7— | 5 dw: 
0 


0 n?g?h Jer 1 d n?g?h ( 1N |? nên h / 1 1 
n= w = = è 
2mv Jy, W? 2mv \w/ la, 2mv \w w 


























(c) | Zero. 











Problem 10.4 


y= oe Here R=a, so 





Ow = vm 1 e mele|/n? ik y mo | miz| e mele|/n? 
OR ^ h \2Va h n2 i 


Ow vme m mine -2mo|z|/n? _ ( ™ ma —2ma|xz| /h? 
COR = ETE "e "Ame Tell) © . 


Ow m [? _» 2 ma fe _ 2 mí I? 2m?*a ( R M? 
P Asc uy Puls mas / hi = 2maz/h d — 
(xl a) È / É x ha 1 = ^ h? \2ma h^ \2ma 


1 d 
— — — .— 20. SoEq.1042 => y(t) — 0. 
































h 2h? 


2 1 T 2 a2 tU a2 
B=- T, w=- (um) - um t da= 2 f" atda =| (ad - ad). 
0 





TE ja ^ da CT Be 6h2c 
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Problem 10.5 
According to Eq. 10.44 the geometric phase is 


Ry 


i 


Now (w4|v4)-—1, so 


and hence  (v,|Vgwv&4) is pure imaginary. If V», is real, then, (Yn|V etn) must in fact be zero. 
Suppose we introduce a phase factor to make the (originally real) wave function complex: 


yl, = ét, where V is real. Then Vgy/, = e?" V gy, + ilVrRon)e yn. So 
(IV gi.) = etre’? (Gb, IV pis) + ie "9^ (Vnós)e'?n (b |is). But (Vs|Us) =1, and 


(Wn|Vavn) =0 (as we just found), so (V gw) —iVnó,, and Eq. 10.44 => 


Ry 
ae ee f a AE = —[¢n(Ry) — E AEE gives: 
Ri 
V. (x,t) = V (x, tle * lo E, (t')dt' .—ildn(Ry)—on(Ri)] 


The wave function picks up a (trivial) phase factor, whose only function is precisely to kill the phase factor we 
put in “by hand”: 
V. (z,t) = [usns t)e #2 E, (t')dt | gis (Fa) — V, (a, t) e 9 (RÀ), 


In particular, for a closed loop 9, (R5) = o; (R;), so y; (T) = 0. 


Problem 10.6 


H- -B.S. Hee B= Bo [sin 8 cos ói + sin sin bj + cos 0 k ; take spin matrices from Problem 4.31. 
m 


eB. h 010 0-i 0 /20 0 
H = —°— |sn6coó|101]-sió6sino|i 0 —i|-cos0| 0 0 o0 
m y2 010 0i 0 0 ncs o 


V2 cos 0. e-*? sin 0 0 
Boh . : 
E ei? sin 0 0 e^ 1? sin 
m 0 ei? sinh —/2 cos 





3 


eB 
We need the “spin up” eigenvector: |. Hx, = E ae 
m 


V2 cos 0 e-1? sin 0 a a (i) V2cos0a + e^? sin 0b = V2a. 
e? sin 0 0 e 1? sin 0 b| =v2 |b] — ¢ (ii) e? sin ba + e-?sin6c = V2b. 
0 e? sinh —/2cos0 c c (iii) et? sin 0b — V2 cosĝe = V2c. 
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(i) > b = Vet’ (=) a = V2e'? tan (0/2)a; (iii) > b = V2e-” (=) c = V2e~"® cot (0/2) c. 


in in @ 


Thus c= e”? tan? (0/2)a; (ii) is redundant. Normalize: |a|? + 2tan?(0/2)|a|? + tan*(0/2)|a]? = 1 > 


: Ji = 1 > |a|? = cos* (6/2). 


la? [1 + tan?(0/2)]* = Jal? [zs 


Pick a-—e-/?cos?(0/2); then b= v2sin(0/2)cos(0/2) and c= e'?sin?(0/2), and 





e? cos? (0/2) 
X+ = | V2sin (0/2) cos (0/2) | .| This is the spin-1 analog to Eq. 10.57. 
et? sin? (0/2) 











OX Lo LON 1 Ox+ 3 
Vie = Or CU 00 UU Od ? 








1 —e- 1? cos (0/2) sin (0/2) g —ie™*? cos? (0/2)\ — 
= - | V2 [cos? (8/2) — sin? (8/2)] /2 | 6+ — 0 ó. 
4 eit sin (0/2) cos (0/2) rsing \ ieit sin? (6/2) 


Il 


: {— cos? (6/2) [cos (8/2) sin (8/2)] + sin (8/2) cos (0/2) [cos (6/2) — sin? (6/2)] 
+ sin? (0/2) [sin (6/2) cos (0/2)]  Ó 


oc-IV x+) 











— [cos? (6/2) [—i cos? (8/2)] + sin? (0/2) [isin? (6/2)] ) ó 
= — 2 [sin* (0/2) — cos* (0/2)] à 
= TL [sin? (6/2) + cos? (8/2)] [sin? (8/2) — cos? (6/2)] ó 
= ug C 056) à = — 5 cot 03. 








Equation 10.51 — 4, (T) =i | Gran = ZQ. 
T 











Problem 10.7 
(a) Giving H a test function f to act upon: 


By. (iv r iA) ! (vr E At) nage 


| Im 


1 h h 
=pl-mvn-2 van -Bawn+ea-al] + as. 
m ta SOSR E, i 
(V-A)f--A-(V f) 
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But V- A = 0 and g = 0 (see comments after Eq. 10.66), so 


1 1 
Hf- T |- V? f + 2iqħhA - Vf - Af], or H= 5 |- V? + q? A? + 2ighA - V]. QED 


(b) Apply (^V —qgA). to both sides of Eq. 10.78: 


a 


h ^ h h ! y 
(v — iA) v= (v — iA) . (Zevu) = —hV-(e9 VV’) — PsA. VV. 
D ) D l 
But  V-(e'?VV) = ie (Vg) (VV) --e'SV.(VV) and Vg= ŽA, so the right side is 


—il Fe A VW — eI V7! + ighe'? A . VV' = —fe'9V7 VU’. QED 


Problem 10.8 


(a) Schródinger equation: 


2m dx? dz? — iac e«m «a. 


2 42 2 1 
LSU i or dy | k^ (k = V2mE/h) OR T 


Boundary conditions: v(0) = v(3a-- €) = v(a) = 0. 
Solution: 
(1)00€«r«ia-ce: w(x)— Asinkz-- Bcoskz. But v(0)—0-— B—0, and 


k(jac- e) — nm (n=1,2,3,...) > En = nr’ ? /2m(a/2+ e?, 
or else A=O. 


(deed as | 


(2 Sate<a<a: w(x)— Fsink(a—z)-- Gcosk(a —z). But v(a)—0— G—0, and 


nues tese ns —e\=n'n (n'21,2,3,...) > Ey = (n')?r?h?/2m(af2 — e?, 
2 i or else F-—90. 
242 
either Ey = ae (n=1), with F=0, 
The ground state energy is ers 
orelse Ey = (n—21) with A=0. 


2m(ia- e)? 


Both are allowed energies, but Æ is (slightly) lower (assuming e is positive), so the ground state is 





2 Al Tx ay : 
(a) = prin (i), OSes hate 


0, iac e&m a. 
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W(x) 











(b) 
R dy 1 Asin kx O0<a< tate 2mE 
E bar. — = ’ = 2 , = 
2m dr? +f (t)d(a 5a ey — E => w(r)-— e — a), la+ beqe et where k= x 


Continuity in v) at x = ia Te: 


: 1 B ; DS a : d = sin k (3a + €) 
Asin k (ža + €) = Fsink (a 3d e) =F sink (ża €) T RS 


Discontinuity in / at x = $a + € (Eq. 2.125): 


2mf 
jg 


2mf 


— Fk cos k(a—x) — Ak cos kr = Ek 








Asinkz => Fcosk(ja— e)+Acosk (4a +€) = — ( ) Asink (ža +€). 


sink ($a + e) 
A— i 
sin k ($a — €) 





cos k (3a €) + Acos k ($a 4- €) == (=) Asink ($a +€) . 





sink ($a + €) cos k (ža — e) + cos k (5a + €) sin k (ła — €) = — (=) sink (Za + e) sink (3a — €). 





sink (ža + €+ ia— €) = (=) ; [cos k ($a - e — ġa + e) — cos k (4a + € + 1a— eJ]. 





T 
sin ka = —— (cos 2ke — cos ka) =  |zsinz = T[cos z — cos(zó)]. 
zZ 











(c) 





—1 
Z ree ae) => tan(2/2) = 7. 








T 
sinz = —(cosz — 1) 
2 








T sin z 





Plot tan(z/2) and —z/T on the same graph, and look for intersections: 


A 
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As t : 0 — oo, T : 0 — oo, and the straight line rotates counterclockwise from 6 o'clock to 3 o'clock, 
h2 2 
so the smallest z goes from 7 to 27, and the ground state energy goes from ka = 7 > E(0) = 1 
ma 
hen? 


(appropriate to a well of width a) to ka = 2r = E(oc) = ma /27 (appropriate for a well of width a/2. 
m(a 





-— [T 0 1 5 20 100 1000 
(d) Mathematica yields the following table: 1119-3 57303 | 4.76031 | 5.72036 | 6.13523 | 6.21452 
































| ' 
I, + I B 1+ (U/I 





(e) P. = where 


a/2+e 1 1 a/2+e 
h= I A? sin? kr dx = A? | =x — — sin(2kz) 
A 27 4k ; 


= ats (§+e) -qism [s (2«9]) = DA |^ Ein (ra + Zra) 


= “4? +8- E sin(a +28) i 
4 z 





y= F?sin?k(a— z)dx. Let u=a—2, du=—dz. 
a/2+e 


0 a/2—e 1 
B -F° | sin? ku du = n sin? ku du = CF? | ô sin(z — zô) | . 
a/2—e 0 4 Z 
































ho A [1+8 -— (1/z)sin(z + 26)] ut (from A? sin? k(a/2 — e) o sin?[z(1 — ô)/2] 
I, F2/1—6— (1/z)sin(z — zó)] pur (b)) F? sin? k(a/2+¢) — sin?[z(1+ 6)/2] 
I Ll 2 = = 1 
= T5 where |I4 = | +ô-— nau + 2 sin*[z(1 F 6)/2].) | P, = 1+ (JE) 

















Using 6 = 0.01 and the z’s from (d), Mathematica gives 


T 0 1 5 20 100 1000 
P, | 0.490001 | 0.486822 | 0.471116 | 0.401313 | 0.146529 | 0.00248443 


As t: 0 — œ (so T : 0 — ov), the probability of being in the right half drops from almost 1/2 to zero—the 
particle gets sucked out of the slightly smaller side, as it heads for the ground state in (a). 


[\n 


T=20 T=100 T=1000 



































(f) 
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Problem 10.9 


(a) Check the answer given: £e = v fo f f(t’) sin [w(t — t')) d —2z(0)-0. v 


te = wf (t) sin [w(t — t)] + a f f(t’) cos [w(t — t’)] dt! = a | f(t’) cos [w(t — t^)] dt > 2,(0) =0. v 


e= PSO eos pott - 0] - v | fle) sin olt- Ed = if — wee 


Now the classical equation of motion is m(d?a/dt?) = —mw?x + mw? f. For the proposed solution, 
m/(d?x,/dt?) = mw? f —mw?z,, soit does satisfy the equation of motion, with the appropriate boundary 
conditions. 


(b) Let zzzr-ze (so Yn(z-— ze) — v4(z), and z depends on t as well as x). 








OV dis, .. up ip d 1 . Tey M. mu? 

Ot nz "dz V dejé Ve h EE (n a) he + mic(z 2 ) 2 Te T 2 fae 
1 mw? i? 

[] o -(n* 5)he + 5 | Be) +z? a 

ow 





BE T e © e| (n+ 5)he + 27 2x(f — x.) + 27 "JE 











ow dn i{} ify ? : rw E Vn i{} te i{} 2 : më 

tecti i iff 2 ` = ei 2 e! 

Óx dz me Aimee); Ox? dz? jit) “nel 
h? uy 1 2 
R yn ; , dV imi h? (miN? 1 

EM n d() n eio c iC V a 2p 2 Y. 
Im dz © € dz h 2m ( h ) pu ^ us 
D yn 1 E 
But E di + jum Un = = (n Tm Dwin, So 





E 1 l mz? ipi E oN Mop t 2,2 2 
LM LA ih dz © LE Md 
? ,0V ; 1 

"x pats - orgo 2h “(arf — dons a? ate) 


1 1 ; 2 1 
swe 2” I 24 jme a? — met = ios (er 2xz,- c? é) 




















2 c c 


22 — g? È ore, x zi (2? —2zxc-22)-(xz—m-). V 
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hg 1 1 
Eq. 10.90 > H = — + =mw 2 (z? — 2xf t f *) — gmu ?f?. Shift origin: uzz- f. 
2m Ox? 2 
no 1 1 
Pee? |e Be hiss || yet N 
amo 2 « | |; f 


The first term is a simple harmonic oscillator in the variable u; the second is a constant (with respect 
to position). So the eigenfunctions are v,(u), and the eigenvalues are harmonic oscillator ones, (n + 
$)hw, less the constant: Ep = (n + i)hw — ima? f?. 


(d) Note that sin[w(t — t')] = =< cos [w(t—t')], so a(t) = [ (UO cos [w(t — t’)| d^, or 


[ (S) ewe- = so- I (Eok (t - t) ar 


d 

(since f(0) = 0). Now, for an adiabatic process we want df/dt very small; specifically: T « wf(t) 
(0 < t € t). Then the integral is negligible compared to f(t), and we have | xe(t) ~ f(t).| (Physically, 
this says that if you pull on the spring very gently, no fancy oscillations will occur; the mass just moves 
along as though attached to a string of fixed length.) 





























(e) Put z.z f into Eq. 10.92, using Eq. 10.93: 


V(z,t) = v«(x,t)e i-o )hotemfG- f/2)e $7 19 Sae] 


The dynamic phase (Eq. 10.39) is 
Lf l 
t) = -; | E,,(t') d! = —(n4 Shot mf Pdt, so D(x, t) = v. (z,t)e'9" (gm), 
0 
confirming Eq. 10.94, with the geometric phase given (ostensibly) by yn(t) = m f(x — f/2). But the 
eigenfunctions here are real, and hence(Problem 10.5) the geometric phase should be zero. The point is that 


(in the adiabatic approximation) f is extremely small (see above), and hence in this limit * f(z—f/2) #0 
(at least, in the only region of x where «v, (x,t) is nonzero). 


Problem 10.10 
(a) 


T€ Obs, ; z 
êm = = J ipe (b iC = Yml E eiei te s 
j 





t 
EN E f (Wml E et eino, 
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(b) From Problem 10.9: 


Va(x,t) =Un(@— f) = Ynlu), where u=a-f, 








and v(u) is the nth state of the ordinary harmonic oscillator; 





Ot Ou Ot ðu ` 
But p= ne so (és | n) = -+ f(mlp|n), where (from Problem 3.33): 
ħw 
(m|p|n) =i = (VmM5nm—1 — V nón, 1). Thus: 
OU, 


Yml- cUm Mises 3; (Vmà n,m—1l — V/nóm n— 1). 





Evidently transitions occur only to the immediately adjacent states, n+1, and 


(1) m=n+1: 


t 
Cn41 = -f (i SL ea AN a i) eU eil Onna) qp! 
0 2h 
But Yn = 0, because the eigenfunctions are real (Problem 10.5), and (Eq. 10.39) 


1 1 1 1 
On = — y(n-t z)huot = On — Ong = [-(n rel) wt = wt. 


t 
So Brad =- Fever f fet dt. 
0 


(2 m=n-1: 


t 
hosel -- | (-/ vii) ¢ in gi(On—On—1) gpl 
0 
1 1 mw m —áiwt! qu 
06,—0,.12 |-(n- =) -(n-1o- 2) wt —wt. |cn-1 =4/— vn J fe dt’. 
2 2 2 Y” Jo 
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Chapter 11 


Scattering 


Problem 11.1 
(a) 











> 
: US E 1 p 242 _ 1492 1 
Conservation of energy: E = gli +r°o°)+V(r), where V(r) = docs 
TET 
. . J 
Conservation of angular momentum: J=mr7¢. So @¢= — 
mr 
2 J^ 2 f 
r = —(E — V). We want r as a function of ¢ (not t). Also, let u=1/r. Then 
m 


m?r? 








. dr drdudó ( 1\duJ $4 Jdu d dd. P, 2 
im eaar7( z) na T TESE ( Lx) uode ee 











du\? 2m du (om du du 
= E 2. = E 2. = - h 
(=) J2 ( Vjeu dà pp ( V)—-u?; do Ja E E Vm where 
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2 
I(u) = AC —V)—u?. Now, the particle q starts out at r = oo (u = 0), à = 0, and the point 
, Umax du ! 
of closest approach is rg, (Umax) ®: 0 = VT It now swings through an equal angle ® 
0 
Umax du 
on the way out, so ®4+0+0=7, or 0=7-20. O=7-2 : 
0 1(u) 


So far this is general; now we put in the specific potential: 


|. 2mE 2m qq» 


J Fane, u? = (ug — u)(u— u1), where uj and uz are the two roots. 


T(u) 





(Since du/dó = 4/I(u), Umax is one of the roots; setting uz > U1, Umax = ua.) 


U2 








uz d —2 
TUE 2 | u Mm (===) 
o w(us — u)(u— u) ug — u1 


=n+2 accu ~sin™ (=e) 


u2 — U1 


-2 l-5 — sin”! (zm Ai 23] = —2sin7! (= a 2) 
2 U2 — u1 U2 — U1 


Now J = mwb, E = $mv”, where v is the incoming velocity, so J? = m?b?(2E/m) = 2mb’E, and hence 
2m/J? =1/bE. So 





0 





Il 
3 
I 








1 eel gig 2 192 2,4 1 
I = . Let A= 3 —I = —Uu—-. 
(u) b2 p (z ae) e a Arey E e puce pU y 























A 1 A A? 4 A 2\? 
i 2 L = an \ peA L 
To get the roots: u tat pTI => us 5 gB^Vg om DIE lx 4/14 (3) 
EL a ees 2p á ESPERE S. -1 
u å U= op. P “Tæ Pur a E ' 





2 
E a e , Or —— ai) 1+ (à) = — E 
1+ (2b/A)? 1 + (2b/A)” sin“ (6/2) 





_ 14 
8TEeo E 








b 
= cot(0/2), or 


2 
sin?(0/2)  sin?(0/2)) A cot (0/2). 


(2) _ 1=sin?(0/2) _ cos?(0/2) 
a) = 
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(b) 

















b |db db — qq» 1 
D(0) — —|. He - 
M Sap E: 9? dé ^ BSmegE ( sm) 
e 1 qıq2 cos(0/2) qiqo 1 z | 142 
2sin(0/2) cos(0/2) 8reoE sin(0/2) 8xcoE 2sin?(0/2) 167co E sin?(0/2) 











(c) 





2 Xm n 
i N42 sin 0 
= | D(0)sin0d0 dọ = 2 —Àj4— —. d6. 
(om J ( ) sin O T (Es) f sinf (0/2) 
This integral does not converge, for near 0 = 0 (and again near 7) we have sin 0 ~ 0, sin(0/2) ~ 0/2, so 
the integral goes like 16 fj 0 3 d = — 80 7| — oo. 


Problem 11.2 





ikr 
: : x A ikg e 
Two dimensions: |w(r,0) ~ A e + nec . 


One dimension: war) A [es 4s f(a/|2|)e~**] 























Problem 11.3 


Multiply Eq. 11.32 by Py(cos@)sin@d@ and integrate from 0 to 7, exploiting the orthogonality of the Leg- 
endre polynomials (Eq. 4.34)—which, with the change of variables x = cos 0, says 


T 2 
B 0) Py b) sin ð dO = | —— | ôw. 
f (cos 0) Py (cos 0) sin (zzi) u 
The delta function collapses the sum, and we get 
2i" [jv (ka) + ikay hi) (ka) =0, 
and hence (dropping the primes) 
ju(ka) 


LCS QED 
ikh (ka) 
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Problem 11.4 
Keeping only the | = 0 terms, Eq. 11.29 says that in the exterior region: 





$ tkr in(k ikr 
prea [jo(kr) + ikagh\” (kr) Po(cos 0) = A SR (En) + ikag ic LA eU + gÉ (r >a). 
kr kr kr T 


In the internal region Eq. 11.18 (with n; eliminated because it blows up at the origin) yields 


sin(kr) 
kr 


ir)  bjo(kr) =b (r <a). 


The boundary conditions hold independently for each l, as you can check by keeping the summation over | and 
exploiting the orthogonality of the Legendre polynomials: 





mk ika : 
1 continiouse aas ee e 5 ka 
oy l 


ka ka 


(2) v" discontinuous at r = a: Integrating the radial equation across the delta function gives 














Wf du h? I(l-- 1) n? 2ma 
fucus | d ———Au = Au’ = 1 
ed Eo arf fost a) eT IE r> —> Au +au(a)=0, or u m u(a) 
n j A ; , 2ma , 2ma 8 
Now u-—rR, sou = R+rR'; Aw =AR+aAR =aAR = m; aR(a), or Ay’ = m v (a) = —v(a). 
a 


A oa dh A +. - b b, B , sin(ka) 
p [k cos(ka) + agik?e!^^] — 7,3 [sin( ka) age] — z^ cos(ka) + yaa = a mE. 


The indicated terms cancel (by (1)), leaving A [cos(ka) + iagke/^"] = b [eost + £ sinha i 
a 
Using (1) to eliminate b: A [cos(ka) + iagke/^^] = [cot + = [sin(ka) + agke’**] A. 


ka 


costkay + iagke'** = costkay + - sin(ka) + aok cot(ka)e/^^ + peika, 
a a 























n 1 k 1 
iagke!^* |1 + icot(ka) + ae = P, xp dh But ka <1, so sin(ka) ~ ka, and cot(ka) = EST a) REL 
ka ka sin(ka) ka 
tagk(1 + tka) h + kat + a) = f; iaok h + kat + B)--ika—1— d x iaok Ee + a) = f. 
ap ap ap Y 
ema eer Equation 11.25 => f(0) & ao = ae Equation 11.14 > D=|f|? = (5) ; 



































2 
Equation 11.27 — e —4sD = tn ( 9B ) 
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Problem 11.5 


(a) In the region to the left 
w(x) = Aci" + B® (x< —a). 


In the region —a < x < 0, the Schrédinger equation gives 


h? d d?4j 
Pec RS a TEN. E = k! 
2m dx? Vow y dx? V 


where k’ = J/2m(E + Vo)/h. The general solution is 
w = C sin(k'z) + D cos(k'z) 








But v(0) = 0 implies D = 0, so 
y(x) = Csin(kz) (-a<a<0). 
The continuity of y(x) and v'(x) at x = —a says 
Ae !** 4 Bett = —Csin(k'a), ikAe *** — ikB*** = k'C cos(k'a). 
Divide and solve for B: . . 
ikAe !** — ik BeiFo 
Ae- ka + Betka 
ikAe—*** — ikBe*** = —Ae~***k! cot(k’a) — Be***k' cot(k'a), 
Be'** |-ik + k' cot(k'a)] = Ae~*** [-ik — k' cot(k'a)]. 


k — ik' cot(k'a) 
k + ik’ cot(k'a) | ` 





= —k' cot(k'a), 





B= Ae 2ika | 











(b) 





— 3L 1 Lt 1 
pesii f ik! cot(k 2 = cot(k’a) 


= |A}. 
k + ik! cot(k'a) k — ik! — ele a 


(c) From part (a) the wave function for x < —a is 


E / . 
y(x) = Att” + Ae ?ika f tk cot(k e ike | 


k + ik! cot(k'a) 
But by definition of the phase shift (Eq. 11.40) 
y(x) =A ká a il f 


So 





e 2iFa k — ik’ cot(k'a) — —e?ið 
k + ik’ cot(k'a) f 


This is exact. For a very deep well, E «& Vo, k= V2mE/h « \/2m(E+Vo)/h=k’, so 











-zika | -ik' cot(k'a) 215 —2ika 2i6 
= : = : = hy. 
| ik! cot(k'a) i ao Aa 7 
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Problem 11.6 























I; i(k ; i(k 
From Eq. 11.46, a = >e% sinô, and Eq. 11.33, a= oe it follows that e? sin 6; = je 
k khi” (ka) hy? (ka) 
But (Eq. 11.19) AU) (x) = f(a) + ini(z), so 
l , 1 1 d(nl3 s 
diui ce c LL EL. LEAD = IMMER. 
Alz) t im(z) — 1-i(n/j) — 1 (n/j? | 1 (n/3j) 
(writing (n/j) as shorthand for nj(ka)/ji(ka)). Equating the real and imaginary parts: 
TEC NECS TENE: 
cos ô; sin ô; = T+ (n/p? sin“ ô, = PED 
Dividing the second by the first, I conclude that 
1 = a 
tand, = ———, or |ð = tan i ; 
D) ! m (ka) 
Problem 11.7 
r>a: u(r) = Asin(kr + 6); 
r<a: u(r) 2 Bsinkr + Dcoskr = Bsinkr, because u(0) = 0 —> D = 0. 
EI k EI k 
Continuity at r = a= > Bsin(ka) = Asin(ka+ ô) — B= A. So u(r) = T sin kr. 


From Problem 11.4, 
du 
A( — 
(=) 


cos(ka + ô) — 


= Pula) => Akcos(ka + ô) — A 


r=a 


sin(ka + ô) 


saka k cos(ka) = Ë Asin(ka +ô). 





sin(ka + ô) 


daa cos(ka) = E sin(ka + ô), 


sin(ka) cos(ka + 6) — sin (ka + 6) cos(ka) = E sin(ka + ô) sin(ka), 


sin(ka — ka — ô) = 2 sin(ka) [sin(ka) cos 6 + cos(ka) sin ô] , 
a 











5259, id 
— sin ô = pes Aka) [cos ô + cot(ka) sinó]; —1 = B= a) [cot 6 + cot(ka)] . 
ka ka 
ka ka 
tô = —cot(ka) — ——,—-; tô = — |cot(k — 
co cot(ka) Bein? (kay' co cot(ka) + Bsin?(ka) 
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Problem 11.8 


ikr 





1/1 ^ : 1 
= VG =-— (ver + ev) — 
Ar \r T 


Arr 


1 1 ; 1 ; : 1 
y a RS I EM mp ikr ^NZ2( jikr ikrx72 | = 
V*G -V-(VG) ds E (vi) (Ve ye (e! Pr) + eV (=)]. 
1 "mur 1 ^. tkr\) _ pLgikra. 2,ikr _ -; .(ptkr a) — 4 ld 2 üikr 
But V- 2 —— f; WV(e"7")-ike"pR Vee" = ikV . (ef) = ik— —(r^e'^") 
r r? r? dr 


f ik 3 2 A 2 
(see reference in footnote 12) — V7e"*" = “(rn + ikr?e™") = iket” E + ik) ; 
r r 


2 1 S 3 2 -— 1 1 a].í5 kT a 1. ikr 2 : ikr <3 
V (+ = —4mó'(r). So Mi RETE 2 -zf (ike *) + zike Ltd — Ane" o^ (r)| . 


But  e'^"$3(r) = ó?(v), so 














1oa.[ 2ik 2ik k ikr 
vezr r n = jr) +k? — = 8 (r) - ?G. 
4m r2 r2 r 4nT 
Therefore (V°? + k°)G = (r). QED 
Problem 11.9 
1 2 h? 1 —2mE | 
y= Eilio 2t qe (Eq. 4.72; duum 
ras 4me€or mar h a 


In this case there is no “incoming” wave, and y%o(r) =0. Our problem is to show that 
ciklr- idet 


m lr — zr 


ro)(ro) d?ro = y(r). 





We proceed to evaluate the left side (call it 7): 


2 — r—ro|/a 
r= (323) (CE) A f EI Lore dr 
Qh? maj yra’ Ir —ro| ro 
1 1 e^ V r^ *r$—2rro cos0/ac—ro/a 


21a yras Jr? + r2 — 2rro cos 0 ro 














ra sin 0 dro dé d. 


(I have set the zo axis along the—fixed— direction r, for convenience.) Doing the ¢ integral (27): 


1 oo , T e^ V r^r 2rro cos 6/a 
[= —— roe 79/9 sinOd0| dro. The 0 integral is 
Jua, 








Jr? + rà — 2rro cos 0 
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wT „—,/r2+r2—2rro cos Ü/a 
e 0 i Q N22 us a E =e 
5 sin ð d0 = — e VT +rĝ—2rro cos0/a| — _ le (r+ro)/a . e |r—ro|/a ' 
o y/r2 +r? —2rrocosÓ TTo 0 TTQ 


T= —ro/a [ec even E ea dro 


1 m 
—— e 
rv na? Jo 


1 oo T oo 
RON quy —2ro/a q as af dr — p -2ro/a q | 
€ € T € T € € Ti 
rv Tta’ | 0 i 0 r È 
1 oo 
= [e (5) u e /^ (y) = er/@ (-5e ^) ; | 























rv ra? 
1 E —r/a —r/a a rja Jem 1 —r/a 
= € re — ete = —— e = wr). ED 
rv ma -2 2 Tta’ yg 
Problem 11.10 
For the potential in Eq. 11.81, Eq. 11.88 => 
2 s 2mVo | 1 P 2mW 
f(0) = -avf rsin(kr)dr = — e: 3 sin(&r) — T coser) Lm mE 





= ? [sin(«a) — ka cos(«a)] , 








where (Eq. 11.89) « = 2ksin(0/2). For low-energy scattering (ka « 1): 











sin(ka) z ka — g 5 cos(ka) = 1 — 5 (52^ so 
2 1 1 2 B 
fO e me Ka geo” ka + 5 (52) = ne ,| in agreement with Eq. 11.82. 











Problem 11.11 


1 A ; ?9 1 eo : ; 
sin(Kr) = 5; (ei*" -" go) ; so i e ur sin(Kr) dr = =f eee _ erum] dr 
0 0 


i 2i 

















ll [etate e terini rese on 1 1 ] l[fnu-ik—pu-cikN œ 

= Bil-(u—ik) -—(u-cik)]|  2ilu—ik u+ik| 2i Uu? + x2 pe 6? 
2 2 

So f(0)— LE TM mg QED 





Re p2 +R? A2(p2 + K? 
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Problem 11.12 








2 
Equation 11.91 => D(0) = |f(0)|? = (=£) Ge Ls where Eq. 11.89 > « = 2ksin(0/2). 
2 T 
o= f 5 sinodo do = 2s (55) al : 52sin(6/2) cos(6/2) dd. 
H? Jo [1 + (2k/u)? sin?(0/2)] 


2k 
Let  —sin(0/2) 2 z, so  2sin(0/2)— Pu and — cos(0/2)d0 = 7 dr. Then 
u 























u MBN? 1 jgu42 [7 T TE 0—0 T = zo = 0, 

o= an ( m ) "m (£) ru ate dx. The limits are ls 2: re oy 2b. So 
-o (208V. _1 oe Sab) | haa ceu dues ub 1 

TOUT) (GkP[2ü0-z2)|, — X) (KL — 14 Qk/py 











2m8N? 1 A(k/u)? 4mB\? 1. 1 2 2mE 
- = . But P=, s 
( h? ) (uk)? Fever "Um, ppr C9 goo 








(0 ((AmBN? 1 
Lai ph (uk)? + 8mE' 











Problem 11.13 
(a) 


V(r) = ad(r—a). Eq.1180— f = -z | v dir = -zigota | 5(r — a)r?dr. 
0 




















h2 





2ma 5 2 2ma 5 2 4ma » 5 
fa es D= |f = a^]; c—4nD-—Im a 


























(b) 





2 27 2 
Eq. 11.88 => f = -7a ró(r — a) sin(&r) dr = -f asin(sa) (k = 2ksin(0/2)). 
0 











(c) Note first that (b) reduces to (a) in the low-energy regime (ka « 1 => ka «& 1). Since Problem 11.4 
was also for low energy, what we must confirm is that Problem 11.4 reproduces (a) in the regime for 
which the Born approximation holds. Inspection shows that the answer to Problem 11.4 does reduce to 
f = —2maa?/h? when B «& 1, which is to say when f/a « 1. This is the appropriate condition, since 
(Eq. 11.12) f/a is a measure of the relative size of the scattered wave, in the interaction region. 
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Problem 11.14 





















































l qq. l qq» b l qiqob. dx 
= =— Fz = —— : = = F t SS"; 
Areo r2 ’ 4Teo r? Hon), Bong p^ 79 inm 4neg r3 : v 
q, x 
1 qiqeb T dx 
I, = | Fidt= . But 
E J B 4meg v Jas (x? + 092)37? i 
F dx =f dx E 2x un m 1 2gq» 
Leo (x? + b?)3/2 o (£2 +b?)3/2 grt b2’ L^ 4ze bu ` 
I, 1492 1 nq 1 -1| 4 
ss mv — 4meob(3mv?) | 4meo bE in 4negb E 
dq 1 9192 
= = 2 t0 . 
4reg E tan 0 (s) Pete) 


The exact answer is the same, only with cot(0/2) in place of 2cot 0. So I must show that cot(0/2) ~ 2 cot 0, 
for small 0 (that’s the regime in which the impulse approximation should work). Well: 
cos(0/ 2) 1 2 cos 0 


t(0 = for small 0 hile 2cot 0 — 2 
cot(0/2) — sn(0/2) ^ 8/2 ~ 8 or small 0, while 2co and 








1 
REO. So it works. 


Problem 11.15 
First let's set up the general formalism. From Eq. 11.101: 


b(t) = do(r) + J g(r — ro)V (ro) o(ro) dro + J g(r — ro) V (ro) | J g(ro — r1)V (r1)yo(r1) dri | dro +-+- 











ikr 

Put in polr) = Ac. g(r) = Es — 

A etklr—ro| . 

E ik Tn. V ikzo dè 
y(r) e DES. rol (ro)e Yo 
etklr— s e*klro—ri| V ik di dg 
ee URZ1 
(zo) A[ — IE ro) & | locus (r1)e ri| d?ro. 
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etklr— ro| eikr ] 
In the scattering region r >> rg, Eq. 11.73 => can. e ‘kro with k=kf, so 
— ro T 
. m etk" , i 
y(r) =A {eit = Pr y f t vegeth es 





m te P cus ge n ikz, 73 3 
(zc) " fe V (ro) | ma RUE d rı d ro 

















etklr— ro| 
cw. d i(k'—k)-r 3 m —ikr ikzo 73 3 
f(9, à) DET, Je V(r) d?r + (=) fe V(r i ET V (ro) d?ro | d?r. 


I simplified the subscripts, since there is no longer any possible ambiguity. For low-energy scattering we drop 
the exponentials (see p. 414): 








m 


10,0) = -za | V) Pr + (Sz) [ v |/ zou) dr 


Now apply this to the potential in Eq. 11.81: 

















1 x 1 . 
J ko NA dro = V% n rn? sin 09 dro dO doo. 
= 0 = 


Orient the zp axis along r, so |r — ro| = r? + r2 — 2rro cos bo. 








1 x 2 1 
— ——— V (ro) dèro = Was | | sin ĝo dO IL . But 
es Oars 1 0 2 0 Jr? + r2 — 2rro cos ĝo eic ie 


T 





1 
y/r2 + rà — 2rro cos ĝo 








1 
sin ĝo dóy = — yr + rà — 2rro cos ĝo 
rro 





NE | f 2/r, ro «m 
= lotn- Im - rl - C TQ >r. 


Here r « a (from the *outer" integral), so 


1 p y 8 1r? 1 1 
| gren n = ans B ra dos f dn) = 4n Vg É p se 7) = 21V) (« = "n 


1 T 1 aè iba] 32 
[vo J T SV lro) dro dr = vorar | (« - 5) r^dr = 8r? V? E qe =| = E Vea 


— m4 3 m N?32 54025 — 2mVoa? 4 (mVoa? 
f(8) = -5 gi 0370 Hos) TA 3h? eal pg 























Problem 11.16 


2 
(zs + e) G(x) = d(x) (analog to Eq. 11.52). G(x) = se | eas) ds (analog to Eq. 11.54). 
T 
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(s " e) G= = fc? + k?)g(s)e'**ds = 6(x) = 5 [estas sae) = VES 


1 oo 18x 
G(x) / — ds. Skirt the poles as in Fig. 11.10. For x > 0, close above: 


























E" Lo k? — 8? 
G(x) : f = : d : 2ni = E Fo « 0, close belo 
x)= s= T = —i—. r g : w: 
2m stk] s—k on st+k/|,_, 2k i 
1 ese 1 1 eist e ike 
GR) x $E) qupd m (=) "E 2k 
In either case, then, | G(x) = -5 ell, (Analog to Eq. 11.65.) 
2m i 2m ik|x—xo| 
plz) = G(x — 20) > V (zo) (ao) dzo = “3k R2 e V(zo)Y(zo) dzo, 


plus any solution vo(x) to the homogeneous Schrödinger equation: 


(s E e) do(z) = 0. So: 


dx? 





v) = vola) — Be fe lV (x0) (x0) dro. 











Problem 11.17 
For the Born approximation let wo(a) = Ae'^*, and y(x) = Aet*”. 


im 


Wa) A |^ — gi em V (noe do 


=A |^ = 73 eiF(z—70) y (xo) eiFo dzo om I. ere Dv (ede f 








y(x) =A Gi — are f V (xo) dzo — ml e” KoV (a9) ao| : 


Now assume V (x) is localized; for large positive x, the third term is zero, and 








im [?? 


(x) = Ae" h — Fp V (xo) 4| . This is the transmitted wave. 


For large negative x the middle term is zero: 


W(x) =A je — are | Pas da ; 
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Evidently the first term is the incident wave and the second the reflected wave: 


R= (m) |f mas 


If you try in the same spirit to calculate the transmission coefficient, you get 
h im 


2 














oo 2 
T 


-z | Ver =1+ (m) V veu. 


which is nonsense (greater than 1). The first Born approximation gets R right, but all you can say to this order 
is T ~ 1 (you would do better using T = 1 — R). 





Problem 11.18 





oo . 2 
Delta function: V(x) = —aó(z). J e" y(z)dy——o, so R= (zzz) ; 
or, in terms of energy (k? = 2mE/h?): 
ma? ma? ma? 
= == Se See T = 1 — = 
2mER 2h? BE’ i 








ORE 





1 
The exact answer (Eq. 2.141) is 


Rd 
ma? 


y ma 
2 bi 
225 2h? E 








so they agree provided E > usd 








2h? 
Finite square well: V(x) = { "e ea j 
oo : a . 2ikx |* V 2ika ^ ,—2ika 
/ PV ade = -W feds = ar Mes de 2 )- 








M sin(2ka). 





opm? /Vo. : O Vo . (2a ? 
So R= lax) ($ sin(2ka)| . IT21- E sin | = 2mE ; 
If E > Vo, the exact answer (Eq. 2.169) becomes 


2 2 
rires mE) + T~1- (32 


. | 2a : 
— sin | —V2mE : 
2E h 
so they agree provided E > Vo. 











Problem 11.19 


The Legendre polynomials satisfy P;(1) 


1 (see footnote 30, p. 124), so Eq. 11.47 > 


(21+ 1)e’ sind. Therefore Im[/(0)] 
1=0 
and hence (Eq. 11.48): 


x| = 
Me 


(21 + 1) sin? ô, 


~ 
ll 
o 


c = —LIm[/(0). QED 


publisher. 
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Problem 11.20 
Using Eq. 11.88 and integration by parts: 


2m [?* 2 2mA [? d 1 2 
= — —— SHE 3] = THT 3l 
f(8) Pr J, r Ae sin(«r) dr f Tr ( IN ) sin(Kr) dr 


hn 
= L de sin(«r) 7 — i gr d [sin(&r)] dr 
2uh?& 0 0 dr 


mA ee 2 mA ( m. 
——— — BE 3 ————— LM EV /4u 
um L «| e cos(«r) ar} un (se ) 


A 
MAVT 17/4 where = 2ksin(6/2) (Eq. 11.89). 





2nA 




















|  2n243/2 
From Eq. 11.14, then, 
do = vm? A? LK? J2p 
dQ Ah4 p3 i 
and hence 
2 42 
o= a dQ = NE Ler sin? (0/2)/2u sin 9 d8 do 
2m2 A2 fT i 
= DP f e~ 2k” sin®(8/2)/H sing dO; write sind = 2sin(@/2)cos(@/2) and let x = sin(0/2) 
2m2A2 f! 2,,242 pl 
2n htu 0 
1 
= 212m? A? | n etn 7 _ wm? A? (ic E ] 
h^yu3 AK? j 2h p2k2 
D mm? A? je 2E In 
= 2h*u2 k? E ] 











©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they 
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the 


publisher. 


282 


Chapter 12 


Afterword 


Problem 12.1 


Suppose, on the contrary, that 


a|Ga(1))|b0(2)) + Bldo(1))|ba(2)) = 


CHAPTER 12. AFTERWORD 


ler (1) lvs (2)), 


for some one-particle states |.) and |v;). Because |ó4) and |b) constitute a complete set of one-particle states 
(this is a two-level system), any other one-particle state can be expressed as a linear combination of them. In 


particular, 


|y.) = Alda) +B 


do), and [|v.) = C|ó«) + Dlo), 


for some complex numbers A, B, C, and D. Thus 


alga(1))|¢o(2)) + B1év(1))164(2)) = [Aló«(1)) 
= AC|¢a(1))|ba(2)) + AD|ba(1))|16 
(i) Take the inner product with (a(l) 
(ii) Take the inner product with (a(l) 
(iii) Take the inner product with (¢,(1) 
(iv) Take the inner product with (¢,(1) 


+ Bldv(1))] [Clés(2)) + Dldo(2))] 





»(2)) + BC|4s(1))|ba(2)) + BD|$0(1))|40(2)). 
(6s(2)|: a= AD. 
(a(2)|: 0 = AC. 
(é.(2): B= BC. 
(é2): 0- BD. 


(ii) > either A = 0 or C = 0. But if A = 0, then (i) > a = 0, which is excluded by assumption, whereas if 
C = 0, then (iii) = 8 = 0, which is likewise excluded. Conclusion: It is impossible to express this state as a 


product of one-particle states. QED 
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Appendix A 


Linear Algebra 


Problem A.1 





(a) | Yes; two-dimensional. 











(b) | No; | the sum of two such vectors has a, = 2, and is not in the subset. Also, the null vector (0,0,0) is not 
in the subset. 














(c) | Yes; one-dimensional. 








Problem A.2 



























































(a) | Yes;  1,2,22,... , z^ -! | is a convenient basis. Dimension: |N. 
(b)|Yes; 1,2?,2*,....| Dimension | N/2 | (if N is even) or | (N + 1)/2 | (if N is odd). 
(c) No.| The sum of two such “vectors” is not in the space. 














(d) |Yes; (x—1),(z—1)2,(z — 1)3,...,(z —1)N71. | Dimension: | N — 1. 





























(e) No.| The sum of two such “vectors” would have value 2 at x = 0. 





Problem A.3 


Suppose |o) = ai|ei) + a2]e2) - --- a4|es) and |o) = bilei) + bale2) +--+ bnlen). Subtract: 0 = (a1 —51)]ei) + 
(az — 63)|e2) + +: + (an — bn) len). Suppose a; 4 b; for some j; then we can divide by (a; — bj) to get: 








(a1 — b1) (a2 — b2) (an — bn) 
lej) = |e1) lez) = -++ — 0le;) len), 
Á (aj — bj) (aj — bj) 1 (aj — bj) 
so |e;) is linearly dependent on the others, and hence {|e;)} is not a basis. If {|e;)} is a basis, therefore, the 
components must all be equal (a, = by, a2 = 05,... , an = bn). 
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Problem A.4 



































(i) 
(elei) = |1 +2)? +14 i? = (1+ (1-1) +14 (3)(—43) =1414141=4. ell — 2. 
ei) = ;0- 9i 534 R. 

(ii) 
(ele) = 5a - 000 +508) + (F)1= (i4-14-3— i) —2. 
|e) = lea) — (eilea)lei) = 6 1— ii + B-DJ + 1 -DÊ = (-1)i + (2) + (1 — f. 
(ele!) =14442=7. le = e442) + (1 - 98]. 

(iii) 


1 2 
(eiles) = 528 —14; (ejea)- Um = 8v7. 


le3) = les) — (eiles)lei) — (esles)le2) = les) — lex) — 8le2) 


= (0—7 — 7i + 8)î + (28 — 7 — 16)j + (0 — 7i — 8 + 8i)k = (1 — 7i)i + 53 + (—8 + i)k. 





1 "e x 
les]? = 14-494-254-64-- 1-140. |le5) = werd — Tiji 4-53 + (—8 + i)k]. 











Problem A.5 























From Eq. A.21:: | (yy) = (1) — ns a) = («8) — ue (yla). From Eq. A.19: 
a B nS TECTUM UTR 
bia = (tm = vi (1 - Ray) = (v2 - (aja) = (ao) — KAB, stie is reat 
* — (ay) = (a NU i = (a nA NE a) = o ; 
(yla)* = (ah) = ( (18) M ) (al - e ala) =0. (la) — 0. So (Eq. A30): 
(vl) = (818 — iatt > 0, and hence |(al)? < (aļa)(516). QED 
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Problem A.6 





(a|@) = (1 — i)(4 — i) + (1)(0) + (—)(2—2i)) 24—5i—1—-2i-2—1- 75 (Bla) 214 Ti 





14 49 
(olo) =14+1414+1=4, (6]8)—16--1--4-4—25; cos0— 13 = 








; |0= 45°. 





oia 


Problem A.7 
Let |y) =la) +19); (vl) = (le) + (916). 


* = (aly) = (ala) + (alb) = (lo) = (alo) + (Bla). 
(118)* = (Bly) = (Bla) + (818) = (18) = (al) + (818). 





llle) +18)? = 619) = (ala) + (818) + (a8) + (Bla). 
But (al) + (Bla) = 2Re((al9)) < 2|(a\8)| < 2v/(aja) (818) (by Schwarz inequality), so 
JI? < lall? + 11? + 2Ila|I15]] = (lall + 812; and hence ||(/a) + |))|| < liall + |||. QED 








9 
| 
E 


Problem A.8 


1-3 0 
(a) 2 1 3j. 
(2 (3 — 2i) ] 


(aoan (0+1+4 3i) E) | -3 (1431) 3i ) 
(b) (4+0++3i) (0+0++9) (~2i+0+6)]| =|| (4+3) 9  (6-20]. 


(4i +0+2i) (0—2i+6) (2+0+4) 6i (6-2) 6 



































(2+0 +2) (2--0— 2) (2i 4-0 — 2i) 0 0 0 
(c) ca (rogo (0 -- 0 4- 0) osso ) = 2 0 jj 
(—i +6 + 4i) (6-0 — 44) (-14+9+44) (6 + 3i) —3i 12 
eae 3i 
[A, B] = AB — BA = exa (3— 2i) |. 
—6 + 3i) e —6 














-12 2i 
(d) 1 0-3i|. 
Ur) 
see 
(e) 2 03]. 
—2i 2i 2 
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-1 2 —2i 
(£) 1 0 2i 
—i 3 2 














(g) 4+0+0-1-0-0=[3. 





























(b) 
i ah ee (034 2 0-i | (2 3I 
=i (^ —i —i ; —1 

B = 36 C= $2 liz] mit = | -37 3 —6 B = 0 3 0 
Pelee ol les i 02 —i —6 2 

, { 4*9-1) (—6i+0+ 6i) (2i +0- 2i) , (309 100 
BB I=; (0-020) (0+3+0) (0+0+0) }=={/030})=[010]. v 

(2i--0—23i) (3--9—12) (-14+0+4) 003 001 





detA=0+61+4-—0-—6:—4=0. |No;| A does not have an inverse. 











Problem A.9 















































(a) 
—i- 2i 4 2i 3i 
2i+0+6 | =| [642i 
—2+4+4 6 
(b) 
2 
(-i —2i 2) |1-i| = -2i -20(1— i) +0 =| -2 — 4i. 
0 
(c) 
20 -i 2 4 
(i 21 2) {01 0 1—i| = (i 2i 2) | 1-i| 2 4i 2001-1) + 2(3 — i) 2 |8 + 4i. 
i3 2 0 3-i 
(d) 
i 2i (—1+i) 0 
2i | (2 (1 +4) 0) =| | 4i (-2+ 2i) 0 
2 4 (242i) 0 
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Problem A.10 





(a) |S==(T+T); A= 5(T - T. 











1 
2 








1 " 1 . 
(b) |R25(T« | [M=5(T-T"). 























1 
(c) HS LETT K= 








Problem A.11 


(ST) ki = (ST); = DD SijTjk = 5 Tej Sji = (TS) > ST=TS. QED 














j=1 j=1 
(ST)! = (ST)* = (T$) = T*S* = THSt. QED 
(T"'S“*)(ST) = T- HS71S)T = TT =1 = (ST) t=T 1S. QED 


Ut = UTH, WW"! = (WU)! = U'W! = UIW! = (WU)! > WU is unitary. 
H = H}, J= Jf 2 (HJ)i = JIH? = JH; 








the product is hermitian < this is HJ, i.e. & | [H, J] 2 0 | (they commute). 














(U+ Ww) = Ut + wi 2U 1 w^ E (U-- W)^!. |No;|the sum of two unitary matrices is not unitary. 

















(H 4 J)! = Ht + J! = H + J. | Yes; | the sum of two hermitian matrices is hermitian. 











Problem A.12 


ViU=! = UUs S 0) Ue DU 


j=l 
Construct the set of n vectors a); = Uj; (a) is the j-th column of U; its i-th component is U;;). Then 


n 


a()ta( c a(9; = “Lo Ujk = = yk, 


so these vectors are orthonormal. Similarly, 


UU =1 = (UU), =5, — DE Yu Uij = ki- 
j=l 


This time let the vectors bY be the rows of U: bO); = = U;;. Then 


bOO = y 4097 0; = V USD, = Oni, 
j=1 j=l 


so the rows are also orthonormal. 
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Problem A.13 


Ht = H (hermitian) > det H = det(H!) = det(H*) = (det H)* = (det H)* = det H is real. v 
Ut = UT! (unitary) > det(UUT) = (det U)(det Ut) = (det U)(det U)* = | det U|? = det! = 1, so detU=1. v 
S = S-! (orthogonal) = det(S$) = (det S)(det $) = (det S)? = 1, so detS = +1. v 





Problem A.14 



































(a) 
. : E : m : cos —sin0 0 
i! —cosÜi-Fsin0j; j'— —sinÜ0i-c-cos0j; Kk =k. T,- [|sinÓ cos 0 
0 0 1 
(b) 
MEME 001 
j/—5j4 j-—k k=. |Ty-[100 
010 
y.x X, Z 
zy 
(c) 
VEMM | 10 0 
T=} jj k-—-k |T.—-|01 0 
00 —1 
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(d) 
cos sind 0 cos — sin0 0 100 
TaTa = | —sin@ cos 0} [sind cosh 0| 2 [010]. v 
0 0 1 0 0 1 001 


. 010 001 100 . 10 0 10 0 100 
ToT, = [001 100|2[010]. v T;Te—[01 0 010]|2[010]. v 
100 010 001 00-1 00 —1 001 











det Ta = cos? 6 -sin?0 2|1.| det T, —|1.| detT, —|-1. 





























Problem A.15 








1 0 0 
 j —cos0j--sin0k; k'—cos0k—sin0j. |T,(0)— | 0 cos0 — sino 
0 sinf  cos0 


e. 
~ 
II 
e. 

















: | P . . : cos@ 0 sind 
i’ =cosdi—sinOk; j'—j; k’ =cosOk+sin6i. |T,(6) = 0 1 0 
— sin 0 cos 














1 


PP . 0-10 
v=j, F=; k =k. |S= [1 0 0|.| S'!-2[-100 
001 
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0-10 0 10 
ST,S!—-[100 RUNE —1 00 
0.0 1 0 sinf cosé 0 01 
0-10 i ko 
—|[100 Brut zr. 
00 1 —sin 0 cos0 B 
0 —1 0 "s i d 0 10 
Sion = ETC -100 
0.0 1 uod 0 01 
0 —10 cos @ ins 1 
—[100 i 0 0 e Er = T4(—60). 
00 1 0 —sin0 hn 0 —sin@ cos0 


Is this what we would expect? Yes, for rotation about the x axis now means rotation about the y axis, and 
rotation about the y axis has become rotation about the —x axis—which is to say, rotation in the opposite 
direction about the +z axis. 


Problem A.16 
From Eq. A.64 we have 
A! B/ = SA*S-!SB*S^! = S(A*B*)S 1 = SC°S 1 = CP. v 
Suppose S! = S^! and H* = H*! (S unitary, H^ hermitian). Then 
H/t = (SH*S-1)! = (s-!)t'H*ts! = SH*S^! = H^, so HS is hermitian. v 


In an orthonormal basis, (a|@) = atb (Eq. A.50). So if (|f;)) is orthonormal, (o|8) = af!b/. But bf = Sb* 
(Eq. A.63), and also aft = actSt. So (a|8) = at!S'Sb^. This is equal to a^!b* (and hence [|e;)] is also 
orthonormal), for all vectors |o) and |8) = S'S = I, i.e. S is unitary. 


Problem A.17 


n n n n n n 


Tr(T,T2) = mns => 3 M xcgost ij (T3); 220 28 (T2) jt Jij = (TT = Tr(T2T}). 


i=1 i=1 j=1 j=l i=l j=l 





Is Tr(T1T2T3) = Tr(T2T1T3)? | No.| Counterexample: 











rrate=(82) (09) 03-209) -() — nenas 
vos (02) (82) (50) -Q)) (88) =(08) — meae 
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Problem A.18 


Eigenvalues: 


(cosü — A) —sind 


: = (cos 0 — A)? + sin? 0 = cos? 0 — 2A cos 0 + A? + sin? 0 = 0, or A? — 2A cos +1 = 0. 
sinÜ | (cos0 — A) 























Bagdad pcd —- u 
A= ae 3 = cos 0 + vV — sin? 0 = cos 0 + isin 0 = |e". 


So there are two eigenvalues, both of them complex. Only if sin 0 — 0 does this matrix possess real eigenvalues, 




















i.e., only if|0 = 0 or m. 


























Eigenvectors: 
cos —sinĝ\ /a +19 [Q ; SE ed LG 
Sine eósð eae B = cos a — sin 0 B = (cos 0 + isin 0)a > B= Fia. Normalizing: 
ra wi 
J2\-1 PB 
Diagonalization: 
1 1 —i i 
S e. —; Sly (2) _ —; S-})5, = a) m Sb en (2) _ Mo 
(S i-a J (S )z-a Aa Um (S~ )22 = ay Fa 


1 11 l f1i 
e M . E CA UL i 
Soc J [s i) ; inverting: S 5 E bo : 
sTS-! i/li cos @ — sin 0 pue. (cos 0 + isin 0) (cos 0 — isin 0) 
241 —ij \sinf cos0 —ii] 2\1 —iJ \(sin@ — icos0) (sin0 4- icos0) 
1 
2 


1 i ei? et? aT 2c? 0 e ei? o / 
] cJ det it) wu ede vem 


Problem A.19 


I 











= (1 — à)? = 0 = |à = 1| (only one eigenvalue). 





aaj i 
wee 


(ony ae (o) arama 


(only one eigenvector—up to an arbitrary constant factor). Since the eigenvectors do not span the space, this 

















matrix | cannot be diagonalized. | [If it could be diagonalized, the diagonal form would have to be f 3 since 











the only eigenvalue is 1. But in that case | = SMS !. Multiplying from the left by S7! and on the right by 
S: S-!IS = S-!SMS''!S = M. But S-!IS = S-!S = I. So M =I, which is false.] 
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Problem A.20 


Expand the determinant (Eq. A.72) by minors, using the first column: 


(T53 — A) ... 
det(T — A1) = (Ti — A) : E D» jı cofactor(T;1). 
(Tun = A) 
But the cofactor of Tj; (for j > 1) is missing two of the original diagonal elements: (T1; — A) (from the first 
column), and (Tj; — A) (from the j-th row). So its highest power of A will be (n — 2). Thus terms in A" and 
A*-! come exclusively from the first term above. Indeed, the same argument applied now to the cofactor of 


(T1; — à) - and repeated as we expand that determinant — shows that only the product of the diagonal elements 
contributes to à” and A"-!: 


(Tu — A)(To2 — A) +++ (Tan — A) = (723)? + (24)? 71 (Tar + Tae +- + Tan) Ho 





Evidently then, Cn = (—1)", and C,_1 = (-1)""' Tr(T). To get Co — the term with no factors of À — we simply 
set A = 0. Thus C, = det(T). For a 3 x 3 matrix: 


(T = A) Ti» Tia 
Ta  (T22— X) T 
T3 T3 — (T33— A) 


= (Ti — A)(122 — A) (33 — A) + TizTo3T31 + Tis T21T32 
— Ta Tis (122 — A) — T32T>3(Ti1 — A) — Ti2T21(T33 — 2) 

= —N AP (Ta + Teo + T33) — A(T Tae + Tii T33 + T22T33) + A(Ti3T31 + T23T32 + T1251) 
+ T11T22T33 + T12T237T31 + T13T21732 — T31T13T22 — T32T23Ti1 — T12T21T33 

= —d ATTE(T) + ACi + det(T), with 











Cy = (TisT31 + TosT32 + Ti2T21) — (T11T22 + T11T33 + T22133). 








Problem A.21 


The characteristic equation is an n-th order polynomial, which can be factored in terms of its n (complex) roots: 





(Ai = A)(0a — A) On — A) = (A) + (ATHA 4- Aa - 5 An) te + (MA An) = 0. 


Comparing Eq. A.84, it follows that Tr(T) = A1 + A2 + -:- A4 and det(T) = A123: An. QED 


Problem A.22 
(a) 


(Tl, T$] = T/ T/ - TÍ T/ = ST2S-!ST$S-! ST$S-!ST5S-! = ST? TS! -STST2S-! = S[T5, T2]S! = 0. 
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(b) Suppose SAST! = D and SBS”! = E, where D and E are diagonal: 


d 0- 0 e0- 0 
0 d2- 0 0 e2- 0 
D-|. So. ds =|. A 
0 0- dn 0 Oise 


Then 
[A, B] = AB — BA = (S^! DS)(S"' ES) — (S~1ES)(S~'DS) = S"! DES — S"! EDS = S^'[D, EJS. 


But diagonal matrices always commute: 


diei 0 vee 0 
0 dye tet 0 
DE-| . |. | 4ED, 
0 0 - dn€n 


so [A,B] 20. QED 


Problem A.23 





(a) 
Mi = t 2 MM! = Ger oar MİM = Ce zu [M, M'] = [5 p) pe WENO: 











(b) Find the eigenvalues: 


(1-3) 1 
1 (i — A) 
x (1x)zzd(üu-i)?—4(;—1) (1-i-XV4-2i 
i 2 P 2 : 
Since there are two distinct eigenvalues, there must be two linearly independent eigenvectors, and that’s 


enough to span the space. So | this matrix is diagonalizable, | even though it is not normal. 


-2(1-A)i—23)-124i—A(0 4) +7-1=0; 





























Problem A.24 
Let |y) = |o) + c|8), for some complex number c. Then 


GE) = (ala) + e(o P8) + c* (GITo) + ld? (8|. 8), and 








(Py) = (Pala) + e*(LBla) + e(Tal8) + |d? (P819). 
Suppose (T'y|7) = (7|T'7) for all vectors. For instance, (Tala) = (o|fa) and (T8|8) = (3|T'B)), so 
cto|[T 8) + c*(8[To) = e(fo|8) + c*(T Bla), and this holds for any complex number c. 
In particular, for c = 1: (o|T8) + (8[To) = (T'o|8) 4- (P8|o), while for c = i: (o[T/8) — (8[Po) = (Palb) -T Bla). 


(I canceled the i’s). Adding: (a|T 6} = (To|8). QED 
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Problem A.25 






























































(a) 
nerB-(is)eT * 
(b) 
s o | =-G-AA-1-1=0 = A-2=0; AQ EVITE LIS ere 
(c) 
1 (1-i)\ fa\ ,fa oq a-i 
(1 485 E e cee 
of e| = 1 = AP + |? =1— y 9 (15). 
1 (1-i)\ fa a SPEM EN ; 
fe 0 ) (a) -- (5) = 2+ 0-00 =-a1 a = -30l — i)b. 
1 2 2 322 : 2 2 1 fi-1 
iape == Sar =a; a= 2. m - (t5). 
DaDa i C-D) l 7 ee ee er 
at = satan P ) $2 1-1-i+2)=0. v 
(d) 
SCC ER Pee o 
Eq. A.81 = (S yu =a, “AB J; (S J12 = 1 vs 1) 
(5-Doyena es E ($71)3; = af? = = 
a, 1 (0-4 G@-D/v2 yee ep a+) 1 
eC 4) seco sci us va) 
EUER. (14 i) 1 1 (1-a\ (/Q-4 (6-0//2 
we faena mua usn 0 1 V2 ) 
Lf (144) .1Y/20-2(1-2//9V. 1/6 | (2 0 
"8 Ca ave va) a OTA) = 5 (0) 5). Y 


(e) 


























7)22-1-1. v de(STS ))--2. v 
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Problem A.26 
(a) 
det(T) 28—1—1—2—-2-22/|0.| Tr(T)=2+242=]6. 
(b) 
(2—A) i 1 
-i (2-A) i |-2(2-Aj?-1-1-(2-3)-(2-23)- (2-3) = 8-12A4 60? — 33 — 83- 3A — 0. 
1 —i (2—2A) 
A3 + 6d? — 9A = —A4(4? — 6A +9) = —A(A— 3)? =0. [31 =0, Ao = Az — 3. 
000 
Ar + à2 + à3 = 6 = Tr(T). v. A1022035 = 0 = det(T). v Diagonal form: | | 0 3 0 
003 
(c) 
2- d a 
: : E 2a+iß+y=0 
PEA eni a 
1 —i 2 y 
Add the two equations: 3a + 3i8 = 0 —9 b = ia; 2a-a+ y=0=>>7=-a. 
a 1 1 1 
(1) ; Doing 2 2 2. E (By. : 
a’? = | ia |. Normalizing: |o|^ + lal“ + |a| = 1 = a = —. la” = — | i 
G g: jal’ + lal" + lo] B aN 
2 i1 a a 2a+iB+y=3a = —a+ißf+y=0, 
—4 92 4 8|] 23[8]| =< —iac- 28 +iy= 386 —5a—i8 —y-—0, 
1 —i 2 y y a—ibß+2y=3y = a—iß-qy=Q. 


The three equations are redundant — there is only one condition here: o — if — y = 0. We could pick 
y=0, 8 = —ia, or 6=0, y=a. Then 


q a 
aP = |—ia]; a?) = [0 
0 a 


But these are not orthogonal, so we use the Gram-Schmidt procedure (Problem A.4); first normalize a): 














1 
S s db. s 
V2 0 
T, 2 : Q (3) ¥ (3) : af! XE 
(2) =—(1i0)|[0})=—. S — (aa) a =a [0] -—= | -i] =a | i/2 
a a (7 . O a a a a Q a Q l 
0 a ) 1 4/2 0 0 1 2 0 1 
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1 
1. 1 2 1 
Normalize: oP (2*1) laf 1 a 3 ic : 
Check orthogonality: 
i 1 ! 1 
q)!42) — j on em E 
av a) = 1 —i -1 i| =—(1-14+0)=0. v 
ai (=) =i 
t 1 ! 1 
q)!4(3) — ; jp = 
a? a? = — (1 ~i -1) | i | = —=(14+1-2)=0. v 
sg -i hi) = goin 
(d) S^! is the matrix whose columns are the eigenvectors of T (Eq. A.81): 
NIE | [v2 -v2i -V2 
St = — | Vi -V3ii]; S-($!-2 —[|v38 v3i 0 
v6 aa. 0 2 v6 1 —i 2 
, [V2 -v2i-v2\ (2 i1 v3. v3 1 , {29 0 000 
STS =z | v3 v3i 0 —i 2 i| | V2i -vV3ii =f [018 0] =[030]. v 
1 -i 2 1 -i2/ \-v2 0 2 00 18 003 
———Á 
(0 3/3 3| 
! 0 —33i 3i! 
lo o0 ^7 


Problem A.27 
(a) (Va|U8) = (ÛtÛalb) = (alb). v 
(b) Ula) = Aja) — (Üa|Üo) = |A?(a|a). But from (a) this is also (ala). So|A| 21. v 








(c) Ula) = Alo), 018) = ul) = |8) = nU 8), so 118) = T =p*|6) (from (b)). 


(8/8) = (Bla) = (Ut Bla) = p(Bla), or (4 — u) (Bla) =0. So if A A p, then (bla) 20. QED 


Problem A.28 
(a) (i) 


004 0 
M?= [000]; M3-[0 
0 


00 
00], so 
000 00 
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100 013 , (094 115 
“M—/010]4+ {004 hs 000|-2/|[014 
001 000 000 001 











(i) 


2 -0? 0 2 3 3 4 4 
M?=(") _p2)=—@; M--6M; M'-65 etc. 


M a E DOSE ace 
EN CUN am is Ry ees 0 1 
EA tog ten sen ae quo AS 


10 ; 0 1\ _|/f cos@ sin0 
o da t 1) qmd (* i) Ei Ger =) 














(b) 


di 0 
SMS !-Dp- m for some S. 
0 dn, 


SeMg-1-— s( +M+ LM? + JM? ee. Insert SS! =1: 





3! 
1 1 
Se"S-! = | + SMS"! + 33MS SMS" de 3j9MS 'SMS "SMS" Te 
=I1+D+ 50 + ZD? +- =e”. Evidently 


det(eP) = det(Se“S~+) = det(S) det(e™) det(S^!) = det(eM). But 


a. 0 0 di 0 
D? = ` DË aa , D= , 80 
0 d 0 di 0 a 
d 0 di 0 d 0 e% 0 
ell $5 4 3 Te 
0 dn 0 d NO di 0 ed» 


det(eD) = ed1e2 ... edn = e(ditdat--dn) — eTrD — eTM (Eq. A 68). so det(eM) = e™M, QED 


(c) Matrices that commute obey the same algebraic rules as ordinary numbers, so the standard proofs of 
e**V = e%e¥ will do the job. Here are two: 
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(i) Combinatorial Method: Use the binomial theorem (valid if multiplication is commutative): 





em = TM EN = DESDI O = ann 
nz m= =0 m=0 


Instead of summing vertically first, for fixed n (m : 0 — n), sum horizontally first, for fixed m (n : 
m — oo, or k = n — m: 0 — oo)—see diagram (each dot represents a term in the double sum). 


eMtN — Y QM aN =e MeN, QED 


m=0 





(ii) Analytic Method: Let 





S(A) = e? MeN. B = Mee + eAMNeAN = (M + N)e^Me^N = (M + N)S. 


(The second equality, in which we pull N through e*™, would not hold if M and N did not commute.) 
Solving the differential equation: S(A) = Ae(V* 7^, for some constant A. But S(0) = I, so A = 1, 
and hence e&Me^N = eXM-N). and (setting A = 1) we conclude that eMeN = e(M*W), [This method 
generalizes most easily when M and N do not commute—leading to the famous Baker-Campbell- 
Hausdorf lemma. ] 


As a counterexample when [M,N] Æ 0, let M = t ae s= ( 


E E N- _f{1 91). uu (fll 10V /01 
=1+M= (i) "=1+N= ( hi): Lec eri eni 
But (M + N) = 0 1) so (from a(ii)): eM*N = cos(1) sin(1) 
-10/" — sin(1) cos(1)/ ' 
The two are clearly not equal. 


(d) 


ge 5 Ji H” = (e) = 5 r Sa (Ht)” = 5 rA H” = e^?! (for H hermitian). 
n=0 n=0 n=0 


(ei)! (gH) = e~ Heit — eH-H) — | using (c). Soe is unitary. v 
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Chapter 2 (cont.) 
2le 1le 
45 42 
46 43 
47 44 

48N 
49 45 
50 47 
51 48M 
52 |34M, 35M 
53 49 
54N 
55N 
56N 












































































































































2"? Edition — 1*! Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
X = 2/e problem number (unchanged from 1/e) 
Chapter 1 Chapter 2 
2le 1le 2le 1le 
1 1 1 1 
2N 2 2 
3 6 3 3 
4 7 4 5 
5 8 5 6M 
6 11 6 7 
7 12 7N 
8 13 8N 
9 14 9N 
10 2 10 13M 
11 3 11 14 
12 4 12 37 
13 5 13 17M 
14 9M 14N 
15 10 15 15 
16N 16 16 
17N 17 18 
18N 18 19M 
19N 
20 20 
21N 
22 22 
23 23 
24 24 
25N 
26 25 
27 26 
28 27 
29 28 
30 29 
31 30 
32 31 
33 32 
34 33 
35 41M 
36 4M 
37 36 
38 3.48 
39N 
40N 
41N 
42 38 
43 40 
44 39 
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2™ Edition — 1° Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
(M) = l/e problem number (distant model for 2/e) 
X = 2/e problem number (unchanged from 1/e) 






























































































































































































































































































































































Chapter 3 Chapter 4 Chapter 4 (cont.) 
2le 1le 2le 1le 2le 1le 
1N 1 1 43 43 
2N (33M) 2 2 44N 
3N (21M) 3 3 45 14 
4N (12M) 4 4 46 15 
5N 5 5 47N 
6N 6 6 48N 
7N 7 7M 49N 
8N 8 8 50 44 
9N 9 9M 51 45M 
10N 10 10 52 46 
11 38 11 11 53N 
12 51 12 12 54 47 
13 41M 13 13 55 48 
14 39 14N 56 49 
15N 15N 57 50 
16 42 16 17 58N 
17 43 17 16 59 51 
18 44 18 19 60 52M 
19 45 19 20 61 53 
20 46 20 21 
21 57M 21N 

22N 22 22 
23N 23 23 
24 57M 24 25 
25 25M 25 26 
26N 26 27 
27N 27 28 
28 52M 28 29 
29N 29 30 
30N 30 31M 
31 53 31 32 
32 56 32 33 
33 50 33 34 
34 49M 34 35 
35N 35 36 
36N 36 37 
37N 37 38 
38N 38 39 
39 55 39 40 
40N 40 41 
41N 
42 42 

































































































































































































































































































































































2™ Edition — 1*' Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
X = 2/e problem number (unchanged from 1/e) 

Chapter 5 Chapter 6 Chapter 7 
2le 1le 2le 1le 2le 1le 
1 1 1 1M 1 1 

2 2 2 2 2 2M 
3N 3 3 3 3M 
4 3 4 4 4 4 
5 4 5 5 5 5 
6 5 6 6 6 6 
7 6 7 7 7 7 
8 7 8 8 8 8 
9 8 9 9 9 9 
10 9 10N 10 10 
11 10 11 10 11N 
12 11M 12 11 12N 
13 11M 13 12 13 11 
14 12 14 13 14 12 
15N 15N 15 13 
16 13 16 14 16 14 
17 14 17 15 17 15 
18 15M 18 16 18 16 
19 16M 19 17 19 17 
20 17M 20 18 20N 
21 18 21 19 
22 19M 22 20 
23 20 23 21 
24 21M 24 22 
25 22 25 23 
26 23 26 24 
27 24 27 25 
28 25 28 26 
29 26 29N 
30 27M 30N 
31 28 31N 
32N 32 27 
33 29 33 28 
34 30 34 29 
35 31 35 30 
36 32 36 31 
37 33 37 32 
38 33 
39 34 
40N 
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2™ Edition — 1*' Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
X = 2/e problem number (unchanged from 1/e) 
Chapter 8 Chapter 9 Chapter 10 
2le 1/le 2le 1le 2le 1/le 
1 1 1 1 1 1 
2 2 2 2 2 3M 
3 3 3 3M 3 4 
4 4 4 4 4 5 
5 5 5 5 5 6 
6 6 6 6 6 8 
7 7 7 7 7 9 
8 8 8 8 8N 
9 9 9N 9 10 
10 10 10 9 10 11M 
11 11 11 10 
12 12 12 11 
13 13 13 12 
14 14 14 13 
15 15 15 14 
16N 16 15 
17N 17 16 
18 17 
19 21 
20 19M 
21 20 
22N 

















































































































































































































2™ Edition — 1*' Edition Problem Correlation Grid 
N = New 
M = 1/e problem number (modified for 2/e) 
X = 2/e problem number (unchanged from 1/e) 
Chapter 11 Chapter 12 Appendix 
2le 1/le 2le 1/e 2le 1le 
1 1 1N 1 3.1 
2 2 2 3.2 
3 3 3 3.3 
4 4 4 3.4 
5N 5 3.5 
6N 6 3.6 
7N 7 3.7 
8 5 8 3.9 
9 6 9 3.10. 
10 7 10 3.11 
11 8 11 3.12 
12 9 12 3.16 
13 10 13N 
14 11 14N 
15 12 15 3.13 
16 13 16 3.14 
17 14 17 3.15 
18 15 18 3.17 
19N 19 3.18 
20N 20 3.19 
21 3.20. 
22 3.40M 
23N 
24 3.21M 
25 3.22 
26 3.23 
27 3.24 
28 3.47 
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